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BRIEF

Most tracking devices resolve the target's position into
spherical coordinates. The first and second derivatives with respect
to time of these coordinates are responsible for practical limitations.

The only assumption made is that targets move in straight
level paths. In general, targets may approach from any azimuth angle
hence a circular symmetry about a vertical axis,

Azimuth velocities and acceleration are entirely independent
of target height or elevation angle and hence have cylindrical "for=
bidden zones" associated with them. :

In general elevation velocities and acceleration will be
smaller than corresponding azimvuth qua “'ties and if identical controls
are provided in elevation and avimuth, the elevation forbidden zones
will be entirely within the azimuth forbidden zones.

The various relations developed are illustrated graphically
and useful design sheets are included showing the relation between
target velocity, minimum range and angular velocity and acceleration.

The interval of angular velocities required to track targets
between given maximum and minimum ground ranges is estimated.,

The effect of a diving target is estimated.
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TRACKING A TARGET IN SPHERICAL COORDINATES

The majority of tracking devices resolve the radius vector, repre-
senting the position of the target relative to the tracking device, into

spherical eoordinates R, €, and ® as illustrated in Figure 1. These
quantities ares

R = Slant range or merely range.
8 - Azimuth or bearing angle,
@ - Elevation angle or angle of sight,

It is in the time variation of these coordinates namely their
velooities and accelerations that we are interested,
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It will be very desirable to simplify the analysis by first assuming
that aircraft fly straight, horizontal courses at uniform speed, This is
& good first approximation to the actual conditions, and later the effect
of diving targets will be estimated, It will be noted that the direction
of zero azimuth angle (8) is taken parallel to the target!s course and
in the opposite senses True azimuth (with respect to North) can be
obtained by adding 6,, the angle between our reference direction and North,
Sinee ln general, targets can fly courses having any value of 8, between
O and 29, this gives rise to circular symmetry about the vertical exis ¢>:

The path of a target flylng a straight level course may be described
in terms of the following parameters:= )

d - mlnimum ground range,

h - altitude or height,

¥ max 3 tan~1 (-g) - maximum elevation angle (for a given
course)
V - speed ef target,
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5 (all quantlties are expressed in units of
yards, radians and seconds = except in the case of graphs
‘Iﬂ[ where degrees, miIes per hour ‘and revolution per minute may
¥e more convenient) : A

The expressions for the instantaneous values of R, 6 and @1n terms
of the course parameters and time are complicated and need not be used
as a s’cartmg point in f':Lnding .the first eand second derivatives of R, @
and '+ Instead we proceed to find velocities end accelerations as
follows: : it we b _ ; ' :

Y LK

From Figure 1 we can write

'chs ® - tan ‘P | &

d . B
Teorp (2 ® (2)

h ; r

35in @ = tan ; (3)

Equation (3) is obtained by aividing (1) by (2) and can be rewritten

(P = tan "1. (%-sin e) | (3a)

Resolving the velocity V into rectangular components lying in the
R, © and Q directions we get

VR = V cos & cos P ['_yds/sec_] (4)
o V sin © [yds/secﬂ (5)
Vp= Vcos @ sinp [yds/sed (6)
- Expression (4) gives the range velocity directly,. The azimuth and

‘elevation angular velocities are found by dividing (5) and (6) respectﬂrely
by their proper radn, R cos 99 s and R thus we get

v

'
'

hy .g_% =z -V cos ) cols ¢ ’[yds/s_e'o] el (&
@.fsme o feed (@
dt. R cos p e . 2" g
d V c0os 8 sin q:
?t? — [rad/sec] (9)

The relations (1) to (9) are 1llustrated in fig, 2 and 3,
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Fig, 2

Fig, 2 is a plan view and shows the target velocity V broken inte
two horizontal components V cos &, and V sin 8, The latter component,
V sin 6, is in the "6" direction.

\,/‘.‘3.3 5 Y. cosBOsin @

R

\’\ i e e Veos cos(p;

'/(6605 d)

O T
- Fie.3 r‘

Fige 3 1s a vertioal section taken so as to include the radius o
vector OT, and shows the component of velocity, V cos 8, in this plane,

further broken up; V cps 8 cos@ In the R direction and V cos @ sin ¢
in the ;0 direction. o

Expressions (8) and (9) are of particular interest, being the azimuth
and elevation angular velocities respectively, However in the above form
they are variables of all three spherical coordinates and we must make use
of expressions (1), (2) and (3) to reduce (8) and (9) to functions of a
single variable. The azimuth angle © was chosen as the variable, and (8)
and (9) in their final form are

’-g- sin? 6 E‘ad/sec] (82)
-1
=7

aln n.ln-
pry HO®

v
3 sin 2 @ sin 2(tan"l % sin )  (9a)
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Equation (8a) shows elearly that azimuth angular velocity is com=-
pletely independent of'-the height of the target, (or the elevation angle).

The factor l/@ in (9a) is of practical interest for it will be
shown later that the trigonometrical portions of the above expressions
both maximise to unity and that for a given ratio of target velocity to
minimum ground range, the maximum.clevation angular velocity will only
be one quarter the maximum azimuth angular velocity,

If expressions (7), (8a), and (fa) are differentiated with respect
to time we get range acceleration and azimuth and elevation angular
accelerations viz:

2 2 :
d“R = . V . . .2 2 2 2
= sin & cos( (sin® @ + cos® © sin°Q) yds/sec (10)
v SR T ¢ p) [ d

a2e V.2 40 (ond 7ado’]
pNi4 inY © cos © rad/sec 11
P = 2 (3) S | 0 [a /s ] (11)
a0 _1 N2 20 ain 2(tan-l B s ey -1h

-d_t(g =5 () sin® @ sin (tan 3 sin 8) (cos 2 8 + cos“® cos tha;l 3 sin e)}

: 12
Equation (11) shows that azimuth angular acceleration is independent
of target height,

G 2
It will be shown that the coefficient of (%) in (11) maximises to
0.65, whereas the coefficient of (a) in (12) maximises to 0,50 so that

the maximum elevation angular acceleration will be about 77% of the maximum
ezimuth angular acceleration for a given ratio of target velocity to
minimum ground range.

This complectes the'numper of exﬁressions to -be derived and the more
intercsting ones are illustrated in the .form of graphs, " :

For complete derivation of the various expressions above, sce Appendix,
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GRAPH "1" - Expression (3) may be rewritten

P = tan -1 (.g sin 0) (32)

and the ratie (h) = tan@ max

may be taken as a parameter, Curve sheet 1 shows a family of
such curves for values of (-g.) ranging from % to 10. This serves

to give an idea of how and 8 will vary. This set of curves
will be used later to show contours of equal elevation angular
velocities and accelerations,

It will be noted in passing, that for small angles, the
slope of each curve approaches the value of (§) for that curve,
as would be expected from the simplified form of (3a) for small
angles, i.e. {

piye (radiang) (3b)
At @ -1% ® 90° all curves have zero élope. This last fact will
show up as a zero elevation angular ;felocity at @ =T§r = 909

"(see curve sheet 4).
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GRAPH "2"

Expression (8a) 1s plotted for various values of "d" and one
.speed of 100 m.p.h. and shows clearly that there is a maximum
azimuth velocity at & =7 = 900, For the purpose of assigning
. values to the top speed lelivered from the azimuth driving mechanism

: expres51on (8a) is plotted in another form in GRAPH 3,

GRAPH "3"

Setting 8 = Jwe got the maximum of sin2@ which equals unity

and we are left with

48 = ':11 E-ad/seg

dt
which gives a family of straight lines of slope (-1) when plotted
on loglog graph paper.
This is a useful design sheets
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GRAPH "4"

Expression (11) is plotted for various values of "d" and ‘one
speed of 100 mep.h, and-illustrates the meximum of acceleration in
azimuth at ¢ = =T = 60% and the fero at @ }g 900, (where the

slope of the velocity curve was zero):s The maximum at 6 =1L may

be confirmed by setting to zero the derlvatlve of expression (11)
with respect to 6, and solving for 6,

GRAPH %“s5"

When the value 0= 1s inserted into expression (11) the
coefficient of ) becomes 0,65 and the dxpression for maximum

azimuth angular acceleration is

%i_g 5 0.65(-:-1/:)2' .[ra_a..c'l/s"eca '

which gives a family of . straight lines of slope -2 when plotted on
loglog papere

~This is -a useful design sheet,
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GRAPH "6

Of the complete expression (92) fox;,éle'vation angular veloeity,
only the trigonometrie portion is plotted here., Various values of
the parameter T = ten ?max are used, and the resplting family of
curves have as their envelope £(6) = sin 26, The maximum of this
envelope obviously occurs at g = 1T a 45° By rewriting expression

(92) as a variable of both @ and Pwe got

%%’-%(%) sin 2 8 sin 2 ¢ ~ (9v)

It can then be seen by inspection that the path which gives
the greatest elevation velocity for a given ratio (%) is the one

where & and ¢ are simultaneously i—r or 459,

The value of l’. for this track is

easily found with the ald of the
diagram, or from expression 3,

h . tan o a gl o
d " BIn - 0,707 ﬁR

as”
The ciirve for..:ll =J2 is shown dotted, and the angle P, = tan~l V2
ig 54,69
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GRAPH "7

.Taking the meximum elevation angular velocity
A 22y .o
dp_ 1,V
- E% =1 -a-) (rad/sec] .as 100%
we can map contours of equal velocit& on a chart of ({'vs 6,
It turns out, that the contours are cireles having

the point 6 2%5 ¢3=1£ and radii, ,

cos~l (3 -fg%)

mar: ;77;
where P is the value of angular velocity expressed in percent of
the maximum, '

Y = v

By following the path of any course across the diagram we
can see what velocities are going to be encountered; and several
courses oan be compared at a glance.  Likewise an idea can be had
of what the proportion of courses through space will involve high
rates of tracking in elevation,

The dotted curve crossing all the course peths i1s the locus
of "maximum for a given course". It is interesting to note in
passing that this curve is merely the ho Ié curve of the qi
vs € family.rotated 90° on the paper.

i.eo © = tan~! (f‘z-cos?)
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GRAPH "8"

Elevation angular acceleration is given by expression (12).
Here again only the trigonometric portion is pletted, for verious
values of (...) tan¢max. It will be seen Ehat for small angles
the acceleratlon 1s positive, i.e, tending move the line of
~ sight upwards, then depending upon the path, a maximum velocity is
rcached and the acceleration is reduced te zero and reversess The
negative maxima for all paths occur at g =7[ = 90° and the path

= 1" ylelds the all time high in elevation acceleration under

r-i
this combination of conditions

For © =12[ and §O 2 Pmax 2T the trigonometric
expression reduces to unity and the ¥alue of angular acceleration
is

2
7] V.2
3;5 = 065 a-) ‘rad/secgl (12a)

as compared with

2
%b% 2 0,65 (%)2 [r?.d/secg (11a)

for azimuthe
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GRAPH "9"

Taking the maximum elevation angular acceleration
2
%%‘g = 0.5 @)° as 100%

we can map contours of equal acceleration, again on the £ vs ©
chart. The resulting contours do not exhibit the simplicity of
the velocity contourss It will be noted however that the curve

of maximum velocity map shows up as & zero of acceleration, In all
the region to the left of this line there is positive acceleration,
to the right, negative acceleration.
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GRAPH "10"

Returning to the expression used in Graph 3.

£
a8 _‘K or d = 69

dt i dt

we see that for a given target velocity "V" and a given. installed
maximum azimuth velocity, there is a corresponding minimum value
of "d" smaller than which the minimum ground range must not go if
tracking is to be continuous, Since no restrictions on "6," or
height "h" are involved, the resulting "forbidden" volume, through
which the target’s path must not go, is a circular cylinder of

P
= 497

dt| max
inposed by a limited azimuth angular veloeity.

radius snd of infinite height. This is the condition

There is a corresponding condition imposed by a limited
elevation angular velocity, only in this case the shape of the
forbidden volume is not so simple. An idea of its shape may be
obtained from the peak values of the curves of %% in Graph 6.
Rewriting the expre551on for € , making "d" a function of (%)
as well as of (V) ¢ H |max and %2) we get

dnin 3-%'35 if.g:e)peak
Ine.

and the corresponding value of (h) is

h = Bdnin = { %a% £(2.0) peak
‘max
Thus we coan make a table of (d) and (h) expressed in units of
%’ Ef;cﬁz_l-max for various values of%
bl
" e d h

1/2 0,63 0.31

1 0,956 0,956

[z 1,00 1.4l

2 0.95 1.90

3 0.81 2,43

n Nn.36 3,60
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and we can plot a curve of (h) vs, (d) showing the cross section
of the volume of revolution generated by this curve. This is the
forbidden region associated with o limited elevation angular
veloclty, ' i P

Since féh, 8) is never groater than unity, it will be seen
that for a given target velocity V and equal maximum-azimuth and
clevation velocities, the elevation forbidden region lies entirely
within the arimuth forbidden cylinder, If the given maximum
elevation velocity is retained, but the azimuth velocity extended,
the azimuth forbidden cylinder will shrink in inverse ratio until
at 4 to 1 azimuth to elevation velocity ratio, the surfaces become
tangent, .
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GRAPH “11" - = i1 T ) -
- Tt is sometimes desirable to estimate the ratio of maximum to

minimum angular velocities involved in the working range of a
tracking device. In the azimuth case we have

-

T T sin® e Fyr

thus for a giveﬁ (d) the minimum szimuth velocity will occur at
moximum range Rpgx and

48 V4
dE|min = Rmax2

likewise for a given (d) the maximum afimuth velocity will be

L
dt\max - d

hence the ratio

*He

Rmax, 2
(

T )

It will be noted that this ratio is independent of the actual
velocity of the target and depends only on the minimum and meximum
renges,

On loglog paper the curves of (S) vs (d) are straight lines
of slope (-2)s Several curves are shown for the various velues
of Rpax written on the curves,
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EFFECT OF DIVING TARGETS

If the target has a vertical component of celocity Vi the
corresponding elevation angular velocity can be shown to be

g—gv = %Y- sin 6 cos?(tan~1 % sin @)

It is reasonable to believe that unless the target is fairly
high up, he will not be diving steeply. For ratios of (3) greater
than two the trigonometric function will not exceed 0,25 and thus

d
'd—.?lv < 0,25 yaz e If in addition the vertical and horizontal

velocities are made equal (i.e, target diving at 45°), the total
combined olevation angular veloeity may be as great as

%f=go.25 l’da+0.2517d‘_’=o.slg#or 0.

In the rather extreme case the elevation angular velocity can
be double the maximum elevation angular velocity incurred with a
level flying target of velocity Vi . Hence an azimuth to elevation
velocity ratio of only 2 should be allowed.

Because of the increased sensitivity of control obtained by
limiting the maximum velocities, it will be desirable to make this
azimuth to elevation velocity ratio as close to 4 as is safe depend~
ing upon the class of service the tracking device is to perform,



SECRET
PRA-61 PAGE 1

APPENDIX

Having established equations (7), (8) and (9)

%% = =~V cos 8 cos E,rds/sec] (7)
.g% = ...____—g 232: Ead/seca (8)
Tdi_? = V cos g sin @ Ead/sec} (9)
we must make use of (1), (2) and (3)
| Tc%?? = tan § (1)
| 'ﬁ-cf?W = sin @ (2)
% sin 8 = tan @ (3)

if we want to reduce (8) or (9) to functions of a single variable.

From (2) we see that

1 sin 6
R cos : d (2. )
which when substituted in (8) gives directly
de in2
T ° X__S%E_E E-_ad/secj _ (8a)

Agein faom (2)

1 _ sin 8 cosQ (2 2)

R - d
and this together with (9) gives

g—% = g— sin 8 cos & sin @ cos @ (9.1)

If we make use of the trigonometrical transformation
sinaf coscl = L gin 2«
we arrive at

e

1. Voo, 3 :
5 - 13 sin26 sin2 @ (9.2)
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On substituting the value of @ from Equation 3, we get finally

A0 _ 4 V )
3 7 %3 sin 20 sin z(tan'ng sin 8) (92)

Differentiating (7) with respect to time

2
d*R . dae : d
Fre) = -V (sin & c05 P == + cos 8 51n¢-d%)

Substituting values of %.% (from 8a) and %9 (from 9.1)

42 .
4R .- V(-g: sinde cosf) + % sin © cos?8 sin® ® cos Q)
dt2
2 .
= - -Yd— sin 6 cos@(sin2 8 + cos? © sinz(p) [yds/secg (10)

Differentiating (Ba) with respect to time

420 _ 2v . e
m--a—mnecos GE'E

and reinserting % from (8a)

2 2 ;
%1;% @ Z(Idl) sin® © cos © E‘ad/secg (11)

Differentiating (9.2) with respect to time

2
%t%=-£‘—(2 cos ze%% sin 2 + 2 sin 2 6 cos ZP%%) _

Substituting values of %% (from 8a) I'Iafnd%-*? (from 9.1)

a2 _ v .V .2 e v
5 a-;-&-(zl cos 2 © sin2f— sin 0+ 2 sin 2 6 cos ZPE sin § cos & sin{cosf)

2 | " 7
= -]é-(-g) (sin? © cos 2 6 sin 2P+ sin® 8 cos & sin 2  cos ZP)
_ 12 2
= '2'.('3) sin? 0 sin 2@ (cos 2 8 + cos® @.cos ZLP)

cn substituting for "¢" from (3) we arrive at

4%

1 . . _ : e 8 p . "
PrY = g(%) sin® © sin 2(tan 1 % sin 8) {cos 2 & + cos® @.cas 2{tan l-gsin e)}

&ad/secé] (12)

.
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APPEIDIX

this is the form that was used in caleculating the curves. It
can be expressed in equivalent form

d2=1v21-cosze 1+ cos 28
Ti—tg 7(3) 5 sin 2?@05 2 6+ _.__———-2-——008 260}

which would make for easier tabulation.

E.L.Rs Wsbb

W, lcKay
Cap‘t. R. ( ” A.

OTTAITA
November
1342
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