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PREFACE

One of the projects of the Fire Section of the Division
of Bullding Research concerns the development of a method
for calculating the fire endurance of bullding elements.
The main theoretical problem in this work is that the
classical solutions of the Fourler equation, based on con-
stancy of properties, cannot be used because of the wide
variations in temperature involved in this experimental
work.,

Three papers by Masao Sawada that deal with problems
of the heat conduction encountered when the heat capacity
and thermal conductivity of the solid are varlable, have
been trenslated and 1ssued as NRC Technical Translations
Nos. 895, 896 and 897. From the work of Sawada it 1s seen
that the more perfectly the mechanism of heat conduction
within the so0lid is approached, the more limited the ap-
plicability of the method becomes, as far as the shape of
the solid or the boundary conditions are concerned.
Although the introduction of various numerical methods and
computer techniques largely reduce the practical value of
such analytical methods, there are certain fields where
they are indispenssable.

Ottawa, , R-Fo Legget,
September 1960 Director



PROBLEMS OF THERMAL CONDUCTION IN ONE DIMENSION IN BODIZS
WITH VARYING CONDUCTIVITIES BY DUHAMEL'S METHOD

Abstract

In the present article, solutions are derived of
problems of thermal conduction in one dimension in bodies
with varying thermal conductivities by Duhamel's method
in cases where the surface temperatures are controlled by
periodic and non-periodic functions of time. The author
wishes that the readers of the present article will refer
to his article "Problems of thermal conduction in one
dimension in bodies with varying conductivities" (J. Soc.
Mech. Engrs., Japan, 35 (177), 10).

l. Integration by Duhamel's Method

If A = Ror“, A/PY = aozrz'p, m' = 0 (flat slab), 1 (circular
cylinder), 2 (sphere); k = 2 or 3/2 (here 2), m' + u - 1 = m,
n=m/p % 0, and further of a fractional type, the temperature is

v=exp.(—Ma’p'a ) - fanl2ta,V TRV FP), u=t,-72/r (constant flow). (1)

eX 18 to be substituted in (1) in place of r.

When A = Aq(c X r)*, A/pY = aog(c + r)*P,

If m*'= 0, ¢
If m*' % 0, and u, p and m assume speclal values, a solution may be
obtained if the difference between 1/r and 1/(c + r) is not too
great and therefore 1/r 2 1/(c + r).

For brevity, let the double cylindrical function and the double
trignometric function, which satisfy the boundary conditions, be
represented by Un(r) = Un(zasV;B)*. For instance, if u = T, -'Q/rm

+ x 18 to be substituted in (1) in place of r,.

* Masao Sawada. J. Soc. Mech. Engrs., Japan, 35 (177), 12.



is integrated: ro r
f PN ) Un)dr= — (01 P+ 120) [pa, (1,)
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where

P and Q will be used in what follows.

Conslider a general case as a boundary condition. See
Table I and Fig. 1.

1/ny - [v']rl +Db - [v]ri =0, 1/n, « [v'], + [v]ra - a = 0, where
a

[v]t=o = f(r) and further v' = 9v/3r and the same for others.

Table I

Yy = %)+ 10 Uiy constanl Fiow Wi,y
n| VA (0= (), -6 VA (0)ey=0i—b | 1/A;- (') =2y
Yo | Yha W)g=a—=(v),, | Vhe- (w'),,=a—u, | 1/h,- w'),,= —w,

4 Whi=o=f(#) #=(7)=n (&)ezo=f(P)—n

Flgo 1

If a =Vy(t), and b = ¢(t), [wl _y=0. us=1(r).

If 1/n, = 0 and 1/h, = O, [v]ra = a or ¥(t); [v]ri = b or ¢(t),

respectively.
If h, = 0 and h, =0, [v']ra = 0, [v']r,1 = 0, respectively.

Further, when a and b are functions of t, a solution is obtain-
ed for the case when they are always constants. The purpose of the
present article is to apply Duhamel's method®* to the solution so
obtained.

Generally, in order to solve cases where surrounding tempera-
ture is a function of time, in addition to the above, other methods,
such as that of ordinary integration, Riemann, Stokes, Angstrom*,
Carslaw®* and Bromwich®™* are aveilable. However, it seems to the

* Carslaw. Conduction of heat. pp. 17, 68, 42 and 210-224,

** Bromwich., Phil. Mag. v. 37, 1919, J. Soc. Mech. Engrs.,
Japan, 36 (189).
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author thaﬁ Duhamel's method i1s the most convenient when the
initial temperature inside the body 1s a function of dimension.
The calculation is shown below for convenience:
(1) When the change 1s periodic.* Let Bg = — (aopas)z.
a=d(O)=do+ é:cdzk’ cos kot+ ¢ sin ko),  6=0¢()=¢s+ ,‘2_: 8y’ cos kwr+ 4" sin kwl]
| fo {G(0) B dG = BuG(1)..ovrooeeeereorereee e
[0(0)- B P g =BUEL) (15)

where G ()=gie —1)/8:+4,. ,,{CB, sin (Awt+6gi)+ 4w « cos (kat+60y,i))
+ (B, + sin 8 gk +4w - cos 84, I} BF+Ea) ,

H{t)= 3o 1)/Bu+ 4a{(By sin (Bat+8,)+ ko - 05 (Bat-+6.))
+€°"CB. +sin 9¢,k+kw *COS 8;,}]}/5.' +{kw)

E4u=(0:"1 @7, 8. =tan™' ¢i"/¢Y, Epn=(s"+ "), Bgi=tan™" & 6x

(11) When the change is non-periodic. B, the same as before.
a=9()=0d=gut St £, b=4()=D=du+ S 1
[ 0i0) 0. M m By Vs 4= Fll) (1)
[ #0)-ucbet-0ds =B, e 4= OUD) o (1)
where g,.g,/5,+ gju OdBFY, T =)+ G DBt Gua(BBI . A D(DIBI R GBLY,
wk=¢o/ﬂ.+~.=f;k! cOBEY, O =)+ Der(D/But Sra(DIBI ...+ SD)/BS kL - br/BE,
W=t S0t GuD=Fhe e )= SRR D us)= SRt

dz-,-(t)=(k—?)! cQroat(B=1) s fuoa e A2 e it £, ()= (k- 1)'(/4 A Dty e

¢k-'(t)’ ¢k-2(t)' cee.of, () take the same form as V¥, _, (t),
Wk_z(t), cccee w‘(t). In what follows, references will be made to

Gk(t), Hk(t), ‘I’k(t), wk, Qk(t) and 2.

* Kumabe, Kazuo: J. Soc. Mech. Engrs., Japan, 28 (104), 976.
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2. DProblems of Thermal Conduction

[1°] 1/h1 . [ag/ar]r1 = [v]r_1 - b, l/ha . [av/ar]r =a - [v]

a ry’
and further [v],_q = f(r).
(I) When a and b are fixed.
solution:  _ . p 500l exp - aspald) U2 7 ) =D UM (2)
where w=ti— o™ Ti=Cb(m/hr = v ™)t alm b 7)) g
ta=la=8)lgy  g=m(Ukard 1 ka7 T ™),

Udr) = Un(2) (No. 1=/ o) - (No. HV7, (No. 10 = = CH(e)/2rhd[-amnrdH/ olrd
(No. 2](.)=EP(’_’|‘)/’27’.‘/I|’:J ']n+x(Zi)+/n(l'i)- as is a pOSitiVe rOOE,_O..? ,EU"I(Z)]"-*—II“U"(Z"):O

B, = {((pan)ira +ha'ra® = mharadra™(Unta) ' = ((paaftr®=— mhilri+h{(sin an/n)*} ™

3v/3r=mrz/r'"”+p3§%.'a."'r”"'exp.(-af/?z(l.zl)' Unsr(?) - {J:_:crp+m_lf(r)'Un(Z)dr—(71P+ TZQ)/P—G'} """ (2)
Thus the quantity of heat flow can be calculated.
(II) When a and b are periodic functions. Refer to 1, (1).
Solution: v=(ap) S+ S8, a2 Ud{CXICGED ALY ICHEI}N HLZD i (25)
s8=1 k=1

where X=(nffrd™ =re™P=Qg,  Y=Umlhar7* 7P+ Qg,
Z=PS‘§BB - exp. ( _ao‘!p?asﬂt) . U"(Z)J:‘arp*'m—l .f"(r) . U..(r)dr.
8=l - ¢

(III) When a and b are non-periodic functions. Refer to 1, (1ii).

Solution: »= °°1 i_'*zs.-a.-u,(g){axxw,‘(:mayxyfk(z)j+(anpa.)ﬂe-“'o’v’=-"cEXIm,,j+cy3cw,,33}+a23 (20

B 1

In (II) and (III), the effect of exp.(-ao2p2a82t) will diminish
with time and finally become non-existent. The case will be
further simplified Af f(r) = O or a constant.,

[ 2°] [v]r,1 = b, »1/ha . [av/ar]ra= a - [v]ra, [v]t=o = f(r).

(I) wWhen a and b are constantse.

* Sawada, Masao: J. Soc. Mech. Engrs., Japan, 35 (177), 14 with
revisions as in the present article.
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Solution: v=u+p":§i%. -, - exp.(— ar*p'al) - U,.(z){f: P y) s Ud#)dy — (1 P+ er)/;Ta.} .................. (2,)

where u=t1=Tofr™,  T=(bmlhara™ —ra ™) Fari™)g,  ti=(a-b)lg,  g=mlhara (v —rs™),
UdD)=CIu) - Jonlz) S-r) - )V 7™, Bg 18 a positive root of

EUn,(r)jra + }la Un(ra) =0 -, %.= {Eﬁa.j‘.!rap+ }162’,02 _ mlzarajramEUn(Za),jz - (ﬁ sin 717!/7!)2}_1 .
Further 0ufdr=mrofr ' p 3B, a7 Un(0) exp. (—adpal) - [ ™\ AR = UM ... (2e)

(II) a and b are periodic functions. Refer to 1, (i).

Solution: v=ao'-’p‘.;‘;‘- ;Z%” a2 - U {CX IUGUED+CY ICHEDIFHACZD o (21)
where X= [(m/mm ~ra™MP-Qlg,  Y=(""P+Q0)g,

Z=P3§;%.- a,’ - exp.( —asiptnt) . U,.(z‘)j:armm—lf(r) - Udr)ar

(III) a and b are non-periodic functions. Refer to 1, (ii).

Solution: v=p'5 5B, 0, U){CX O +(apas)? - 0 exp.(~ as'pias’t))
+LYICFU) +(agpaf - Ve exp(—alpa P +0Z) o, (26)

ESOJ Evjr.' = ér Eyjr. =a, [yji= bl =ﬂf)

(I) When a and b are constants.

Solution: C u=un +Pf‘3. «a}- exp(—alpa’l). Un(’.’)_ﬁm’“m_l[f(r)“ WU o
s=1

m

where w=ri—tgfrmy,  m=(arm-rag,  n=(a=blg q=rTmrT
Un(2)=CJo2) - Jnl2) =T al?) * JrVr, 8g 48 a positive roqt Oof U.(%.)=0

%. = (N/Siﬂ 7171')2/(012 - 1)1 oa =./1I(Z’ﬂ)/jﬂ(z’|) =./-n(rr.tl).(/—n(7_’i)o

Further 0v/0r=mry/r™*! +ﬁ’;%s -a} - exp.(— ap'alt)s Un(?)- "7
« ,{f"’rpm-lﬂr) Udp)dr — (1 P+ r,Q)/Ez—,} ................................................ (21)
(II) a and b are periodic functions. BRefer to 1, (1).
Solution:
v= (aop)’;‘j kj"l% 0+ U {CX IO HCY ICHOIFHLLD oo (2n)

X= —(r."P+Q)g, Y=(»"P+ 0y,
Z=ﬁ§?%a - @, + exp. ~ ag*pat) - Un(’_‘)ﬁ'u’”m-lfﬁr) < Un(2)dr
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(III) a and b are non-periodic functions. See 1, (1i).

Solutlon: 5. $%,. 0, Uu(){CX IO Harp) - Oy cxp(- apalt)

+CY ¥ +(aopas)* Wiw exp.(= ac®f a2} +0Z) oo (212)

In the preceding sections, the author dealt with the case of
cooling with the boundary condition 1/h, [V']z~ = [v]r - b,
1 i

. [v']r =8 = [v]r with particular reference to 3 cases,
a X

= 0, l/h1 = l/ha = 0, There are cases in which h1 =0and hy =
h_ = 0. Since solutions are readily avalilable in these cases, they
will not be dealt with in the present paper.
Generally, the consideration of the case of heating or cooling
gives rise to the following:
£1/k (@DIn= (D=8, £1/ha @D, =a- (2,
where h1 = 0, finite or infinite; ha = 0, finite or infinite;
b = 0, constant or #t); a = 0, constant or VY(t);
b=aorb#a; [v]t=o = 0, constant or f(r).

Further, the order n of the function U (r) of the solution can
be an integer or a fraction, positive or negative. Thus, various
combinations of these possibllities give rise to varied cases.

In the present article solutions were obtained by Duhamel's method
only. However, the author wishes to mention that, when
11/ha[v']ra = g - [v]ra; a = 0, constant or V(t); [v]t=o =0, a

solution can be obtained, as in the case of homogeneous bodiles, by
Bromwich's method.

August 15, 1932



