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ON THE THEORY OF GUIDE-FED LINEAR ARRAYS

The proper understanding of the feeding of linear arrays is of
paramount importance for the effective design of array: to provide scan-
ning beams. In the coursc of the session devoted to arrays at the recent
Antenna Confercnce held at M,I.T., some statements werc made which seemed
designed more to support the procedures which have been used than to throw
light on the functioning of the feed in those arrays. The idea of couple=
ing coefficient continues in use and it igs thought by some to be a satisfact-
ory concept for handling long arrays of "weakly-coupled" elements, It is
difficult to seec to what extent the coupling can be said to be weak when
the shunt impcdancesof tie loadin; elements on the guide are of the order
of the guide impedance and therciore draw a small fraction of the power
in the feed only because the array of elements tends to force minima in
the standing wave systems to the points of loading. In the second place,
the guide with half-wave spaced elcments is popularly regarded as a sep=-
arate type of feed distinet from fceds with other spacing and so the only
one for which one must treat of impedance. It is the intention of the
present report to point out that those hypotheses and this classification
arc erroneous and to outline more fundamental conceptions of the behaviour
of linear arrays. Impedance is a two-parameter quantity. The dipole
arrays usually have had only one adjustment -- length of probe, How then
can one expect to have produced a prescribed amplitude and phase distribu-~
tion in the excitation of the clements of the array?

1. In what Tollows, we shall assume shunt-loading but the principle
of the method is applicable to any type of loading whatever,

Let 7+

shunt admittance of the rth load,

Vg

voltage in the equivalent transmission line at this
point

Suppose the loads are spaced equidistance d apart, or © radians
reckoned on the basis of the unloaded line. The difference equation
satisfied by the voltage is

Vpgy =~ 2080V, +V,_, == )~y sin®Vp 0 oo (1)

Now in a long array the ¥, should be small for weak coupling
in the proper physicol sense of negligible local disturbance of the feed,
and 7, 1is not a rapidly changing function of r. ILet us proceed to treat
{1) by. the. analogue of. the Method of Variation of Parameters,

Let

- ) )
Vr=ArWr+BrwrWherew=e" o.-naonno(z)



Since we have introduced two variables A, and Br in place of Vf we are
at liberty to impose another condition on them: we choose

(Apgs = A e (B = B (TH) =0 L L L. Lo u v h . (3)
so that

Vprr = Vp = & T+ _yT) + B bt} FT) e eate ofeste 34)
Hence (1) becomes

Vepy =208 @V, + Vi = (Vg = Vp) = (Vp = Vo) + (2 mw =™y

=3 800 Ypy (ALWT + BrWTT) = (Ap - Ap) WF -wT') +(B, - B,_,)
(!A)“r-w'r'“).......................-(5)

In consequence of the smallness of )/, we proceed on the assump-
tion that A, and B. do not vary rapidly with r and hence we may replace
(3) 'nd (5) by differential equations in which the index r is replaced
by the variable x/d.

Thus
dA
o™ e Brn/taio Ll e oo e s (3Y)
and
aa d -
el (1 - )+ Lw (1 L) =- 3 stn QVKQ (Awr/d 4
-X ;
BOOTic)y o, 3 L0 o wiishis adSmaun op o8 30 Bltets el sox rasiliid)
or _
{ (1 ~w” )+A7(°~"w }w EB (1 -) + BYlw -w” )}
24

..X
wz=000'|..'

ST B S e il e egeieeg e gelneivied S5 )

Comparison of (3') and(5'') shows that

Bewn o lw-w)

dx
Q B( -w-. L ] L] ” L ] [} L. e s o * @ (6)
= 1-w +Bw-w) _,ap

24 dx
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where A is a multiplier still to be detei'niihedu :

If f(x) = ydx - and (L) =1

the solution of (6) may be written

A=A, exp [- w-w™) f(x)\

L 28 {1 ~ N =) j

N S S

e e e e ()

The impedancé at’any pb*r'lb'oi‘ the iine, an intecgral number of half-wave~
lengths from the orlgln, is deterfiined by

;s L A+B_

¢

=—-;~anonecoaooo-c-(8)

+
l—'l—-‘tn
'_l

A -
i.e Z
L] . Z

ol
B

If W, is the value of W corresponding to the input impedance 2y,
which can always be calculated given the loads, we have 7

1 = Ao exXp ) \LJ’ o )

. N Y o'-esoc-oc-(lo)
Wp By, (l N -a) y TRt e :

Now eliminate AO/E‘{“ bettveen 9) and (lO) qnd we obtain a quadratic equa~
tion to determine in terms of the input :and termlnating impedances
assumed.,

The relation is
Sre ;
(L=N) ~2cosB (L=2) +1=~7D sin2.9
pilii gy : i i, .
2 ot " (11)

Wherep.=_ 3 O » 9 3 a P 6 & D e ® 9 s, 0 v 0 s 0

N
. 4 logg (erl )

Thus 1 - A = cos © + j sin 9./D TT ,u-ao........‘.:.(l2)
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In equation {12) the + sign corresponds to the propagation of energy
in the direction of x increasing. :

We now comsider the following cases:
(1) ‘p|<<1.
We have from (12)

1 =A==+ _L%g_jil_g_ approximately

and

A-’-‘Aoexp(—%_d. f(XB ._.oc.o-.o.;.ouco(:‘-B)
B-"’-’BL exp "%E{f(x)"r‘% IR B 000000(13)

At the input end:
. - . " . . 2"1

B =B ePd

Henee reflected waves with the corresponding mismatch can be kept down

by making [~ small and W, 2 Wpn, That is, we should have real weak

coupling and consequently insufficient abstraction of power from the
feed, T e ) '

(1) p==1l := 1 « A =cos 6.

and

ST ;g.u}
B =B, exp f !x()i.,"r},'

C.'..'.........'I.(lb)

W, -2
i
T

If the guide is terminated with a suitable impedance this cone
dition might be fulfilled, Indeed, values of p in the vicinity of =1
may be expected to give behaviour not greatly differcnt from (14) in
whieh the striking characteristic is the extinction of the reflected
wave towards the input. There is in this respect here a strong resembl=-
ance with the feed in a properly loaded line with elements half-wave
apart,

(411i) Half-wave spacing: We return to equations (7) and approximate
to the exponentials
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.

Aw® A ! e () -.'.l)-' ; .
o\ 20 (L= N=cs') f(XD

= B, <1 - 2%(?3'7; — [F(x) - FD

and from equation (ii) L = AN =cos & (p =« 1)

CAT=T Ay (1 -'f(g) )

ooo.oootca-.-onp-.oo.(l5)
B = 1+f(X)-F
_.BL.(.( d--2
Thesc eqqaﬁiqne should be compargd with the exact equations
r
Vp = (<1)" V, wherg Vo is a constant
and
T

r=(-l)rE[-v & Tl St v a0 o sAE e - JJ06)

There is no attenuation of the voltage wave, but the current wave falls
off in accordance with (16), If the loads had been series ones the current
wave would not attenuate but the voltage wave would,

* Equation (15) Shows that in order that the input be close to a

mthh S L I
glﬁ\»l 3.7 o w.e onls o ate 3 ® w s eie (17)
L oM '
Now T = r"="a yr where N-= number of elements, thus our condltlon (17)
is equivalent to the statement that ‘y y the average value of y, is about

It is possible to terminate the guide ﬁith a rcflﬁcting plunger,

thus making ZT a large reactance and Wp— +l.. By thc proper chojce of the
o a match can be obtained in the inpiit roughly speaking 7‘ = &, In our

arrays this condition is met and the array tolerates change in 6, due to
change in the frequency used up to 11/2% for N about 50. The beamsplit
which takes place on further change of © is due to phasc rcversals which
occur at points in the feed detecrmined by the difference between the period
d of spacing and the half-wave length in thc guide. !

It appears, therefore, that in feeding a long array off half-wave
spncing the main problem is not that of obtaining a match (which ought to
bc no problem at all at half-wave spaeing) but rather to secure a goed
approximation to the desired phase distribution along the arrgy, without
reversals,: This'may-be 8etuted by intioduling’the proper distribution
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of susceptance among the londs,

II, The method of Section I was applied ‘on the assumption that ¥, is
small but its application is not limited to weak loadlng provided that
the dependence of y,, on r is not rapid. _For example let

7r=y0+gr
The difference equation may be written

= (2 cos 6 - J Yo 8in 8) V, + Vi Ty jsin @ g Vo . . .(18)

Let x, and Xo be the roots of the equatlon

\)
.r+

x2 - (2 cos 6 =~ JY08In0) T+ 1 =0 4 o0 o o s ¢ 000 oo (19)
and L
Vr="A*Tx[+Brxgoo--o.oco-o.ooooutgooo(20)

Now apply the method of veriation of parameters, approximate by differ=
ential equations and use the input and terminating impedance date,

III, For the genéral type of ldadifig, the difference cquation may be set
up from the equations which yield the transformation of voltage and
current on the line from one loaling point to the antecedent one:

thus let
vr-|=hrvr+krir Q.c.o.ctuooo-ooc-0000(21)
ir.._' =r-nr-VrTI-1r-ir '. [ ) .'.‘. L ] [ ® -0 [ ] * L] L ] L] L ) [ ] [ ] ® [ ] 0(21)
then
n
kr(mr -_Ili'_l}zi'_ Vi, * (h 4 nr+‘)v =V, =0 .. .(22)
I'+l 1‘.‘+{ .
As an example considor a TT=scétion load in whichy/is the series impsd-
ance in the equivalent T and o theshunt admittance in the IT. e
v = _{1 +d¥) cos 8 + 2j¢sin v, + 2Ycos © + j sin @ (1 ) 4
Ty e -y l-&7
4 = 2acos @+ j sin 9(1 +qy) Vo + (1 #cy) cos © + 23 ¥sin © i
Al : l-avy 1-ay r

0-00..-..‘0‘23)
assuming that the loads are identical,

- T T
Vr-AX‘*'sz

where x, "and x2 are the roots of

[(l +ely) -4:.(} 1 -«y) [(1 +ya) cos @ + j(d +¥) sin 0:)::
+(1"'ﬂ7)=0 ooooooo-o--ooo-00-00.000(24)
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Whend= ¥ the TT-section load presents a match if terminated by z match,

For o wave in the direction of 6 increasing

1l - =j0
= l +Qe » [ ) L * L ] [ 4 L ] [ ] L L ] L J L J * [ ] L L] L 4 * L [ ] L L L] [ ] (25)
Thus the fraction of power extracted by the load is
2
l = l -“ L] [ ] L ] L] L] L] L) L] L L L L ] [ ] o L ] ® L L] L] L L] L] ® L] L[] 26
1 +a * (26)

and the electrical spacing betwcen elements in the loaded:guide is.
effectively

Oo-arg%-:J;‘-oo.aau--oo--oooo.ooooooo-(?7)

on account of the phase change introduced by the general TT-section,

The use of such loads seems to commend itself as being the most
satisfactory way of removing the matching problem for the feed, It
allows o predictable amplitude and phase distribution among the radiators,
it gives freedom in choice of the spacing of the elements, and allows
beam=-swing by phase change in the feed.

MeGill University, We Hoe Watson
August 13, 1943



