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1. INTRODUCTION !

A non-resonant antenna array is defined as an array whose
radiating elements are fed as shunt loads distributed along a transmission
line or waveguide, the spacing of the radiators being different from an
integral number of half wavelengths. Such an array is fed from one end,
and is terminated at the other end by a matched load. The main beam of
radiation is produced at some angle other than 90° to the array.

We may picture the array as a "leaky pipe"™, in which each radiator
extracts a certain portion of the power incident upon it, and allows the
remainder to pass on. In one respect this picture is slightly incorrect,
because each radiator causes a certain amount of reflection of the incident
power. However, since the radiastors are at non-half-wavelength spacing, these
small reflections do not add up, and so cause no trouble. In other words,
since the array is terminated in a matched load, the transmission line
remains very nearly matched along the whole length of the array. Under such
conditions the fraction of the incident power which g single radiator
extracts from the transmission line is proportional to its conductance
measured as a fraction of the characteristic admittance of the transmission
line (its "normalized conductance™).

It will be seen that as we progress along the array from the input
end, the amount of power remaining in the transmission line is steadily
decreasing. Hence, in order to maintain the amount of radiation constant
along the array, the more remote radiators must have progressively larger and
larger conductances. As a slight further complication, arrays are usually
arranged to be fed more strongly in the centre, so as to reduce side lobes,
and this must be taken into account in calculating the conductances to be
used.

For purposes of calculation, we will treat the array as a long
transmission line continuously loaded with conductance, and instead of
calculating the conductance of individual radiators, will merely find the
conductance per unit length as a function of the position along the array.
This procedure has the advantage of applying to all arrays at any non-resonant
spacing. The conductance of individual radiators can be found from the
conductance per unit length, as shown later.

The distribution of power over the array has been qhbsen as a 4:1
linear power taper from centre to end of the array. This is a taper of 2:1 in
amplitude, and serves to reduce the side lobes below 10% voltage (theoretically)
while widening the main beam only about 10%.
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The power function can be expressed as:
Ro = k(1+3%) (o< x<a) =
e owaOenNnNLGeR l

Romtedic (A3 L (a<x <2a)

. A reasonable value for power lost in the matched load is 5% of
the input power: to obtain a lower figure, the ratio between the radistor
conductance at the input end and that at the remote end would have to be
higher, which might be hard to obtain with practical radiators.

II. CALCULATION OF COMNDUCTANCES

All quantities with the subscript , (such as R, above) refer to
the cantre design wavelength, Ag. At other wavelengths the same gquantities
are written witr ol hseripl..

Let the powsr radiated per unit length be Ro(x), as defined in (1)
above.

Let the normalized conductance per unit length be Ggy(x). This is
the quantity we wish to calculate in order to design an array.

Let the power remaining in the transmission line at position x be
Po(x)s. The incident power, Poos» 18 taken as unity. Obviously, if we are to
believe In conservation of energy,

B, & Py - »}. Ry dx

o

Or, since Pyo = 1,
P°=l“’ Rodx d:oooaoo(2)

]

As stated in the explanation above, if a radiator of conductance Go
finds itself in parallel with a matched line containing a power P,, the amount
of power extracted by this load will be:



= (1 = fRodx)Go sescssssec(3)
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If the £lat load absorbs power in the amount .06, then the portion
of the array from O to a absorbs power equal to 995/2 = ,475, and we have
0525 left in the transmission iine at x = a, Hence, from (2)

: 3x 5
[P‘.’]xaa 1 fRodx or o525 = 1 - J:k(l + X)ax = 1oz Ik
(o]

o o ku 019/8. 0900000000(4)

Hence, in the region o¢x ¢a, (3) becomes:

219 X — 3 019 -5—x
T (1 + 3;) [ s J -—a— (l + a ) dx] G’o
[¢]

: 2
X X
- [ == 019'8': J 0285 az] Go

s .19 (1+3x/)
o o Gos'_a_ x' xz oqnonnoona(s)
(1 = olgg = 0285 (E) )

(o¢x<¢a)

So far as the region a<x ¢2a is concerned, the input power ‘is |

.525, and (2) becomes: o

P, = .525 =-.[ Rydx

Thus (3) becomes;

.19 3x 219 x
-—a—-(7=-7)= 0525 nf = (7 -3%) ax Go
a

x,2
= [1.,57 = 1,38 = + .285 (3) ] Go
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‘. g w18 (7 - 3 x/a) e TS (6)
Faregt=lle L (1.57 = 1,33 X + 9285(§)2
(a €x 2a)

The quantity in brackets in the denominator of (5) and (6) is P,
the power remaining in the guide, and hence,

x X\2
Po = l i °IQE= °285 ('E) (o‘z<a~) 00000-0-00(7)
x x.2
= 1.57 - 1,33 = + o285 () (a<x<2a)

To use the foregoing equations in the design of an array of N
discrete radiators, we must:

(a) replace 2a, the total length of the array, by N, the
total number of radiators;

(b) replace x, the distance along the array, by n, the number

of the radiator under consideration, counting from the
input end;

(¢) replace G, (x) by G,, the conductance of the 2™ radiator.

We will then find that GuN is a constant, no matter what the number of

radiators used in an array, because of the factor 1/& which appears in
(5) and (6).

1 v 1 R (x) 2 : !
a/N x/a , ko Po(x) GRCR) A G
. = (13 x/ﬁ) : v '
] ] ? 9
! i ’ v 0 :
0h . 1 oF %0 1 1,0 0 0198 ' 380
]! v ywdn duedes ' 2951 1 .319/a 638
02 ST A S 1D ' 878 1 .475/a 950
3 " .6 ' 2.8 ; o781 1 .68l/a 1.362
4 i N8 et s g ' 665 1 L972/a 1.924
SO RO BRSSO v .525 1 1,445/ 1 2.890
24 9 - ! g
= v : ; '
n/N | x/a 3 3(7-3 x/a) : : g
9 [}
: : Y - s :
S5 SEI O R AT 0 0 525 . 1.445/a- -, 2,89
o8 S Slio 2o 304 i .385 ‘% 1.680/a 3.36
o7 ' 1.4 .« 2.8 : 267 ' 1.99/a . 3,98
-8 ' 1.6 1 2,2 J 2172 ' 2,43/a . 4.86
o9 ' 1.8 ¢ 1.6 ! ,099 ¢ s.m/a . 6-14
1.0 : 2.0 + 1.0 : 060 ' 3.8/a . 7.60
? ' y
: . 3 ! i
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The curve G N versus n/ﬁ can be used to design any non-resonant

array, provided that there is available an elementary radiator whose
conductance cap be adjusted to the curve as we progres along the array.
Curves of GnN, R, and P, are plotted in Figures 1 and 2.

IiI. OFF-FREQUENCY PERFORMANCE

As the wavelength is changed, the following effects take place
in a non-resonant array:

(1) the spacing in electrical degrees of the radiators changes;

(2) the admittance of each radiator changes, having, in most caseg,
greatest conductance at the centre wavelength. In all that
follows we will assume that the admittance of each radiator
changes in the same way, and that different radiators in the
array differ only in the absolute magnitude of their admittances.

Radiation Pattern:

Effect (1) above tends to change the phasing between adjacent
dipoles, and hence to swing the beam. It is not hard to show that if the

separation between elements is S, and the wavelength in the treansmission
line is A_, that the "squint angle" by which the main beam deviates from

the normal to the array is:

“ = Sin-l[%'g- -gg] oocooooaoo(s)

Effect (2) alters the distribution of radiated power over the
aperture of the array from the designed function. This effect takes place
relatively slowly, and very little deterioration of the beam takes place
over quite large wavelength limits. If all the 'éonductances of the
radiators change simultaneously by a factor K, it can be shown that the
distribution of radiated amﬂlitude over the array is:

o ( n n,2 )k_l
A=[k(1+6g) él = 038 3 = 1.14 (3)
) a5
(o n<n/2)
. n ( n n,2 i
A=|k(7 -ep) 51057 - 2,66 § + 114 ()
'(.12‘1.-<n<N)

Curves of A for various values of k are plotted in Figure 3.



Power lost in Matched lLoad:

If all the conductances in the array change by a factor K, it
is not hard to show that the power remaining in the guide at any point is:

P= ()" T D),

where P, was the power in the guide at that point before the change in
conductance. Hence, if the flat load absorbs 5% of the power at the design
wavelength, it will absorb:

(.05)k
at the new wavelength,

A ourve of power absorbed in the flat load, versus k, is giwen in
Figure 4.°

Thus we see that the whole off-frequency performance of the array
can be predicted if the radiator conductance as a function of frequency is
known. For some types of radiators, mutual effects between adjacent array
elements may be appreciable, and must be taken into account. If, in a
preliminary design, the conductances of the radiators in the array are in
doubt, due to unknown mutual effects, or to difficulty in measuring the
conductances of the radiators, Figures 3 and 4 can be gompared with experi-
mental results ef the array to deduce the value of k, and hence to ebtain
the true oondustances from the suppesed valus, fer use im an impreved
design,

In all the feregeing it has been assumed that half=wavelength
spaoing (resemant speeing) has been avoided, beecause almost all the analysis
given above breaks down at or very near half=wavelength spaeing.

IV, INPUT STANDING WAVE RATIO

A good approximation te the imput admittance of & non=-resonant
array oan be ebtained by taking the array as infinitely leng, end the
rediators as all identieal with the input radiator of the aetual array.

.
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Let the radiators have an admittance Y1, and let their spacing

be © electrical degrees in the transmission line. Since the line is
infinitely long, conditicns at every radiator must be identical, so that
Yg = Yo Remembering this fact, and also that Y, = 1, we may write

Y = Y + l “'j Y cot e ooann-nooo(ll)
AL y=FeET :

We know Y, is of the order of Yo = 1, while Yy is always small.
Hence, to a good approximation

Y2 = 1< 371 cote R o OE)

Now Y, = 1 represents a perfectly matched input, so we see from
(12) that YL ané © determine only the deviation from a perfect match, and
that, so long as Yy, cot © is small, the input admittance will be good. It
is easy to use a circle diagram to make up a table of standing wave ratios
in terms of Yj cot ©. The following table applies to the case where 241,

is a pure conductance: results for cases where Yy, is complex will be

similar,

:

E& cot ©

d o o
© 0 0 0.0

-]

o o

o o0 ¢
°

HOOOODODOOODOOO
o -]
COWOTIOU P W KHO
Ll ol S Sy S S i iy
Q
OIOPWHRDE O OO
DWWOW®WOMNG D P

©
-] -

_ Even when the V.S.W.R. is relatively large, it is not a rapid
function of wavelength, and a standard matching devide at the input will
give a good input match over a large wavelength band.

The dependence of V.S.W.R. on Yj cot © shows that short arrays
(high Yj) are harder to match than long arrays, and that arrays with small
squint angles (& near 180°) are harder to match than arrays with large
squint angles. In practical cases, however, & broadband input match is
always obtainable with great ease.



V. DESIGN OF AN ARRAY

The design of an array will normally proceed according to the
following steps:

(1) The wavelength and desired beamwidth fixes the total array
length,

. (2) The tolerable squint angle determines the radiator spacing
by equation (8). The squint angle should be large enough at the center
wavelength to obtain the necessary bandwidth. A radiator spacing of 200
electrical degrees is a common value, which in S-band waveguidé at
A = 10,70 cm. gives a squint angle of 3.5°

(3) The total number of radiators, N, can now be computed.

(4) Each radiator is assigned a value of conductance from the
curve, Figo. 1. Often the radiators are grouped into about 10 groups, all
radiators in a group being given the conductance value for the center
radiator of the group.

(5) The parameters which govern the conductance of whatever
type of radiator is to be used are adjusted to the values of step (4).
The array design is now complete for the center wavelength, Its off-
frequency performance may be estimated from equation (8) and the curves
of Figs. 3 and 4, provided the frequency characteristics of the elementary
radiator are kmown. ‘

VI. CONCLUSION

The theory and procedure outlined above have been available in
memorandum form, and have been used at this Laboratory and at R.A.E.
and T.R.E. in England for the past year. During that time a number of
successful slotted arrays heve been built at each of the wavelength
bands, S, X and K, When the properties of the elementary radiators
(slots) are well known in advance, it is usually possible to design the
array completely on paper, although in some cases it may be necessary
to use the experience of a first attempt to build the final array.
Radiation patterns and input impedances have been good in all cases.

Ottawa Ro. E, Bell
April 27, 1945,
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