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A Procedure f o r  Deriving Thermal Transfer  Functions 
f o r  Walls from Hot-Box Test Resul ts :  Par t  I 

by 
D.G. Stephenson, K. Ouyang, W.C. Brown 

IRC/NRC 

1988 
Abstract  

A guarded hot-box i s  used t o  determine t h e  U-value of a wal l  
specimen a t  two d i f f e r e n t  mean temperatures. With t h e  hot  s i d e  temperature 
held cons tant ,  t h e  cold s i d e  temperature i s  var ied  a t  a constant  r a t e  dur ing  
t h e  t r a n s i t i o n  between t h e  two steady-state  condit ions.  The r e s u l t s  of t h i s  

t e s t  a r e  used t o  determine t h r e e  time cons tants  of t h e  wal l ,  which a r e  then  
used t o  c a l c u l a t e  the  c o e f f i c i e n t s  of t h e  z - t ransfer  funct ion  f o r  t h a t  
wall .  

In t roduct ion  
The t r a n s f e r  func t ion  approach f o r  ca l cu la t inn  hea t  flow through 

wal l s  and c e i l i n g s  has been endbrsed by ASHRAE f o r  th; p a s t  20 yea r s ,  and i s  
widely used throughout North America. The procedure r equ i re s ,  a s  d a t a ,  t h e  
c o e f f i c i e n t s  of t h e  wall's thermal t r a n s f e r  func t ions ,  and hourly va lues  of 
t h e  temperature f o r  t h e  ou te r  face  of t h e  wall .  Transfer  funct ion  
c o e f f i c i e n t s  f o r  many wal l s  have been published i n  t h e  ASHRAE Handbook of 
Fundamentals ( 1). 

Unfortunately,  t h e s e  d a t a  a r e  a l l  based on t h e  assumption t h a t  t h e  
hea t  flow through t h e s e  walls  is  one dimensional. There is  no allowance f o r  
framing members t h a t  a c t  as  heat br idges  through i n s u l a t i o n ,  nor f o r  such 
common bui ld ing  ma te r i a l s  as hollow concrete  blocks. Therefore,  t h e  
t r a n s f e r  func t ion  d a t a  i n  t h e  ASHRAE Handbook of Fundamentals may n o t  
accu ra t e ly  represent  t h e  thermal performance of r e a l  walls .  Consequently 

t h e r e  i s  a growing i n t e r e s t  i n  being able  t o  der ive  these  da ta  from t h e  
r e s u l t s  of tests on f u l l  s c a l e  wal l  specimens. This paper presents  a 
procedure f o r  doing t h i s .  It involves using a guarded hot-box wal l  t e s t i n g  
f a c i l i t y ;  t h e  IRC f a c i l i t y  is shown schematical ly i n  F igure  1. A t e s t  

c o n s i s t s  of t h r e e  phases: 

I )  An i n i t i a l  s teady-s ta te  U-value t e s t  with the  room-side 
environmental temperature a t  Th and the  cl imate s i d e  temperature 
a t  Tci. 

11 )  A t r a n s i t i o n  phase during which t h e  c l imate  chamber temperature 

i s  changed from Tci t o  Tcf. The temperature i s  changed a t  a 
cons tant  r a t e  during t h i s  t r a n s i t i o n .  

111) A f i n a l  s teady-s ta te  U-value t e s t  with t h e  room-side temperature 
a t  Th and t h e  c l imate  s i d e  temperature a t  Tcf. 

F igure  2 shows t h e  temperature vs time curve obtained f o r  a t y p i c a l  
t e s t ,  and t h e  corresponding values f o r  t h e  hea t  f l u x  i n t o  t h e  room-side face  
of the  t e s t  wall .  These r e s u l t s  can be used t o  determine t h r e e  
time-constants f o r  t h e  w a l l ,  p l u s  t h e i r  assoc ia ted  residues.  These 
time-constants and res idues  plus t h e  U-value a r e  used as t h e  da ta  t o  
c a l c u l a t e  t h e  c o e f f i c i e n t s  f o r  a r a t i o n a l  z - t ransfer  func t ion  t h a t  r e l a t e s  
t h e  hea t  f l u x  through t h e  room-side f ace  of t h e  wal l  t o  t h e  temperature a t  
t h e  ou t s ide  sur face .  The procedure f o r  t h i s  l a t t e r  ca l cu la t ion  is b a s i c a l l y  



t h e  same as  i s  described i n  Stephenson and Mita las  (2) .  The d i f f e r e n c e  is  
t h a t  t h e  time-constants and res idues  a re  derived from t e s t  r e s u l t s  r a t h e r  
t h a n  from the  dimensions and thermal p rope r t i e s  of t h e  ma te r i a l s  t h a t  make 

up t h e  wall .  

Theory 
The Laplace transforms of Th and Tc a r e  r e spec t ive ly  el and e2, and 

t h e  transforms of t h e  hea t  f l u x e s  Qh and Qc a r e  and 4 respec t ive ly .  
These a r e  r e l a t e d  by 

where the  elements A, B, C and D of t h e  t ransmiss ion  mat r ix  a r e  funct ions  of 
t h e  thermal p rope r t i e s  and dimensions of t h e  ma te r i a l s  i n  t h e  wal l  and t h e  
hea t  t r a n s f e r  r e s i s t a n c e  a t  t h e  sur faces .  This formulat ion,  which is t aken  
from Carslaw and Jaeger  ( 3 ) .  assumes t h a t  t h e  thermal p rope r t i e s  of t h e  wa l l  
a r e  constant .  Equation 1 can be r e c a s t  a s  

The element C has  been e l iminated  by us ing  t h e  f a c t  t h a t  A-D - B*C - 1. The 

funct ions  D/B, 1 / B  and A/B a r e  r e fe r r ed  t o  a s  t h e  Laplace t r a n s f e r  funct ions  
of t h e  wall .  

The t r a n s f e r  func t ion  l / B ( s )  can be represented as  

where Tn a r e  t h e  time cons tants  of t h e  wall  (i.e., t h e  poles  of 1/B(s) a r e  
a t  s = - I / T ~ )  

an a r e  t h e  res idues  a t  t h e  poles  



A l l  t h e  t r a n s f e r  funct ions  of Equation (2)  have t h e i r  poles a t  s = 

s i n c e  B(s) is t h e  common denominator. 

When ca l cu la t ing  t h e  heat  f l u x  through a wal l  o r  roof it i s  more 
convenient t o  use z-transforms of t h e  temperatures and f luxes  r a t h e r  than  
t h e  Laplace transforms. (The z-transforms a r e  sometimes r e fe r r ed  t o  a s  t h e  
t ime-series  representa t ions  of t h e s e  q u a n t i t i e s ) .  An equat ion s i m i l a r  t o  
equat ion 2 r e l a t e s  the  z-transforms of heat  f l u x  t o  t h e  z-transforms of 
temperatures: v i z ,  

where 

and 

The z- t ransfer  funct ions  can be approximated by 

and 

where U = t h  o v e r a l l  conductance of t h e  wall 
s% z = e  , 

6 = t h e  time i n t e r v a l  between successive terms i n  t h e  time s e r i e s  f o r  
t h e  temperatures and hea t  f l u x e s ,  



s = t h e  parameter i n  Laplace t ransforms,  
N - t h e  number of terms i n  t h e  var ious  sums (N may be d i f f e r e n t  f o r  

each summation) 
an,bn,dn = z- t ransfer  funct ion  coe f f i c i en t s .  

Equation 4 is usua l ly  w r i t t e n  i n  t h e  time domain a s  

where T is  t h e  environmental temperature i n  t h e  bu i ld ing  at  t ime t ,  
h , t  

Tc,t i s  t h e  environmental temperature outs ide  a t  t ime t. 

The approach used i n  t h i s  paper is  t o  approximate l /B( s )  by t h e  sum 
of only t h r e e  ( o r  i n  some cases f o u r )  terms, and then t o  use these  va lues  of 
a and T t o  c a l c u l a t e  bn and dn. When va lues  of a a r e  requi red  (i .e. ,  
wgen ins?de temperature is  changing),  they a r e  obta?ned from exper imenta l ly  
determined values of t h e  w a l l ' s  frequency response and t h e  time cons tan t s ,  
a s  described i n  Pa r t  I1 of t h i s  paper. 

Step #1 Determination of t h e  a,, & T~ of a wall 
If t h e  s t a r t  of phase I1 ( s e e  Figure 2) i s  taken a s  t = 0 ,  Qi a s  t h e  

value of hea t  f l u x  during t h e  s teady-s ta te  a t  t h e  end of phase I, and Qf a t  
t h e  s teady-s ta te  i n  phase 111, then  t h e  hea t  f l u x ,  Qt ,  a t  any time t during 
phase I1 can be represented (3)  by: 

where t* is t h e  dura t ion  of phase 11. This can be i nve r t ed  t o  g ive  

where 

and 



and 
Qf - Qi 

Qt + Qi + tx ( t  - r )  

Qf - Qi 
This asymptote is  a s t r a i g h t  l i n e  with a s lope of 

t, 
, and it equa l s  Qi 

when t = r. Thus t h e  value of r can be obtained from t h e  i n t e r s e c t i o n  of 

t h i s  asymptote and t h e  va lue  of Q 
i* 

I n  phase 111, 

where t '  = t-t* 

Since ~ ~ ( O < t < t * )  is equal  t o  Et t  ( t * < t ) ,  Equation 12 can be combined wi th  
Equation 9 t o  g ive  t h e  fol lowing expression f o r  r 

A value of l' can be obtained i n  t h i s  way from each value of Q t ,  and t h e  

corresponding Qt*+t, f o r  0 < t < t*. 

Equation 12 i n d i c a t e s  t h a t  a s  t' becomes l a r g e  

where T is  t h e  l a r g e s t  time-constant. 
1 



Thus 

, and i ts  value a t  This asymptote is  a s t r a i g h t  l i n e  with a s lope of -- 
T, 
l 

a T 
1 1  

t = O  (i .e. ,  t - t*)  is Thus t h e  asymptote g ives  va lues  f o r  T and 
1 

al' 
I f  equat ion 12 i s  i n t eg ra t ed  from t* t o  it gives  

Thus 

DI 

t* I ( Q ~  - Q t ) d t  

where A 5 

t* 

Qf - Qi 

One more r e l a t i o n s h i p  can be derived from t h e  f a c t  t h a t  

When eauat ions  9 and 11 a r e  d i f f e r e n t i a t e d  they  g ive  

Theref ore  

Equations 10, 16 and 18 a r e  used t o  de ermine t h e  time cons tants  and 1 
residues.  However, i f  t h e  t r a n s f e r  func t ion  n) is  t o  be approximated by a 
f i n i t e  number of terms r a t h e r  than an i n f i n i t e  number, t h e  sums of t h e  
var ious  f i n i t e  s e r i e s  must be t h e  same as  t h e  sums of t h e  corresponding 

i n f i n i t e  s e r i e s ,  i .e.  



Values of al and r can be derived d i r e c t l y  from t h e  test r e s u l t s  
us ing  equat ion 15. Thus, f f  N=2 t h e r e  would be only two undetermined 
cons tants ,  a and T2,  so it would not  be poss ib l e  t o  s a t i s f y  a l l  t h r e e  

8 r e l a t i o n s .  n  t h e  o the r  hand, i f  N=3 t h e r e  would be fou r  undetermined 
cons tants ,  and t h e  t h r e e  r e l a t i o n s  a r e  not  s u f f i c i e n t  t o  determine a l l  fou r  
constants .  One of t h e  cons tants  must be used as  an undetermined cons tant  t o  
be determined by some o the r  cons t r a in t .  It is  convenient t o  l e t  3 be t h e  
undetermined constant .  

Let a2 + a = F = 1-a 
3 I 

where r and A a r e  determined from Equation 13 and 17, respec t ive ly .  These 
can be solved t o  g ive  

There is t h e  a d d i t i o n a l  c o n s t r a i n t  t h a t  r2 and r3 must be r e a l  and 
pos i t i ve .  This l i m i t s  t h e  poss ib l e  range f o r  3 as  follows: 

a )  i f  G~ > FH 
a3 must have t h e  oppos i te  s i g n  t o  F 



b) i f  G2 = FH 
a3 must be zero and T2 - --& 

C) i f  G2 < FH 
g3 must be between zero and F. 

The bes t  value f o r  a3 is determined by t r y i n g  s e v e r a l  va lues  wi th in  t h e  
a l lowable  range, and f o r  each of these  determining a cons i s t en t  set of 
va lues  f o r  a2, T2 and T3. Then us ing  these  var ious  s e t s  of values a 
var iance  nt is  ca lcu la t ed  as :  

and Et is  determined from experiment ( c t  = Qf - Qt f o r  t * < t )  

The bes t  value f o r  a3 is t h e  one t h a t  g ives  t h e  sma l l e s t  value f o r  
Gnt2.dt. This is a " l e a s t  squares" curve f i t t i n g  procedure t h a t  s a t i s f i e s  

t h e  c o n s t r a i n t s  on Qtand i t s  f i r s t  de r iva t ive .  

Example 1 
This procedure i s  i l l u s t r a t e d  i n  example 1. I n  t h i s  example, 

however, t h e  values of Q t  have been ca l cu la t ed  from t h e  exac t  s o l u t i o n  f o r  a 
homogeneous s l a b  r a t h e r  than  being expe imental  r e s u l t s .  Hence, t h e  va lues  f of " a r e  due t o  t h e  approximation of I n  a r e a l  t e s t  t h e r e  would 

a l s o  be some experimental e r r o r  i n  t h e  measured va lues  t h a t  would a l s o  
con t r ibu te  t o  nt. 

For a homogeneous s l a b  of the  following p rope r t i e s  

under t h e  following test condi t ions ,  

t h e  fol lowing values a r e  ca l cu la t ed  us ing  t h e  exact t r a n s f e r  funct ion:  



A = 179.19 h 2  

The r e s u l t i n g  hea t  f l u x ,  Q and Et a r e  g iven  i n  Table I. 
t '  

Table 1 

For the  remainder of phase 11, Qt i s  given by 

96 
where a = 2.000 and rl = - = 9.7268 h 

1 
112 

(These a r e  t h e  va lues  t h a t  would be indica ted  by t h e  r e s u l t s  of a  pe r fec t  
ramp t e s t ) .  

From equat ion 20 

Thus a3 must have t h e  oppos i te  s i g n  of F, i.e. pos i t i ve .  
Table I1 gives  t h e  va lues  of 9, T2 and T3 t h a t  a r e  cons i s t en t  with 

va r ious  va lues  of a3. The lower p a r t  of t h e  t a b l e  gives t h e  va lues  of rlt 

f o r  t h r e e  of t h e  cases.  These va lues  show t h a t  t h e  approximation g e t s  
b e t t e r  a s  a3 inc reases ,  but  beyond 4 = 3 t h e  improvement is very s l i g h t .  



Table I1 

Case # 1 2 3 4 5 



Step 112 Determining t h e  z - t ransfer  func t ion  c o e f f i c i e n t s  
The problem a t  t h i s  s t e p  i s  t o  determine t h e  c o e f f i c i e n t s  b- and d- 

I, LL 

t h a t  make 

equiva lent  t o  

Values of an and T,, were determined i n  s t e p  81. Equivalence of t h e  
two t r a n s f e r  funct ions  r equ i re s  t h a t  t h e  poles of t h e  two correspond, and 
t h a t  they have t h e  same frequency response a t  f requencies  t h a t  a r e  of 
p a r t i c u l a r  importance i n  t h e  intended appl ica t ion .  

The poles of t h e  Laplace t r a n s f e r  funct ion  a r e  a t  s = -1/~-.  Hence 
n 

t h e  poles  of t h e  z - t ransfer  funct ion  must be a t  z = e 
-61 Tn. 

3 3 - 6 / ~ ~  
Therefore c dnz-" = n (I-e z - l )  

n=O n= 1 

which g ives  t h e  c o e f f i c i e n t s  dn as :  

The frequency response of R/B s=i(21rf) I can be ca l cu la t ed  from 



where 

Let 

where 
- 

Vf = C dn cos (2rmsf) 
n=O 

3 

C dn ' Z  
-n 

n-0 

3 

Wf - - dn s i n  (2rm6f) 

n=O 

1 2 6  6 
= Vf + i Wf 

z-e 

Then matching t h e  frequency response of R/B(z) t o  R/B(s) f o r  a  
harmonic d r iv ing  func t ion  with a  frequency of f  r equ i r e s  

and 

- C bn s i n  (2rm6f) = XfWf + YfVf 

n-0 

A t  s teady-s ta te  (i .e. ,  f 0) 

3 



Theref o r e  

Equations 31, 32 and 33 can be solved t o  f i n d  t h r e e  bn c o e f f i c i e n t s .  
I n  matr ix form 

cos (2n6f) (34) 

- s in  (4n6f)  

I f  it is des i r ed  t o  match t h e  frequency response a t  a  second frequency, 
t h e r e  would have t o  be f i v e  bn c o e f f i c i e n t s .  Two more rows and two more 
columns would be added t o  t h e  square matr ix,  and two more terms i n  t h e  
column matr ix on t h e  r i g h t  s i d e  of t h e  equation. 

I f  t h e  square mat r ix  i n  equat ion 34 i s  M ,  then  bn a r e  given by 

Example I1 
Taking t h e  output  of s t e p  1 i n  Example I t o  be 



With 6 - 1 h ,  and f = 1 cycle /24 hours 

Thus 

And from Equation 24  



Table I11 compares the frequency responses of R/B(s) and R/B(z) with 
the correct" values obtained from an analytical solution for this 
homogeneou 2sl b. These values show that R/B(z) matches the correct values f: B well when < 4. But when this number is larger, the difference between 
R/B(Z) and the correct frequency response is substantial. Whether this 
difference will lead to a significant error in Qt depends on the frequency 
content of the driving function Tc. 

is a dimensionless parameter 
where L - thickness of slab 

P = density 
c = specific heat 
A - thermal conductivity 
f - frequency 





Example I11 - Results  of a Ramp Test on a Heavy Wall with Heat Bridges 

A ramp test was ca r r i ed  out  on a wall  with a 127 ram l aye r  of foam 
polystyrene sandwiched between two 89 mm wythes of concrete.  The sample was 
brought t o  a s teady-s ta te  with Th = 21°C and Tci - -7.loC. Then t h e  
temperature on t h e  cold s i d e  was reduced t o  Tcf = -30.0°C a t  a cons tant  r a t e  
over a period of t* = 60 hours. Table I V  gives  t h e  va lues  of temperature 
and t o t a l  heat  flow a t  3-hour i n t e r v a l s  over  t h e  7-day test period. 

The U-valueof t h e  specimen can be determined from t h e  i n i t i a l  and 
f i n a l  s teady-s ta te  r e s u l t s .  The v a r i a t i o n  of U with mean temperature can 
then be ca l cu la t ed  from 

For t h i s  test Qi = 86.6 W, Qf = 156.6 W ,  and t h e  t e s t  a r ea  A = 5.946 m2. 

These va lues  l ead  to :  

Uo = 0.517 w m - k l  

and 

dU - = 1.66 x lo-' w ~ - ~ K - ~  
dT 

m 

As - i s  very small  it is v a l i d  t o  analyze t h e  r e s u l t s  from t h e  t r a n s i e n t  
dTm 

p a r t  of t h e  t e s t  as  though the  U-value were a constant .  



Table I V  - 

Phase I 

Ramp Started 
at 0.0 

Phase I1 

Ramp Finished 
at 60.0 

Results of a Ramp Test 



Phase 111 

Table I V  (cont'd) 

t T~ Qt 
€t ' t ' =t-t* 

[h 1 I " C I  [Wl [Wl [hl 



Values of r a r e  given i n  Table I V  f o r  each va lue  of Qt i n  Phase X I .  These 
were ca lcula ted  us ing  Equation 13, i.e. 

The values i n  t a b l e  I V  show t h a t  t h e  bes t  va lue  f o r  r is 13.5 hours.  
Table I V  shows t h a t  st, has not  decayed t o  zero  when t '  reaches 60.0 h 

( a  period t h a t  equals  t*) .  Thus Et w i l l  a l s o  not  be zero when t = t* ( i .e .  
a t  t h e  end of phase 11).  This must be taken i n t o  account when c a l c u l a t i n g  
c t ,  f o r  t h e  e a r l y  p a r t  of phase 111. Subt rac t ing  E ~ ~ + ~  from Qt ( f o r  t e*) 
c o r r e c t s  f o r  t h e  r e s idua l  e f f e c t  of phase 11, t h a t  is 

For example: 

e t c .  

E 
60.3 

= 156.6 - 156.4 = 0.2 

E 
63.3 

= 156.6 - 156.5 = 0.1 

The va lues  of E ~ ,  a r e  then  used t o  determine 4 and TI, ( o r  a s  i n  t h i s  
example ao, To, a and TI). Figure 3 shows va lues  of i n  et, v s  tv .  A t  
l a r g e  va lues  of t f  t h e  po in t s  l i e  along a curve t h a t  i s  s l i g h t l y  concave 
upward and t h i s  curva ture  is due t o  t h e  hea t  br idges ,  which conduct some 
hea t  through t h e  i n s u l a t i o n  i n  p a r a l l e l  with t h e  main hea t  flow path. To 
account f o r  t h i s  e f f e c t ,  va lues  of  Et, f o r  t'X2 hours can be represented by 

t h e  sum of two exponent ia l  terms: 

A r eg res s ion  f i t  of t h e  d a t a  t o  t h i s  equat ion g ives :  

a = 0.056 
0 

? = 25.0 h 
0 

a = 1.670 
1 

T~ = 8.33 h 



In t eg ra t ing  E from t '  = 12 t o  t '  = OD y i e l d s  a va lue  of 57.3 W-h. 
The i n t e g r a l  from t f  - 0 t o  t '  12 can be evaluated numerically.  It equals  
114.3 W*h. (This  va lue  was obtained us ing  hourly values r a t h e r  than  t h e  
3-hour va lues  i n  Table IV.) 

Thus, from Equation 17 

Also from Equation 20 

Therefore G' - FH = 0.48 h 2  

As  G' FH and F < 0, a2 must be l e s s  than  zero and 9 must be g r e a t e r  than  
zero i n  o rde r  f o r  r2 and r3 t o  be r e a l  and pos i t i ve .  Various p a i r s  of 
va lues  f o r  a2, a3 were t r i e d  and 

gave r e s u l t s  i n  good agreement with t h e  experimental va lues  f o r  t h e  e a r l y  
p a r t  of the  t e s t .  From Equation 21 t h e  corresponding values f o r  T2 and T3 

a r e  : 

These va lues  can be used t o  determine t h e  c o e f f i c i e n t s  of R/B(z) j u s t  a s  

was done i n  Example 11. 



Table V 
Summary of Resul t s  

Discussion 
Figure 3 shows t h e  importance of obta in ing  values of €+ over as  long 

a period as  possible .  When t h e r e  a r e  some hea t  bridges throGgh l a y e r s  of 
i n s u l a t i o n  they give r i s e  t o  a long time-constant with a small  assoc ia ted  
residue.  This  means t h a t  t h e  wall may appear t o  have reached a 
s teady-s ta te ,  but  t h e  heat  f l u x  w i l l  continue t o  change very slowly f o r  
many hours. Thus it i s  good p r a c t i c e  t o  maintain t h e  constant  temperature 
condi t ions  f o r  a t  l e a s t  a day a f t e r  it seems t h a t  t h e  s teady-s ta te  has been 
reached. 

The concept of a t r a n s f e r  funct ion  t h a t  embodies t h e  thermal 
c h a r a c t e r i s t i c s  of a wal l  is  v a l i d  only i f  t h e  thermal p rope r t i e s  of t h e  
wall  a r e  independent of t h e  temperature and t i m e .  The i n i t i a l  and f i n a l  
s teady-s ta te  r e s u l t s  can be used t o  check whether t h i s  assumption i s  v a l i d .  
This check should be made before making a d e t a i l e d  a n a l y s i s  of t h e  r e s u l t s  
from t h e  t r a n s i e n t  p a r t  of t h e  t e s t .  

dU The output  from a ramp t e s t  should be t h e  va lues  of Uo, 'rn and 

=n . These va lues  w i l l  enable a use r  t o  c a l c u l a t e  t h e  va lues  ofubn and dn 
f o r  any time-step. When va lues  of an  a r e  requi red  it is necessary t o  have 
values of t h e  A/B and D / B  t r a n s f e r  func t ion  f o r  t h e  frequencies  of 
p a r t i c u l a r  i n t e r e s t .  This procedure is explained i n  Par t  11. 

Conclusion 
A ramp t e s t  s t a r t i n g  from a s teady-s ta te  and ending with another  

s teady-s ta te  y i e lds  enough information t o  determine t h r e e  time cons tants  of 
t h e  wa l l ,  which a r e  then  used t o  c a l c u l a t e  t h e  z - t ransfer  j unc t ion  

c o e f f i c i e n t  l /B(z)  f o r  t h e  wall .  
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A Procedure f o r  Deriving Thermal Transfer  Functions f o r  Walls from 
Hot-Box Test Resul ts :  Par t  I1 

BY 
D.G. Stephenson, K. Ouyang, W.C. Brown 

Pa r t  I of t h i s  paper presents  a procedure f o r  determining t h e  
time-constants (and assoc ia ted  r e s idues )  f o r  a wal l  from t h e  r e s u l t s  of a 
hot-box wal l  test. This second p a r t  presents  a procedure f o r  ob ta in ing  t h e  
frequency response of a wal l  from t h e  r e s u l t s  of a second s e t  of hot-box 
t e s t s .  Both the  time-constants and t h e  frequency response a r e  requi red  when 
c a l c u l a t i n g  t h e  c o e f f i c i e n t s  of t h e  z - t ransfer  funct ions.  

This second p a r t  of t h e  paper a l s o  presents  a procedure f o r  t h e  
c a l i b r a t i o n ,  o r  obta in ing  t h e  t r a n s f e r  func t ions ,  f o r  t h e  hot-box. 

Determining t h e  Frequency Response of a Wall 
A s e c t i o n  of a wal l  i s  i n s t a l l e d  i n  a hot-box wall  t e s t i n g  appara tus  - .- 

j u s t  as i t  would be f o r  a U-value t e s t .  The arrangement is shown 
D schematical ly i n  f i g u r e  1. To determine t h e  frequency response of t h e  r 

t r a n s f e r  funct ion  t h e  temperature i n  t h e  cl imate chamber is kept cons tant  
while  t h e  power t o  t h e  metering box i s  var ied  s inuso ida l ly  a t  var ious  
f requencies .  The r e s u l t i n g  v a r i a t i o n  i n  t h e  temperature i n  t h e  m e r i n g  box 
i s  measured a t  r egu la r  i n t e r v a l s ,  and from these  da ta  a value of 

spi2rrf 

7 $1 can be d e r i v  d f o r  t h e  p a r t i c u l a r  frequency, f ,  used f o r  t h e  t e s t .  

The r t r a n s f e r  funct ion  can a l s o  be obtained from c y c l i c  t e s t  
r e s u l t s .  I n  t h i s  case  t h e  cl imate chamber temperature is var ied  
s i n u s o i d a l l y  and r h e  power t o  t h e  metering box is kept  constant .  

The metering box i s  assumed t o  be a l i n e a r  system with t h r e e  
t r a n s f e r  funct ions  E, I and J. The E funct ion  allows f o r  t h e  hea t  capac i ty  
and t r a n s p o r t  l a g  of t h e  hea t ing  system, and I and J account f o r  t h e  heat  
capac i ty  of t h e  a i r  and b a f f l e  i n  t h e  metering box and f o r  t h e  hea t  t h a t  
flows i n t o  (or  out  o f )  t h e  s h e l l  of t h e  metering box, t h a t  is 

@ = Laplace t ransform of t h e  power, P, supplied t o  t h e  metering box 

A = a rea  of t h e  t e s t  wall  
Qw = Laplace t ransform of t h e  hea t  f l u x  i n t o  t h e  t e s t  wal l  from t h e  metering 

box, represented by: 
D 1 

ow = {,J.ol - y'02} ( 2 )  

Q1 = Laplace t ransform of Th, t h e  temperature i n  t h e  metering box 
Q2 = Laplace t ransform of Tc, t h e  temperature i n  t h e  cl imate chamber 
0 = Laplace t ransform of T t h e  temperature i n  t h e  guard space surrounding 

t h e  metering chamber 
g' 

I f  T is cons tant  it can be subt rac ted  from Th and Tc, and then  J-0 
g 

can be dropped from equat ion 1 (i .e. ,  T is  t h e  re ference  o r  zero l e v e l  f o r  
g 

t h e  temperatures) .  Thus, from ~ q u a t i o n g  1 and 2 



This is the  bas i c  r e l a t i o n  t h a t  can be used t o  determine t h e  value of - 
1 E 

s-iw 
and when and a r e  known f o r  s - i w  ( u  = 2nf where f h t h e  

s - i w  A 

I 
D 

frequency).  Conversely when a wa l l  is  t e s t e d  t h a t  has known values of and 
1 E 
- t h e  r e s u l t s  can be used t o  determine and 2 B 

* 
This is t h e  way t h e  

metering box is ca l ib ra t ed .  

Determination of 

chamber temperature i s  kept a t  a cons tant  va lue ,  Tc, and 
t h e  power t o  t h e  metering-box i s  var ied  s i n u s o i d a l l y  a t  an angular  
v e l o c i t y  w, t h a t  i s  

This c y c l i c a l  v a r i a t i o n  of t h e  power produces a corresponding cyc l i ca l  
v a r i a t i o n  of Th 

Th = Th + Th e i ( w t  + Y) 

Thus with Tc constant  

The va lues  of t h e  r e a l  and imaginary p a r t s  i n  t h i s  complex 

Example I 
Data f o r  t h e  metering box obtained from c a l i b r a t i o n  f o r  

expression depend on t h e  va lue  of w. M e n  i as-iw and f ( a r e  known 
s=i w 

from a c a l i b r a t i o n  of t h e  hot  box ( a s  expla ine  l a t e r ) ,  t h e  va lue  of 

D - can be obtained from t h e  r e s u l t s  of a c y c l i c a l  t e s t  using 
s=iw 

equat ion 6. 



Test conditions and measured quantities: 

Derived quantities : 

I 
But - for the box i s  represented as 

A 



Theref ore  

Determination of 

For t h i s  test t h e  c l imate  chamber temperature,  Tc, is v a r i e d  
s i n u s o i d a l l y  and t h e  power t o  t h e  metering chamber is kept  constant .  This 

causes a s inuso ida l  v a r i a t i o n  of Th. 
I n  t h i s  case 

and from Equation 3: 

Example I1 
Test  condi t ions  and measured q u a n t i t i e s :  

Derived q u a n t i t i e s :  

From t h e  previous t e s t  



0.22 
1-211.1 

Thus B = 7 - 8 7  k) ( -) 

I 

These values f o r  the  r e a l  and imaginary p a r t s  of " Is=iw can be 

compared with t h e  va lues  der ived  from t h e  time-constants an res idues .  It 

should be noted,  however, t h a t  t h e  va lues  derived from the  r e s u l t s  of t h e  

c y c l i c a l  t e s t s  may have a  r e l a t i v e l y  l a r g e  unce r t a in ty  because t h e  amplitude 

? can be q u i t e  small.  The va lue  of - 
h 

, on t h e  o the r  hand, w i l l  have a  
s - i W  I ... 

much sma l l e r  probable e r r o r  because of a  l a r g e r  magnitude of T,,. 

Ca l ib ra t ion  of t h e  meter in^ Box 

The t r a n s f e r  func t ions  
and 

f o r  t h e  metering box can 

be determined f o r  va r ious  f requencies  i n  t h e  same way a s  t h e  frequency 

response of a  wall  is determined. But f o r  t h i s  c a l i b r a t i o n  t h e  t e s t  wal l  

must be one whose t r a n s f e r  funct ions  a re  known. This i s  b e s t  obtained with 

a  wall  t h a t  i s  made of a  homogeneous ma te r i a l  whose thermal p rope r t i e s  a r e  

known. I n  t h i s  case t h e  t r a n s f e r  func t ions  - 1 
and 1 can be * I s - i w  =i w 

derived from t h e  dimensions and thermal property values.  Thus f o r  a  

c a l i b r a t i o n  t e s t  - I 
and a r e  t h e  unknowns. 

A 6 ' i W  * I s=i W 

I n  t h i s  case t h e  f i r s t  t e s t  has P held cons tant  while Tp i s  var i ed  
1 

s i n u s o i d a l l y ,  i.e. t h e  same t e s t  condi t ions  as  f o r  jj.. 

Equation 7  can be rearranged t o  



D I 1 
Cz + z) = 'z) ( 1u! ) (8 )  

D 1 
Yh IY 

A s  - and a r e  known f o r  the  wal l  t h a t  is used f o r  the  c a l i b r a t i o n ,  
B - 

L 
equation 8 gives t h e  value f o r  2 

For t h i s  case  a 100 mm expanded polystyrene wal l  was used and t h e  
I E 

va lues  of - and -were found t o  be 
A A 

and : = 0 . 1 6 8 m  

D I 
Then having determined t h e  value of 5 + x, it can be used i n  

E 
equation 6  t o  ob ta in  a s :  
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