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SOME ASPECTS :OF = THE THEORY OF COUPLED (MULTIPLE)

R.F. TRANSMISSION SYSTEMS

The present paper presents the results of studies suggested by
experiments made in this laboratory on the feeding of arrays of end-fed
dipoles and on the propagation of waves along slotted wave-guides. In
the case of the former it was found that in addition to the intended
propagation of energy inside the guide~feed to the dipoles, there was
present a wave system on the outside of the guide travelling with
approximately free-space velocity and produced by the currents in the
feeder probes attached to the dipoles. In this instance, the coupling
between the two systems of waves occurs at the feeder probes only. We
shall refer to this type of coupling as diserete coupling. When waves
ere propagated along a guide with a slot cut parallel to itg entire
length, there exist in the vicinity of the slot, outside (and inside)
the guide, waves propagated approximately with free-space veloeity.

In this case, the coupling between the twe wave systems occurs all

along the transmission path. We shall refer to this as continuous
coupling, Evidently we can regard continuous coupling of a given type

as the limit of the corresponding discrete coupling when the number of
coupling points per unit length of multiple line is incressed indefinitely
according to the appropriate law, ;

There is an essential physical difference between these two
varieties of coupling which is not obvious at first glance, namely,
that in the discretely coupled system of two transmission lines, each
capable of propagating only one type of wave when uncoupled, the pro-
pagation between coupling points takes place by means of the respective
wave systems for the uncoupled lines: whereas in each of the continuously
coupled lines there will appear two types of waves which in the case of
weak coupling are propagated roughly with the speeds of propagation for
the uncoupled guides or transmission lines.

So far we have treated a guide as equivalent to a line trans-
mitting in its prineipal mode, and this is quite allowable provided that
the modes of possible transmission of order higher than the lowest mode
selected for the transmission are physically insignificant in the pro-
pagation, If, for example, we had two wave guides of different dimensions
coupled together along their length by a slot, and if for the radio-
frequency used, the dimensions of each guide would tolerate the effective
transmission of the lowest TE mode only, then as the result of the
coupling, there would be present in both guides, waves travelling with
two new velocities which depart more and more from the velocities for
uncoupled propagation as the coupling is increased. This is not to say
that in either guide the two waves have the same amplitude distribution
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across the guide section. Electromagnetic theory will not allow pro-
pagation with a modified velocity unless the amplitude distribution is

also appropriately modified. It is not the purpose of this peper to
examine these questions of amplitude distribution, which, of course,

must be treated for .a complete solution, but only to use the simple

theory of transmission lines in order to examine the consequences of

the multiple propagation; particularly when one line is loaded periodically.

Further, it may not be out of place to point out that essentially
the. present considerations -would be relevant to propagation along a single
guide capable of effectively transmitting two modes with different
amplitude distributions, and therefore different velocities of propagation,
where they are coupled. together, either discretely by obstacles placed
periodically in the guide, or continuously by some deformation of the
cross-sectional shape of -the guide.

Another pragticel problem touched by the present theory is that
of altering the phase of excitation along an array of dipoles fed from
a wave-guide by employing multiple transmission, This is-‘discussed very
briefly at the end’of the paper. Yy S

The thepry.aé;breéented ih the following main sections.

1. Discrete coupiihgfbf-two transmission lines.- -~
~ a) shuant coupling =
b) series coupling. - g e

2. Continuoué couplihg derived from 1 a.
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1{a)Discrete Shunt Coupling. . X g,

The two transmission lines composed ﬂ@ L z%=24
respectively of conductors 02 and Ol ili \ il

shown in Figure 1 are coupied at the 1 ___waﬂ.1%*—v e e
point x = x) by the impedances A, B, _ ¢

€, as shown in the figure; and, of z=B § f /z =g
course this mesh could be replaced en &[f )4

by its equivalent star If convenient. 0. g L -

We assume that acting in the mesh ABC
there is no voltage other than e¢3
across (20) and ej :across (10). i, and iy denote the currents in the
lines to the right of the coppling point, and primbed letters are used
to denote the values of variables to the left of a coupling-point.
Suffixes distinguish corresponding quantities on the two lines.

Figure 1.

The following relations ssrve to connect variables to the left
and right of the coupling point,

=

ei - el eé e 62

1 - s 1 /1o 1
il = 13 - K €y ¥ ‘\'C' v —.') el (l)
iy = 14 - L e & fk a1

-

Let 27 and z, denote the respective characteristic impedances of the two
lines: then

7/

- , - 21¢1 - Iy 21¢1 . 1 - 21 - Al

a] = Feg + 213 {\1"51"11 At s g E)b i 275, by
v

= 3ol = gaqdy = .21/l o1y o 5%, 1 21 21

bi _%’(el Zl:{.l/ E—.\A 7 C,al " ..-\.L -2-—-\A + C)bl ‘i‘ -2—A- 3.2 + EK b2
(2)
ad = 3(ed # zo14) = 14220F 2 Ly ) 2 2ol 4 Ly 22, .22
bl = H(ed - z,i8) = - 2(L 3 LYo & (1221 ¢ 1)\ 2., 4+ %22
5y = Hed - 251)) 2(.,‘3)32'<“2(A"B)/b2*2Al+zAb1

We can therefore transform from the right to the left of a coupling point
by means of the equation

/ aj a;
1
b b,

(3)
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where | is the matrix {(‘coupling transfer matrix'):
b
142=4 2k zid s L - 2L -zl
Al Ly 221l .l 21 2]
R 1 E‘(A ‘ E? 24 7
(4)
- 22 - 22 1+24: 1 2L+ Y
24 24 2 'A B 2 A B
22 22 22l 1-224+d
24 N 2A 2 A b3 2 A B

If ky and ko are the respective propagation constants for the two lines
we can transform the values of aj a) b} to a point distant d to the
left by means of the propagation trans%er matrix:

0 0 0
0 o~ Jk1d 0 0
Pa) = : I gl g (5)
\ 0 0 o o dk2d

Finally, if the line Ol is loaded by a shunt L, we can transform from the
right to the left of the point of shunting by means of the shwt-loading
transfer matrix:

= v: . —z—]-'— zl
L ] 1% i iR 0 0
I N P 0
i 2L 2L (6)
i\ 0 0 1 0
\
\ o 0 0 1
The corresponding gseries-loading transfer-matrix is
K Y K
K = 1¢"570 R T 0 %
KLY < 221/ 221 0 \‘
K \
2] (1- g—ﬁ) 0 Ok
‘\ . (7)
\\ 8] 0 1 0
0 0 0 1

where K is the sx* - load impadance.
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If.wé wish to transform the values of a; by ay bp from the
right of ‘'one shunt load L, to their values at t%e right 'of the load Lo
next on the left, we apply the matrix:

M = Pap) | Pla) L (8)
2 T
{ :

1 “ 7 A r) (. L1789

K; (‘ ¥

) 5 / ,/ { Ll

[ / Q

0 b ! : NN
R d2 A dl 7

Plag) ™ Pra) Lo
Figure 2

where d;” is the distance of the load Ly from the coupling point between
Ly and Ls, and d, is distance from the same coupling point to L,. By
successive applications of matrices of the form M, it is pessible to

pass from the termination of the lines back to the generator and determine
the current in each of the loads, when there is one coupling point between
each successive pair of loading points., Other possible arrangements

would obviously be covered by the same technique; further in erder to
apply the method, it is ndt necessary that all the loads or coupling nets
be identical. '

The volfage across. and current through the shunt load L are given

respectively by \
er = a1 %tb
o PLIBRRL E B (9)
ipo= 8th ( :
=3 )

where aj) and by are reckoned at the position of the load. On the other
hand for the serics load K

T ' S ~
iK = lay - bl) /Zl
; (10)

ex ¥ (@l v b]_) X
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(b) Discrete Series Coupling,

2 ié a B [ iZ

In passing from shunt coupling ' TN W

to series coupling, the only . 1S\h

change we need consider is to i i

find the new matrix to 1eplace 1 —1- A oL i
.« At the coupling points, J

each line suffers a discontinuity ei e

in voltage due to the presence 0 o\ y .

of the direct impedance A and B

presented respectively to the two

lines and of the mutual impedance Figure 3.

C. The connections between the

left and right hond sides of a coupling point are given by

1 =4 1 = iy
e} = ey i Bi, = Cij (11)

e = ey ¢t Al - Ol

These le: d to the series-coupling transfer-matrix H

H = I l '7‘ A— - L - - —9—- —c.—
221 Rzq 2z 222
A ol A a0 = L
221 ‘ 221 ; 222 222
B o e

2al %] - 7 229 222

oG * e .00 B 5. __B_/

2z] 2z 222 225 [

Although we have limited ourselves to the explicit treatment of shunt
and series coupling; it is evident that the method we have used could be
applied to any coupling whatever in which both the voltage and the
current suffer discontinuities at the point of coupling, instead of only
one of them as is the case for the two simple types.

The transfer matrices which we have introduced undergo great
formal simplific: tion if we regard them from the following point of view.
Let us introduce the matrices of the second order

AT E

g ok 4 s, @ R

Then Uy2 = 022 =0 (14)
" e

Ul U2 = Q_i "_-i:) = U3 and U2 Ul = i i = U1+ (15)
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Ul U2 t Up Ui 5 E2 the wnit .ma‘crix of order 2

/
Up Uy - Uz Up =Ty =(§ é) (26)

Hence Uy and U, can be expressed in terms eof E, and V. We mey now
write

= A% 0 Uy * ol (17)
“a% Bt nl
. (1.1 \, = & = 2 = L L
p = (B2t Py 0
. - where ﬁ =21 (18)
0 32 L
_}S. = Ez g l(Ul 0\ X
. where ¥ = (19)
v ] #1
< e : .
B o= (B2t 11Uy =010 U2\ qhere Sli =%— S, = 5-5 (20)
20
c s
% Fl C -
= fy Uy Ep* ¢ Uy §og = 5 Sy = -5-5

The prepagation transfer matrix can be similarly simplified to the_‘; form

P@) = (L @ 0
o (21)
. 0] o b \d}

where ﬂl and fe) ~> are diagonal matrices and therefore cemmute with
themselves. ¥

Let us now evaluate the matrix M of equation (8)

M=P (d) [ e (8)

.

\
Ny, o / waf Uy =00 \M);(8;) 0 E2+‘Sul 0
0 ﬂz(dzf’/ - Sl Eptopalyf\ 0 SLap)A o Ep

= aatenldi@y  ~eOila)n ) @)+ poE)n

= Q11 Q2 \ (22)

0\

y

- 21-Q2(dz)U1 C22(a9) 4 xgp Q*z(dz)Ul 0 oldy
/
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where .
Q1 =;;),1(dl’-'dp_) * '-'J_:;()l "d5) U521 (d1) PQ“ (d1+d,)Up ¢ “11}3{21(&2)
Uli )'l(dl)Ul
Q2= -o {5 @) 1 0p0)

Q1 = "0‘21i Lhagr Chia) + l?’az(dz)Ulﬂl(dl)Ul] (23)
Qoo = Qg(dl-}dgf + X ggcz(dg) 0y Q2(dl)
0
We further note that if ﬂ = (b; -)
w ) = =
.QUl = ‘%‘ 1 1 Ul ,ﬂ. = % c (24)
e TG “W oy a2l
(78
Uy O U= % (w-w"l) Uy (25)
/ b "Iy R
L) & (7%,
Our=% ", 7 (26)
\"% g
- w w
QUl .AO'U = ‘(‘*’ "éz)% _l_. = HE (27)
w w

It is now possiltle to read off the voltage across the load L, in terms
of aj by ap by to the right of the load Ly and hence to deduce the eon-
nection between successive loads as regards amplitude and phase., Add
the rows of Q;7 and Q1o keeping the columns separate and multiply the
result for each column by the corresponding a or b. Thus we obtain for

shmint -coupled lines and shunt-loading the voltage across L, in terms of
4 and b values to the right of Lj:

ik -3k (d74d
o9 1(d1{'d2;1 +e Jk._(dl Z)bl

/ r 3 -jkqd
+ Jj 8in ky dggﬁ‘llie']kldl ay +e Jky 1y } + jo‘llp sin kldl(al+bl.)
\
d
Jkoda o o~dk217y (28)

Many possible choices of the various parameters at once offer themselves
ag aids to s:mel:Lflcat:Lon of this result so that it may be applied in
practice. If, for example, ‘%17 = 0, secured by meking A 4+ C resonant,

the expression above is very much simplified for loading points half
wave apart in line 1, becoming

A= "'l (e



SECRET
PRA-7L Page 9

. r it kd _-kd
= (al T bl\ -3 6‘21 sin kl d2 (ej 2 laz +e J%2 lbz)

’

and leading to a relative phase shift of the voltages across two suc-
cessive loads half-wave apert in the loaded line depending on the voltage
and current in the unloaded line.

2. Continuous Coupiingc

Based on the model 1(a) we proceed to the 1imit where A, B and
C are continuously distributed.

The algebraic equations (1) are replaced by

sl \ . o
== el(y; él YA) = Yi €9 - z 1l = Z-i

ax .- A2 -—.—.ax 131 (29)

2 - 262 .
< = e (y '} y) w T C - 1 - i

ax 2\W2 A JA 1 ax : é 2
where z!, 3! are the series impedances per unit length and Y1, Yo are the

!

) »
shunt aémit%ance per unit length of the lines and yj, is the coupling
admittance per unit length.

Thus, denoting diiferentiation of e re x by a prime

of = s%msinfie
n v
ey = ot "8 (30)
- o i y = '
where o = {yy & Y;,) Z’ Pl SR 4
oy = (v % ya) 2 B2=7, 2,

In the normal modes of praipagation

n - . k2 o s K2

el el 82

where from above

(2 +ay) (k5 §oy) =P, Py &)
kl let en = }‘l e i.e. )’l 2 k:|2 + Q0

p1

5y
- k22 *,az (3 )

P2

The expressions for the voltages across the two lines are

In the mode k

In the mode k

L e] = Ay eg and Ao
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-k 5 i -jkox - ikaX
8] T A e LEaB “ B‘l-eJklx + do (bo e Jk2 + Bo gd¥2 )

(33)
SAGER = | Kxy - ik Kox
e = N ‘..Ale']klx’.-Ble‘]l) .~A2e32"+132ej2

In obtaining the corresponding expressions for the current, we must keep
in mind that the characteristic impedance will in general be different
for each normal mode of propagation in the two guides. Accordingly we
write

iy =y o THIx L g SHF) My1a (A2 o X | p, oJK2¥y :
2= My (g o0 ; '531 eJK1%) 4 yoo (ay o73KR% L B, I2F) .
= by o701d = gy | 1y o728 = )
B é+jk1d L it B, o Jepd _ by (35)

Where x = ¢ is a point of loading, line 1 being shunted by the admittance Yo
As before, we denote corresponding quantities to the left and right of a
point of transfer by primed and unprimed letters respectively.

The transfer equations at the point of shunting are
y éai LIRS PICER bé}% =y éal + by + Aplap + bz)}
= yil-gai ~a) - (bi“bi] + 2 y12 [?é - ap -(b3 - bzﬂ
N v (ag-bl) * vz (ap-b3) =2 y21 (81-by) # ¥y (ap-bp) (36)
N (a] #b]) + (a3 # b3} =25 (a3#by) + (apthy)
Solving for the primed quantities, and putting

M=XN %0 ¥y12 ¥21 = V11 ¥22 (37)

we have

)= (- 822y, T2y LA W22 o, L 2y Wa2 b,
2M M T 2 2M

b TV22 a7 & (1 + TRy, # N Y22 5 1 X YV22 3,

L M ; 2M 1 2M 2 2M 2

- (38)

aé = 31”21 ay] ¥ M Vo114 (1 ¢ LPQ_.___WZl}az + MM yya1 by
2 b & M M

O
by = =M T2, oM T2 by - MMp IV21 a5 ¢ (1- N2 ¥V21) b,
2M 2M 2M _ <M
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The equations lead at once to the shunt-load transfer matrix. It has
the same form (17) as !* above. The propagation-transfer matrix is
identical with (5).

It is obvious that the continuous coupling corresponding to
equations (11) can be similarly derived.

3. Phase-Shifting by Coupled Faed.

The use of multiple feed to produce phase=-change along an array
is a natural applicution of the idea that the phase of a voltage (or
current) can he changed by adding to it a voltage (or current) in quadrature
with it. The multiple feed would change prograssively the phase of the
voltage for shunted loads (current for series loads) at successive points
of loading. Thus; by altering the gradient of phase change along the
array, the direction of the main lobe would be shifted.

From the practical point of view, it would appear to be simpler
to make coupling points also points of loading. Since, however, shunt
coupling introduces no discontinuity in voltage, no progressive change in
phase along a linear array of loads can be achieved by shunt coupling if
they are shunt loads. For such loads placed at points of coupling, series
coupling must be used and Ywatatis mutandis.

The practical problem is not merely one of securing the required
phase-change but also of obtaining the proper power in the loads, and while
coupling methods for parallel-wire transmission-lines are available, it
cannot be said that present practical experience of suitable coupling
methods for wave-guides is very wide. However, the possibility that the
direction of a beam can be controlled at the input by suitable relative
phase and/or amplitude variation between the two components of the coupled
feed is sufficiently attractive to merit further investigation. The
present brief report outlines methods for handling the fairly complicated
calculations that will inevitably be involved in the proper design of
any device working on this principle, if it prove practicable.

McGill University. W. H. Watson
lst February, 1943.



