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PREFACE 

The mathematica underlying the  d i s t r i b u t i o n  of n a t u r a l  
modes of a c o u s t i c a l  v i b r a t i o n s  i n  a  room i s  t h e  same a s  t h a t  f o r  
e lectromagnet ic  e igen func t ions  i n  a  resonant  enc losure .  

This  paper concent ra tes  almost e n t i r e l y  on the  e l e c t r i c a l  
case and d i scusses  both t h e  r e l a t l v e  amplitudes and t h e  frequency 
spacing between eigen func t ions .  The t h e o r e t i c a l  deduct ions a r e  
supported by experimental  observa t ions  on these  q u a n t i t i e s .  It 
i s  shown t h a t  when t h e  r a t i o  of enc losure  length  t o  wavelength i s  
around 6 : 1 the  degree of degeneracy of modes i n  a  p e r f e c t  cube 
i s  not  a s  g r e a t  a s  one would expect from t h e o r e t i c a l  cons ide ra t ions .  

Th i s  i s  taken t o  mean t h a t  t h e  i r r e g u l a r i t i e s  i n  t h e  cons t ruc t -  
ion of t h e  c a v i t y  introduce a  degree of randomness. When t h e  cube 
i s  deformed by about 1.0% so t h a t  t h e  s i d e s  o r i g i n a l l y  200 mm x 200 
mm x 200 mm become 200 mm x 199 mm x 198 mm,  t h e  randomness becomes 
complete. Even t h e  inherent  degeneracy of 2  due t o  t h e  two p o s s i b l e  
d i r e c t i o n s  of p o l a r i s a t i o n  is removed due t o  a  f u r t h e r  degree of  
randomness being impressed on t h e  assumed Poisson type d i s t r i b u t i o n  
of t he  mode separa t ion .  

The o the r  measure of randomness i s  provided by t h e  r e l a t i v e  
amplitudes of t h e  d i f f e r e n t  e igen  func t ions .  A d e l i b e r a t e  amount 
of degeneracy i s  introduced by a c t u a t i n g  t h e  modes i n  t h e  c e n t r e  
of one f a c e .  By in t roducing  i r r e g u l a r i t i e s  of t h e  order  of t h e  
cube of t h e  wavelength, t h e  degree of randomness approaches i t s  
t h e o r e t i c a l  maximum. 

A l l  t he  conclusions reached f o r  t h e  electromagnet ic  e igen  
func t ions  should hold f o r  t he  a c o u s t i c a l  c a s e .  The only modif icat ion 
which must be made t o  a l l  t he  deduct ions i s  t h e  removal of t he  
p o l a r i s a t i o n  degeneracy. 

The Divis ion of Building Research wishes t o  record i t s  thanks 
t o  M r .  D.A.  S i n c l a i r ,  Head, T rans l a t ions  Sec t ion ,  Nat ional  Research 
Council, f o r  t r a n s l a t i n g  t h i s  paper and t o  D r .  R.J. Donato who 
checked the  t r a n s l a t i o n .  

Ottawa R.F. Legget 

October 1966 Di rec to r  
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EIGEN FREQUENCY STATISTICS AND EXCITATION STATISTICS I N  ROOMS 

MODEL TESTS IJIri'lI E1,ECTRICAL l.IAVES 

Abstract 

In  t h e  f i r s t  p a r t  of t h e  present  paper t h e  n a t u r a l  frequency 
spacing s t a t i s t i c s  of resonant c a v i t i e s  i s  inves t iga ted .  It is  
shown t h a t  the  non-accidental degenerations of r egu la r  rooms 
can be e f f e c t i v e l y  s p l i t  up by minute devia t ions  from geometric 
symmetry. With a  cube of 20 cm length,  f o r  ins tance ,  t h e  average 
degree of degeneration i s  24 a t  3 cm wavelength. However, a  
d i f f e rence  between the  th ree  dimensions of 0 .1  cm only s u f f i c e s  
t o  make the  spacing s t a t i s t i c s  a  pure ly  random one. 

In  t h e  second p a r t  t h e  e x c i t a t i o n  s t a t i s t i c s  of the  normal 
modes i s  inves t iga ted .  Here again a  degenerate case i s  t h e  
s t a r t i n g  po in t .  A rec tangular  cav i ty  i s  exci ted a t  t h e  c e n t r a l  
point  of one of i t s  sur faces .  In  t h i s  manner only one f o u r t h  of 
t h e  normal modes w i l l  be exci ted .  But introducing a  t i n y  per turb ing  
element with a volume of p wavelength)^ i n t o  the  resonator  r e s u l t s  
i n  a l l  t he  modes being exci ted according t o  a  purely random law. 

Though the  present  inves t iga t ion  i a  of i n t e r e s t  within the  
domain of room acous t i c s  predominantly, a l l  measurements have been 
performed with microwaves i n  me ta l l i c  c a v i t i e s ,  because of t h e i r  
high Q which i s  i n  the  order  of some 104 Thus t h e  indiv idual  
resonances can be resolved even a t  higher  r a t i o s  of room dimensions 
t o  wavelength. 

1. Int roduct ion  

The frequency curve of a  room can be regarded a s  a  superpos i t ion  of t h e  
indiv idual  resonance curves.  It fol lows t h a t  t h e  frequency curve i s  determined 
by th ree  d i s t r i b u t i o n s ,  namely t h e  s t a t i s t i c s  of t h e  spacing, t h e  e x c i t a t i o n  
and the  damping of the  indiv idual  eigen f requencies .  I n  the  present  study 

t h e  spacing and e x c i t a t i o n  s t a t i s t i c s  a r e  inves t iga ted .  

It is  shown t h a t  f o r  a l l  a c t u a l  comparatively l a r g e  rooms the  spacing 
and e x c i t a t i o n  s t a t i s t i c s  a r e  those of a completely random space. Accordingly, 

the  v a r i a t i o n s  of the  frequency curve of a  room (mean height  of t h e  "peaks", 
mean d i s t ance  between maxima, e t c . )  become, i n  t h e  l i m i t i n g  case of "ha l f -  

value width l a r g e  compared with t h e  mean d i s t ance  between eigen frequencies" 

(EF) and " l i n e a r  dimensions of t h e  room l a r g e  compared with the  wavelength", 

a  funct ion  of the  reverbera t ion  time only. 
There i s  no d i f f i c u l t y  i n  t r a n s f e r r i n g  the  r e s u l t s  obtained from e l e c t r i -  

c a l  resonant c a v i t i e s  t o  corresponding a c o u s t i c a l  rooms, provided it is  kept 
i n  mind t h a t  the  number of EF i n  a  given i n t e r v a l  i s  about twice a s  g rea t  
a s  In the  analogous acous t i ca l  case .  This  i s  because of the  t r ansve r sa l  
cha rac te r  of electromagnetic waves, f o r  the  complete desc r ip t ion  of which it 



i s  necessary t o  spec i fy  the d l recb lon  of p o l a r i z a t i o n  a s  wel l  a s  the  d a t a  

ncedcd f o r  the  d c u c ~ ~ l y t l o n  of a sound wave i n  a i r .  For a  r ec t angu la r  space 

the  EF d e n s i t i e s  can be given a s  a  func t ion  of t he  volume V ,  t h e  a r e a  S 

and the  edge length  L: 

Nurnber of acouu t i aa l  El? ( 1 4  

number of e l e c t r i c a l  El? 
( l b )  

where h i s  the  wavelength and ~ f / f  t h e  r e l a t i v e  s i z e  of t h e  frequency i n t e r v a l .  

For t h e  number of e l e c t r i c a l  EF we here  cons ider  only t h e  term given by 

the  volume. The co r rec t ion  r e s u l t i n g  from a d d i t i o n  of t h e  edge length  term 

i s  only about -1%. Fortnula ( l b )  can then be w r i t t e n  i n  t h e  fol lowing simple 

form 

where df/f i s  the  mean r e l a t i v e  i n t e r v a l  between neighbouring EF. 

Another d i f f e r e n c e  from acous t i c s  c o n s i s t s  i n  t h e  f a c t  t h a t  i n  t h e  

e l e c t r i c a l  case both f i e l d  va lues  a r e  vec to r s .  For sound i n  a i r  t h e r e  i s  a  

s c a l a r  f i e l d  value,  the  sound p res su re .  A s  a  consequence, f o r  a r ec t angu la r  a- 
c o u s t i c  r e sona to r  t h e r e  i s  a  p o s s i b i l i t y  of e x c i t i n g  a l l  EF uniformly, s i n c e  a l l  

n a t u r a l  v i b r a t i o n s  show a  bulging of t he  sound i n  t h e  co rne r s .  With 

an e l e c t r i c a l  resonant  cav i ty ,  however, i t  i s  impossible t o  produce an 

e x c i t a t i o n  a t  one po in t  such t h a t  a l l  EF a r e  uniformly exc i t ed .  

2 .  The Spacing S t a t i s t i c s  of t h e  Eigen Frequencies 

( a )  Def in i t i on  of a  spacing parameter 

A s  a  c h a r a c t e r i s t i c  value f o r  t h e  more o r  l e s s  uniform d i s t r i b u t i o n  of 

t he  El? t h e  second moment of t he  spacing s t a t i s t i c s  between each p a i r  of 

neighbouring EF has been introduced by H . H .  Bol t  ( 1 ~ 2 )  , and is  r e f e r r e d  t o  t h e  

mean i n t e r v a l  determined p r i n c i p a l l y  by t h e  volume. He denotes  t h i s  value 

where df i s  t h e  d i s t ance  between neighbouring EF, Af t h e  s i z e  of t h e  i n t e r v a l  

i n  ques t ion  and N t h e  number of EF i n  t h i s  i n t e r v a l .  

When t h e  i n t e r v a l s  between the  EP a r e  equal ,  then  according t o  t h i s  

d e f i n i t i o n  Y = 1. f o r  a  completely random d i s t r i b u t i o n ,  where the  occurrence 

of an i n t e r v a l  df has a  p r o b a b i l i t y  p ropor t iona l  t o  exp(-df /df ) ,  Y = 2 .  I n  

rooms with a  high degree of geometric symmetry (spheres ,  cubes,  e l l i p s o i d s  

of r o t a t i o n ,  bodies with square c ros s - sec t ions ,  c y l i n d e r s ,  e t c . )  non-accident 



degene ra t i ons  occu r .  A c e r t a i n  number of EF co inc ide ,  and l e ave  correspond-  

i n g l y  l a r g e  gaps  on t h e  f requency a x i s .  The spac ing  index of t h e  EF,Y , i s  
l a r g e ,  s i n c e  i n  a d d i t i o n  t o  t h e  f requency i n t e r v a l  0, f a i r l y  l a r g e  i n t e r v a l s  

occur  more f r e q u e n t l y  t han  would be t h e  ca se  f o r  a pure  random d i s t r i b u t i o n .  

The ques t i on  i s ,  how f a r  must t h e  shape of  t h e  r e s o n a t o r  d e p a r t  from geomet- 

r i c a l  symmetry i n  o r d e r  t o  r ende r  t h e  d i s t r i b u t i o n  of t h e  EF random. Q,uan t i t a -  

t i v e l y  speaking,  t h e  degree  of randomness I s  measured by t h e  c l o s e n e s s  of 

t h e  approach of Y t o  t h e  va lue  2 .  

It should be mentioned t h a t  i t  i s  no t  always p o s s i b l e  t o  i n f e r  t h e  

e x i s t e n c e  of pure  random d i s t r i b u t i o n  from t h e  condit ion%'= 2 .  I n  a 
c y l i n d r i c a l  r e s o n a t o r ,  f o r  example, t h e  c r o s s - s e c t i o n  of which can be  conver ted 

i n t o  i t s e l f  by a r o t a t i o n  w i th  an ang l e  of l e s s  t han  180°,  and which i s  oper -  

a t e d  i n  t h e  fundamental v i b r a t i o n  form, t h e  EF a r e  degenera te  and a r e  

e q u i d i s t a n t .  I n  t h e  f requency range i n  which t h e  r e s o n a t o r  can v i b r a t e  on ly  

i n  t h e  fundamental v i b r a t i o n  form, t h i s  a l s o  gives!$ = 2 ,  even though t h e r e  

can be no ques t i on  he r e  of  randomness of t h e  EF d i s t r i b u t i o n .  

( b )  R e s u l t s  

The measurements were begun w i th  a  r e c t a n g u l a r  c a v i t y  of dimensions 

l 7  x  27 x  43 cm3, corresponding t o  an  edge l e n g t h  r a t i o  of approximately  

2 :  3 :  5. 127 EF were counted i n  an  i n t e r v a l  of 100 MHz a t  A = 3 . 2  cm, The 

t h e o r e t i c a l  number of EF f o r  t h i s  i n t e r v a l  i s  N = 157% ( ~ h u s  30 EF were n o t  

f ound ) .  The sum of t h e  squa re s  of t h e  i n t e r v a l s  was = 126 MHz. The 

spac ing  index t h u s  becomes 

T h i s  r e s u l t  imp l i e s ,  of  course ,  t h a t  a l l  EF no t  found c o i n c i d e  e x a c t l y  

w i th  o t h e r  EF, s o  t h a t  t h e  i n t e r v a l s  s t i l l  t o  be added a r e  0  i n t e r v a l s .  T h i s  

i s  c e r t a i n l y  on ly  approximately  t r u e .  The t r u e  va lue  ofY f o r  t h e  eva lua ted  

i n t e r v a l  i s  t h u s  somewhat lower.  

The r e s u l t y z  2 shows t h a t  t h e  d i s t r i b u t i o n  of t h e  EF i n  t h e  r e c t a n g u l a r  

space  i n  ques t i on  i s  random, f o r  Y =  2 i s  t h e  v a l u e  f o r  a  t o t a l l y  random 

d i s t r i b u t i o n .  What i s  s u r p r i s i n g  about  t h i s  r e s u l t  i s  t h e  f a c t  t h a t  t h e  

r e c t a n g u l a r  space  i s  n e v e r t h e l e s s  s t i l l  a  very  r e g u l a r  body. The o r i g i n a l  

exp l ana t i on  f o r  t h i s  phenomenon was t h e  f a c t  t h a t  t h e  dimensions of t h e  
3 

r e c t a n g l e  had been chosen i n  accordance w i t h  t h e  r a t i o  1 : 5/Ti : 3 ~ 6 ,  o r  
( 3 )  approximately  2 : 3 : 5 . 

I n  o r d e r  t o  c l a r i f y  t h e  s i t u a t i o n ,  measurements were t hen  c a r r i e d  o u t  

i n  a cube,  and l ed  t o  no l e s s  a s t o n i s h i n g  r e s u l t s .  A s  a  consequence t h e  above 

t e s t  r e s u l t  must be i n t e r p r e t e d  a s  f o l l ows :  t h e  s l i g h t  d e p a r t u r e s  of t h e  s i d e  



r a t i o s  from the  oimyle whole numbers 2  : 3 : 5, combined with the  s l i g h t  

geometr ical  i r r e g u l a r i t i e s  of the  reoonntor  arc by themoelves s u f f i c i e n t  t o  

produce a  completely random d i s t r i b u t i o n  of t h e  EF.  The theory of t h e  magical 

r a t i o  2 : 3 : 5 has no s ign i f i cances  here  i n  view of t h e  given r a t i o  of wave- 

length  t o  edge length  of 1 : 6 .  I n  the  case of r ec t angu la r  spaces t h e  value 

of Y i s  determined r a t h e r  by the  ex ten t  t o  whlch the  s i d e  r a t i o s  depa r t  from 

small  whole numbers. This  becomes even c l e a r e r  when we cons ider  t he  t e s t  

r e s u l t s  on the  cube. 

The most s t r i k i n g  phenomenon i n  the  EF d i s t r i b u t i o n  of a  cube i s  the  

f a c t  t h a t  t h e r e  isaminlmum l n t e r v a l  between any two non-coincident EF. The 

EF of a cube are given by the  formula 

where c  i s  t h e  ve loc i ty  of l i g h t ,  a  t he  s i d e  length  of t he  cube and nx, n  
Y' 

nz the  t h r e e  wave ind ices ,  g iv ing  t h e  number of ha l f  per iods  i n  the  d i r e c t i o n  

of the  t h r e e  edges.  

The sum of the  squares  wi th in  t h e  r o o t  is a  whole number. The minimum 

d i s t ance  Df between two non-coinciding EF i s  given by the  inc rease  of t h i s  

sum by u n i t y .  Hence, f o r  t he  r e l a t i v e  minimum i n t e r v a l  we immediately g e t  

Comparing equat ion ( 2 )  f o r  the  mean i n t e r v a l  of EF with t h i s ,  

i t  w i l l  be recognized t h a t  on t h e  average a t  l e a s t  

EF must co inc ide .  I n  f a c t ,  t h e  mean degree of degenerat ion i s  somewhat g r e a t -  

e r ,  s ince  even i n t e r v a l s  2 . Df occur .  This  i s  always t h e  case  whenever a 
whole number cannot be r e  resented a s  t he  sum of t h r e e  squares .  A s  t h e  

theory  of numbers shows(i", t h a t  i s  t h e  case i n  the  l i m i t  f o r  every s i x t h  

whole number. When the  numbers a r e  l a rge  thus  the  mean degree of degenerat-  

ion  is  g r e a t e r  than the  value of ~ f / m  by a f a c t o r  of 6 /5 :  
Mean degree of degenerat ion of a  cube 6n . a 

=-5- A '  ( 3 4  
The spacing index i s  then  obtained d i r e c t l y  frlorn the  d e f i n i t i o n  

In  Table I the  poss ib l e  values  of n2 and degrees  of degenerat ion a r e  



given f o r  the  i n t e r v a l  

It w i l l  be noted t h a t  i n  general  t he  degree of degenerat ion i s  twice a s  

g r e a t  i n  the  e l e c t r i c a l  case a s  i n  the  a c o u s t i c a l ,  s ince  t h e r e  a r e  two poss ib l e  

p o l a r i z a t i o n s  f o r  t he  obl ique e l e c t r i c a l  waves, f o r  which none of t h e  t h r e e  

wave ind ices  nx, n  nz vanishes .  
Y' 

Under t h e  column "pertnutatlons" i s  given t h e  number of poss ib l e  permuta- 

t i o n s  of t h e  t h r e e  i n d i c e s .  Qerwra l ly  speaking t h i s  i s  s i x ,  i f  two i n d i c e s  

a r e  the  same, however, i t  i s  reduced t o  t h r e e .  

According t o  Table I the  t o t a l  number of e l e c t r i c a l  EF f o r  t h i s  i n t e r v a l  

i s  249. According t o  formula ( l b ) ,  25lt EF should f a l l  wi th in  t h i s  i n t e r v a l ,  

and according t o  t h e  s impl i f ied  fortnula ( 2 ) ,  255. The t o t a l  number of 

a c o u s t i c a l  EF f o r  the  same i n t e r v a l  according t o  Table I i s  135. Formula ( l a )  

g ives  t h e  value 143. 

Of the  13 ind ices  t abu la t ed ,  10 a r e  occupied by EF. The average de- 

genera t ion ,  t h e r e f o r e ,  i s  24.9 i n  t h e  e l e c t r i c a l  ca se .  According t o  formula 

(3c )  t h e  mean degree of degenerat ion f o r  t he  reg ion  about n 2  = 156 should be 

23.5. It i s  f u r t h e r  noted t h a t  t h e  h ighes t  degree of degenerat ion,  48, i s  

ju s t  twice t h e  mean. R . H .  Bolt  has  a l r eady  pointed t h i s  o u t .  

The EF groups l i s t e d  i n  t h e  t a b l e  were measured i n  a  cube of 20 cm s i d e  

i n  a region about t h e  wavelength 3.2 cm. The r e s u l t s  a r e  assembled i n  Table 

11. The experimental  appara tus  w i l l  be descr ibed below. The second column 

aga in  g ives  the  degree of degenerat ion a s  obtained from Table I .  I n  t h e  next 

column we e n t e r  the  number of EF a c t u a l l y  found, which, of course,  i s  s t i l l  

considerably smal le r ,  s ince  the  EF a r e  decidedly grouped. Nevertheless  more 

EF were found i n  more densely occupied p l aces  than  f o r  more spa r se ly  occupied 

ones.  The 6 EF belonging t o  the  index n2  = 160 were a c t u a l l y  a l l  de t ec t ed .  

I n  t h e  next column the  spread of t he  ind iv idua l  groups i s  recorded, a s  caused 

by t h e  s l i g h t  mechanical t o l e rances  i n  the  manufacture of t h e  cube. F ina l ly ,  

t h e  l a s t  column g ives  t h e  i n t e r v a l  between t h e  ad jacent  EF of two neighbouring 

groups . 
The measured groups cover a wavelength reg ion  of 3.268 - 3.143 cm, co r re s -  

ponding t o  a  frequency i n t e r v a l  of 360 MHz. By summation of t h e  spreads and 

t h e  i n t e r v a l s  between groups from n2 = 150 t o  161 i n  accordance wlth t h e  l a s t  

two columns of Table 11, we ob ta in  354 MHz. This  provides  a  check on t h e  

accuracy with which the  ind iv idua l  frequency i n t e r v a l s  have been measured. 

I f  we assume t h a t  t he  EF a r e  s i t u a t e d  randomly wi th in  t h e  ind iv idua l  

groups, then  from the  above t e s t  r e s u l t s  t he  spacing index of t h e  i n t e r v a l s  i s  



obtained a s  Y = 16. We a r e  led  t o  assume randomness n l t h i n  t h e  i nd iv idua l  

groups by observing t h e  spec t r a  on the  sc reen  of t h e  cathode r ay  tube .  This  

assumption, however, i s  not e s s e n t i a l  and has no g r e a t  i n f luence  on t h e  value 

of y ,  which i s  determined c h i e f l y  by t h e  g r e a t  d i s t a n c e s  between t h e  groups.  

The t h e o r e t i c a l  spacing index of t he  EF i s  ca l cu l a t ed  f o r  t h e  presen t  

case  from Table 1 and g ives  Y = 27.8.  Accolading t o  forn~ula  ( j d )  i t  should be 

26.2.  
A t  f i r s t  g lance the  d i f f e r e n c e  between t h e  measured Y = 16 and t h e  

t h e o r e t t c a l  value of 27 i s  d i sconce r t i ng .  Here we a l ready  see  how very 

s e n s i t i v e l y  t he  spacing index r e a c t s  t o  small  depa r tu re s  from the  i d e a l  geomet- 

r i c a l  shape.  The mechanical t o l e r ances  a r e  of t h e  o rde r  of a  few t e n t h s  of a  

mi l l ime t r e .  i J i th  a  s i d e  of 20 crn, t h i s  comes t o  only about 0.1%. The i n f l u -  

of t he  e x c i t a t i o n  on  t h e  o t h e r  hand i s  n e g l i g i b l e ,  a s  can be e s t ab l i shed  by 

comparisons f o r  e x c i t a t i o n  of d i f f e r e n t  I n t e n s i t y .  

The osci l lograms of FIgures 1 and 2 a r e  a  good i l l u s t r a t i o n  of t hese  con- 

d i t i o n s .  F ig .  l a  shows the  24 EF of t h e  group n 2  = 158, of which, however, 

only 12 a r e  r e a l l y  recognizable .  Figures  l b  t o  I d  show t h e  same group f o r  

d i f f e r e n t  c o n t r a c t i o n s  of two opposi te  f aces  of t h e  cube. I n  Fig.  Id t o  t he  

r i g h t  t h e  t r a n s i t i o n  t o  t he  group n2 = 157 i s  a l r eady  made (h ighe r  f requenc ies  

a r e  p lo t t ed  t o  t h e  l e f t ) ,  a l though t h e  " e f f e c t i v e  cont rac t ion"  i s  only about 

0.25 mrn.  (The e f f e c t i v e  con t r ac t ion  i s  defined by the  change of volume d i v i d -  

ed by t h e  a r ea  of t h e  squeezed f a c e . )  

I n  o rde r  t o  c l o s e  t h e  double gaps a s  wel l ,  i . e .  i n  order  t o  g e t  a  t r a n s i -  

t i o n  here  t o  t h e  group n 2  = 160, c o n t r a c t i o n  would have t o  be twice a s  g r e a t .  

I f  t h e  group were not a l ready  divided up, t h e  necessary change would of course  

be somewhat g r e a t e r  s t i l l .  For t h e  c l o s i n g  of t h e  double gaps 2  - D f  of a  

mathematical cube a  r e l a t i v e  change of a ide  of 2 -  ~ f / f  = ( ~ / 2 a ) ~  i s  r equ i r ed .  

On con t r ac t ion ,  t h e  EF form i n t o  ever  new combinations, so  t h a t  t h e  

osci l logram changes cont inuously.  Only a  few i s o l a t e d  EF remain i n t a c t ,  

i . e .  can be d i f f e r e n t i a t e d ,  l i k e  t he  one f u r t h e s t  t o  t he  l e f t  i n  F ig .  1. Th i s  

one i s  recognizable  i n  a l l  f o u r  osci l lograms.  

Figure 2  shows f o u r  osc i l lograms of t he  6 E F t s  of t h e  group n2= 160. 

I n  t h i s  r a r e  case  a l l  t he  EF a r e  v i s i b l e  and can be d i f f e r e n t i a t e d .  Figures  

2b t o  2d show the  group f o r  a  s l i g h t  contrBact ion i n  each of t he  t h r e e  edge 

d i r e c t i o n s .  It w i l l  be seen t h a t  two of t h e  6 EF a r e  always d i sp laced  t o -  

wards h igher  f requenc ies  ( t o  t h e  l e f t ) ,  while t he  o t h e r  fou r  a r e  s c a r c e l y  

a f f e c t e d .  This  i s  because t h e  6 EF of t h e  group n2  = 160 a r e  not merely 

t a n g e n t i a l  waves, because one of t h e  t h r e e  haves i n d i c e s  (12,  4, 0 )  vanishes ,  

but a r e  a l s o  quas i -ax ia l ,  s i nce  one of t h e  two non-vanishing i n d i c e s  ( 4 )  i s  



considerably smaller  than the  o the r  ( 1 2 ) .  The angles  between the  wave 
vec tor  and the  th ree  edge d i r e c t i o n s  a r e  1 8 O ,  7z0 and go0.  

Following the  measurement of the  cube, the  EF a t a t i s t i c s  of a near cube 
with t h e  dimensions 200 x 200 x  199 mm3 were recorded. The change of s i d e  

length by 1 mm, corresponding t o  0.5$, should, on t h e  b a s i s  of the  above 
cons idera t ions ,  be enough t o  cause t h e  widest gaps t o  vanish. I n  an i n t e r v a l  
of 355 MHz, 151 EF were found. The t h e o r e t i c a l  number i s  231. The sum of 
the  squares of t h e  i n t e r v a l s  was 1966 M H Z ~ .  Assuming t h a t  t he  EF not found 
coincide exac t ly  with o the r s ,  then the  missing i n t e r v a l s  a r e  n u l l  i n t e r v a l a ,  so 
t h a t  a s  an upper boundary f o r  the  r e l a t i v e  spacing index we have Y U  = 3.6.  
However, i f  i t  be assumed t h a t  the  EF not found do not coincide with t h e  

o the r s ,  then the  value of Y i s  reduced by t h e  r a t i o  1511231. This y i e l d s ,  a s  

a  lower l i m i t  f o r  the  spacing index, Y t  = 2.4  ( i n  t h i s  connection see Sect ion 

2  ( ~ 1 ) .  
The t r u t h  l i e s  between these  extremes. True, t h e  EF not found do not 

coincide exac t ly  with t h e  o t h e r s ,  but they w i l l  p re ferably  l i e  c lose  t o  them. 
The f u r t h e r  an EF i s  s i tua ted  from the  neighbouring one, t h e  l e s s  l i k e l y  i t  i s  

t h a t  i t  w i l l  be acc iden ta l ly  concealed by a  more s t rongly  exci ted one. The 
g r e a t e r ,  t he re fo re ,  is the  p r o b a b i l i t y  t h a t  it w i l l  be found. I f  we assume 
t h a t  the EF not found a r e  s i t u a t e d  a t  a  mean d i s t ance  of 0.8 MHz from t h e i r  
neares t  neighbours, then the  most probable value f o r  the  index of f l u c t u a t i o n  
i s  given by: 

- 
where N i s  the  t h e o r e t i c a l  number of EF, N' t h e  number of EF found, d s  the  - 
mean d i s t ance  between the  EF not found and t h e i r  neares t  neighbours, df t h e  
t h e o r e t i c a l  mean d i s t ance  between EF. The formula w i l l  be derived i n  Sect ion 

2  ( c ) .  
It w i l l  be seen t h a t  Y i s  reduced t o  almost one t e n t h  of t h e  t h e o r e t i c a l  

value by the  reduct ion of a  s i d e  from 200 mm t o  199 mm.  For t h i s ,  of course,  

the mechanical t o l e rances ,  1 . e .  p r i n c i p a l l y  the  i r r e g u l a r i t i e s  i n  t h e  
boundary f aces  of the  cube, a r e  i n  p a r t  respons ib le .  For i n  general  four  

EF should s t i l l  coincide,  and even f o r  otherwise random d i s t r i b u t i o n  t h i s  
should y ie ld  a va lue  o f Y  = 4 - 2  = 8. (;iil?ce two s i d e s  a r e  equal,  t he re  a r e  

two poss ib le  permutations.  For the  oblique waves present  i n  t h e  remainder 
a  f u r t h e r  f a c t o r  of 2  is added on account of the  two independent p o l a r i z a t -  
i o n s . )  The mechanical to le rances  a l s o  o f f s e t  the  s t i l l  remaining degenerat-  
i ons .  However, a  d e f i n i t e  depar ture  from t h e  value of the  purely acc iden ta l  



d i s t r i b u t i o n y  = 2  can s t l l l  be d i s ce rned .  

Two o t h e r  near  cubes with  dimensions 200 x  200 x  198 mm3 and 200 x 199 x 

198 mm3 were t hen  eva lua t ed .  The f i r s t  one i s  similar  t o  t h e  one j u s t  

d i scussed  except t h a t  one s i d e  i s  s t i l l  f u r t h e r  reduced from 199 t o  198 m m .  

The second near  cube now r e t a i n s  only t h e  symmetry of a  gene ra l  p a r a l l e l e p i p e d .  

Measurements on t h e  near  cube of 200 x  200 x 198 mm3 i n  an i n t e r v a l  of 

97 MHz r e v e a l  44 EF. The t h e o r e t i c a l  number i s  63. The sum of t h e  squares  

of t he  i n t e r v a l s  was 543 MHZ'. Thus as an upper boundary we g e t  Y = 3.6 
u  

and t h e  lower boundary Y 1  = 2.5. The most probable  va lue  obtained wi th  t h e  

formula employed above i s Y =  3.2.  A s  expected,  t h e  s t a t i s t i c s  of t h e  near  

cube 200 x  200 x  138 mm3 do not d i f f e r  from t h a t  wi th  t h e  dimensions 200 x 

200 x 199 m m 3 .  lndeed the  agreement i s  even c l o s e r  than would be expected 

i n  view of t h e  statistical f l u c t u a t i o n s  of f i n i t e  t e s t  i n t e r v a l s .  

I n  t h e  pa ra l l e l ep iped  200 x  199 x 198 m m 3  an i n t e r v a l  of  671 MHz was 

measured. 230 of t h e  t h e o r e t i c a l  420 EF were found. The sum of t h e  squares  

of t he  i n t e r v a l s  was 3055 MHZ' .  A s  boundaries f o r  t h e  index of f l u c t u a t i o n ,  

t h e r e f o r e  we g e t  Y U  = 2 . 8  and Y = 1.6.  
The assumption t h a t  t h e  t r u e  va lue  o f Y =  2, i s  confirmed by comparing 

t h e  r e l a t i v e  f requenc ies  of t h e  i n d i v i d u a l  i n t e r v a l s  wi th  t h e  t h e o r e t i c a l  

frequency d i s t r i b u t i o n  of i n t e r v a l s  f o r  random p o s i t i o n s  of t h e  El?. Th is  

i s  done i n  F ig .  3 .  The smooth curve i s  the  t h e o r e t i c a l  d i s t r i b u t i o n ,  which 

runs  p r o p o r t i o n a l l y  t o  exp(-  df/dT) wi th  = 1.6 MHz. The broken l i n e  

g ives  t h e  measured f r equenc i e s  taken i n  groups of 0 . 5  MHz width.  A good 

agreement i s  noted above 2 MHz, whereas f o r  sma l l e r  frequency i n t e r v a l s  t h e  

number of measured i n t e r v a l s  l a g s  f a r t h e l ,  and f a r t h e r  behlrld t h e  t h e o r e t i c a l  

number. Th i s  i s  t h e  "conceal ing e f f e c t "  a l r eady  mentioned: weakly exc i ted  

EF a r e  no longer  d e t e c t a b l e  i n  t h e  immediate v i c i n i t y  of more s t r o n g l y  

exc i ted  ones . 
The r e s u l t  Y =  2  f o r  t h e  pa ra l l e l ep iped  with  dimensions 200 x 199 x  198 mm3 

s t i l l  r e q u i r e s  some explana t ion .  For an  otherwise  random d i s t r i b u t i o n  of t h e  

EF t h e  value o f y s h o u l d  a c t u a l l y  be about f o u r ,  owing t o  t h e  degenera t ion  of 

p o l a r i z a t i o n  always p re sen t  i n  t he  p a r a l l e l e p i p e d .  It i s  e a s i l y  r e a l i z e d ,  

however, t h a t  t he  s l i g h t e s t  irregularities of  t h e  boundary f a c e s  aga in  

e l imina t e  t h i s  cause of degenera t ion .  For t h e  mathematical pa ra l l e l ep iped  

two EP always co inc ide  i n  the  ob l ique  waves. I f  t h e r e  i s  no o t h e r  symmetry 

( t h e  s i d e s  show no simple r e l a t i o n s h i p  with  each o t h e r ) ,  t h e  spacing 

s t a t i s t i c s  of t he se  simply degenerated EF obey t h e  law of chance, w i th  a mean - 
i n t e r v a l ,  of course ,  of  2  d f .  I n  o rder  t o  e l imina t e  t h i s  r e g u l a r i t y ,  t h e  

- 
EF need merely be d i sp l aced  r e l a t i v e  t o  each o t h e r  randomly up t o  2  . d f .  

- 
This  can be brought about by mechanical t o l e r a n c e s  of t h e  o rde r  of a  ' d f / f .  



In the present instance these are approximately 0.03 mm. Since the 

irregularities of the last measured parallelepiped are almost an order of 

magnitude greater, we can certainly conclude that the spacing index is equal 

to two in this case. This finding will be applied below to an estimation 

of the masking width s. 
From the above measurements on a parallelepiped, a cube, and three near 

cubes, it can be concluded that the distribution of EF in every actually 

occurring space of dimensions greater than a few wavelengths follows the law 

of chance. Moreover, since the phenomenon of polarization degeneration 

does not oc.cur in the case of air-transmitted sound, the boundary of the space 

in the acoustical case can even consist of mathematically smooth surfaces. 

(c) An estimate of the fluctuation square 

According to the definition given above of the relative fluctuation 

squareYof the spacing statistics of the El?, we may write 

where Af = df is the size of the measured interval. The index "N" over the C 
summation sign indicates that the sum in this formula has "N" terms. 

In reality, however, only N 1 <  N intervals were measured and some of 
them wrongly, that is to say when they were divided up by EF which were not 

N ' Y 

found. In place of the sum $df2, only the expression df l2 is known, 
L_/ 

where dft represents the measured intervals which agree on$$ partially with 

the true intervals df. 

Now if the intervals not found are equal to zero, then 

This assumption is tantamount to saying that the EF not found coincide exactly 

with other EF, and leads to an upper limit for the fluctuation square: 

A lower boundary for the fluctuation square is obtained from the assumption 

that the EF not found are independent of the others and the spacing statistics 

remain the same owing to their being added. Then 



and consequently,  

I n  r e a l i t y  the  EF not  found a r e  n e i t h e r  e n t i r e l y  independent of those  t h a t  
a r e  found, nor do they coincide exac t ly  w i t h  t hese .  Rather they a r e  s i t u a t e d  
wi th  a  c e r t a i n  d i s t r i b u t i o n  i n  t h e  v i c i n i t y  of more s t rong ly  exci ted oneB. 
This  i s  shown very s t r i k i n g l y  by F ig .  3. The i n t e r v a l s  df >2MHz have a l l  been 
found. Of the  o t h e r  i n t e r v a l s ,  t he  smal le r  they a r e  the  more of them a r e  

missing.  
We a r e  thus  ab le  t o  ca lcu la tek 'more  accu ra t e ly  than from the  above 

boundary values  Y U  and Y1.  If we denote the  d i s t a n c e s  from t h e  EF not  found 
t o  t h e  nea res t  neighbours by d s ,  then we may w r i t e :  

N 9.N'--N N-N' N - N '  

= x d y a  + C ( c l ~ - -  d ~ ) s + C d . + .  

The t h r e e  terms on the  r i g h t  s i d e  s t a t e  t h a t  of t h e  N 1  measured i n t e r v a l s  
N f  - ( N  - N' ) = 2N1 - N remain i n t a c t .  N - N I  i n t e r v a l s  a r e  reduced by d s  and 
N - N i n t e r v a l s  of t he  s i z e  d s  a r e  newly added . 

This  theorem, of course,  implies  t h a t  no many of t h e  newly added EF 

f a l l  i n  the  same gaps.  The smal le r  N - N 1  i s  compared with N,  t h e  b e t t e r  
s a t i s f i e d  t h i s  condi t ton  i s .  Assuming f u r t h e r  t h a t  t h e  new i n t e r v a l s  a r e  

s q a l l  compared with measured d f l ,  then be neglected compared with 

l d f  
' and we ob ta in  

N N ' N-N' 

C d l a = z d / l n -  2zfl/'. da , 

o r ,  i f  t he  d i s t r i b u t i o n s  of d f s  and d s  a r e  uncorre la ted :  

From theoe sums we aga in  ob ta in  t h e  r e l a t i v e  f l u c t u a t i o n  squares by normaliz- 

ing  : 

I n  t h e  case of t he  pa ra l l e l ep iped  measured above, t h i s  formula can be used 
f o r  t he  c a l c u l a t i o n  of t he  masking width z. I J i thY= 2,  Y u  = 2.8, N = 420, 

N 1  = 230 and df = 1.6 MHz, then 
ds = 0.8 MHZ . 



This value for the masking width, the mean value of the EF not found, would - 
also be assumed by consideration of Fig. 3. ds 5 0.8 MHz also fits well for 
the average half-value width of the EF, which was determined with 0.5 MHz. 
The average half-value width of the more etrongly excited EF, which of couree 

are the principal causes of the masking effect, is somewhat greater etill. 

The greatest half-value widths are situated even at 1.4 MHz. 
In the corrections of they values in the preceding eection this value for 

the masking,width ds = 0.8 MHz was always employed. The transfer of thie 

value of ds to other resonators is valid if the average half-value width of 
the EF is the same and the volumes (EF densities) are not too different. 

3. The Excitation Statistics of the Natural Vibrations 

(a) Definition of an excitation parameter 

As an additional parameter of the wave theory, on which the frequency 

curve of a space is based, the excitation statistics of the natural vibrations 

have been investigated. Similar toy above, we now define a relative 

fluctuation square of the excitation; 

where a is a measure of the excitation intensity of the individual natural 

vibrations, and specifically a2 - PabJ of the energy absorbed for the EF in 
quest ion. 

For example, if a rectangular cavity resonator is excited at the centre 

of one side, only a quarter of all the EF are involved. From the definition 

given above it follows immediately thatmis comparatively large, and in any 

case greater than 4. @ = 4 only for the case that the EF involved are all 
equally strong. 

This case, which is degenerate with respect to the excitation, can be 

eliminated by interferences which destroy the original symmetry of the arrange- 

ment. The new natural vibrations are then combinations of all natural 

vibration forms, including those not previously excited. The number of 

resonances in a given frequency interval is increased by a factor of 4. 
If one of these EF is excited, then no longer will only one or two 

vibration forms of the parallelepiped be excited with a uniform wave vector, 

as is the case in the undisturbed rectangular box, but an ever greater number 

simultaneously, the wave vectors of which are pointed in various directions. 

This wave theory phenomenon of the loss of certain distinctive directions is 

not to be confused with the concept of diffuseness or direction diffuse- ( 3 , 5 -9 )  

ness used elsewhere in the acoustics of space. 



(b) Resu1t;s 

The measure~nents were carried out on an electromagnetic cavity resonator 

with dimensions 101 x 150 x 299 mm5. For the fluctuation square of the 

intervals of the EF the value Y= 2.2 is obtained. For the round numbers 

100 x 150 x 300 mm3, approximatelyY = 10 would have been obtained. 

First two measurements were made of the excitation statistics in the 

undisturbed space. The interval employed for all measurements was chosen 

such that the theoretical number of EP was 200. Actually 56 and 54 EP were 
observed respectively, 1.e. somewhat more than expected. This was due, of 

course, to unavoidable departures from perfect symmetry. The excitation 

parameter in one case was @ =  4.96, and in the other@ = 5.04. The two measure- 

ments were made with coupling intensities between resonator and generator 

differing greatly from each other. The small Influence on the result of 

the measurement will be recognized. 

In order to have a better comparison with the theory, the 6 and 4 weak- 
est El?, respectively, can be disregarded. We then get @ = 5.22 and 5.18, 

respectively. The theoretical value 5.33, which will be derived below, is of 

course unobtainable, because the neglect of the weakest EF is not perfect 

compensation for the given departure from mathematical symmetry. The agree- 

ment with the theory is nevertheless good. 

The question now arises as to how the interferences of the surface of the 

resonator must be made in order to mix substantially the EF of the parallele- 
piped, thereby improving the excitation statistics. In this connection the 

theory, which is outlined further below, states: 

1. The critical interference volume6V is of the order of h3, regardless of 

the size of the space. 

2. The effect of the interference with respect to the mixing of the EF is 
independent of the geometrical form of the interference, provided Its 

length is small compared with the wavelength. 

3. The local position and distribution of the interference likewise has no 
effect on the mixing, unless the original symmetry of the set-up is only 

partially destroyed by the interference. 

In what follows we shall first mention a series of experiments that 

confirm these three theoretical results. In Fig. 4 the test results for 
are plotted against the interference volume 6V. The open circles denote 

measurements with small cubes which were placed on the floor of the resonator 

as interfering bodies. The filled-in circles give the measurements with 

circular cones. The small square denotes a measuring point at which the cube 

is divided into eight equal parts and distributed over the space. The two 

circles on the ordinate of the diagram are the two measurements already cited 



f o r  t he  empty box. The two boundary tangents  = 5.33 f o r  t he  empty box and 

9 = 1.57 f o r  an e x c i t a t i o n  s t a t i s t i c  of pure chance a r e  a l s o  included Jn t h e  

drawing. A s  i s  evident  from F l g .  4 ,  i s  a  func t ion  of the  in t e r f e rence  volume 

6 V  only .  For 6 V  > ?/2 t he  value of 9 i s  s t a t i o n a r y .  The depar ture  from t h e  

t h e o r e t i c a l  value 1.57 i s  only 3:''. 
In  p a r t i c u l a r  t h e  independence of of t he  p o s i t i o n  of t he  i n t e r f e r e n c e  

has been confirmed, whicll i n  each case has been chosen pure ly  a c c i d e n t a l l y  by 

a r b i t r a r y  p lac ing  the  i n t e r f e r i n g  eletnent i n t o  t h e  space.  Moreover, t h r e e  

more measurements with the  h 3  cube have been made i n  t h i s  connection. The 

r e s u l t s  were @ = 1.60, 1.62 and 1.64, r e s p e c t i v e l y .  The remaining f l u c t u a t i o n s  

a r e  of a s t a t i s t i c a l  na tu re .  They would vanish only f o r  the  measurement of 

an i n f i n i t e l y  l a r g e  i n t e r v a l .  

However, i f  t h e  p o s i t i o n  of t h e  i n t e r f e r e n c e  element i s  d e l i b e r a t e l y  

prese lec ted  i n  such a  way t h a t  t he  o r i g i n a l  symmetry of t he  space remains 

wholly o r  p a r t i a l l y  i n t a c t ,  then only an imperfect intermingl ing of t h e  EF 

occurs .  J( i s  g r e a t e r  than f o r  an equal  i n t e r f e rence  volume but asymmetrical 

p o s i t i o n .  To i l l u s t r a t e  t h i s  a  measurement with t h e  h3 cube has been made, 

where t h e  cube was placed i n  t h e  c e n t r e  of a  plane perpendicular  t o  t h e  

e x c i t a t i o n  f a c e .  A s  a  consequence only one of t he  two mir ror  symmetries i n  
t h e  plane o f  e x c i t a t i o n  i s  des t royed .  Instead of about 50 EF which would be 

found i n  the  empty space, i n  t h i s  case about twice t h a t  number ( exac t ly  103) 

EF were obta ined .  For the  f l u c t u a t i o n  parameter of t h e  e x c i t a t i o n  we got  

0 = 2.77. The t h e o r e t i c a l  value f o r  s a t i s f a c t o r y  symmetry i s  9 = 2  0 1 . 5 7  = @ 

3.14.  

( c )  Theory of t h e  e x c i t a t i o n  parameter 
According t o  the  d e f i n i t i o n  given above t h e  e x c i t a t i o n  i n t e n s i t y  a  i s  

measured by the  energy Pab absorbed f o r  t h e  EF involved. For t h e  energy 

absorbed by the  resonator ,  however, we have (13)  : 

Here do i s  t he  i n t e r n a l  damping of t he  r e sona to r  and d r  t he  damping due 

t o  the  coupl ing.  Pin i s  the  energy received from the  genera tor  by r a d i a t i o n .  

I f  Pin i s  kept constant  and the  coupling i s  weak ( d r < <  d o ) ,  both of which 

condi t ions  a r e  e a s i l y  r e a l i z e d ,  the  f l u c t u a t i o n  of the  i n t e r n a l  damping of 

the  d i f f e r e n t  EF i s  r e l a t i v e l y  small ,  and the simple r e l a t i o n s h i p  a2- dr  

ho lds .   h he f l u c t u a t i o n  of d o  was measured on 108 EF. The r e s u l t  was - - 
d: - d i  = 0.07 ad? . The c o r r e c t i o n  of 9 when t h e  f  l u c t u a t i o n  of d o  was taken 

i n t o  account was approximately 3 9 ) .  
I f  the  coupling taken p lace  through a  hole a t  t he  end of a hollow conductor 



which conducts only the fundamental wave, this can be regarded as a magnetic 

dipole. The coupling strength is proportional to the component $ of the 
magnetic field of the natural vibration involved parallel to the exciting 
field in the hole (14). For the coupling damping, therefore, we may write 

dr - H;. The relative fluctuation square of the excitation thus becomes: 

In case of an undistorted parallelepiped which is excited at the centre of a 

side, we may now write: 

H = (*  
Y sin 3 cos cp 

for 2 of all EF, 
for the remaining &. 

Here 3 is the angle between the wave vector of the natural vibration involved 

and the y direction, the direction of the exciting magnetic field, and 9 the 

angle of polarization. 

In forming the average, 3 should be averaged over all space directions 

and over all polarizations: 

Thus, for the undistorted parallelepiped 
10 

m 0 = 7 = 6 , 3 3 . .  . . 

In the wholly random case the component H is made up of a large number of 
Y 

independent components. The H values are thus distributed according to Gauss: 
Y 

Hence, we get directly 

or, for the fluctuation parameter in the limiting case of strong mixing: 

Finally, we shall take up the question of how the interference volume 6V (the 

variation of the surface of the parallelepiped) must be produced in order to 

attain the state of randomness characterized by = 1.57. 

According to a known result of the time-independent theory of 



d i s t o r t i o n  (12) , t h e  v a r i a t i o n  of t h e  e igen func t ions  qi of t h e  boundary 

value problem 

a r e  represented a s  fol lows:  

If t h e  d i s t o r t i o n  c o n s i s t s  i n  a  deformation of t h e  su r f ace  6 r ,  then  t h e  

c o e f f i c i e n t s  a r e  

assuming t h a t  t h e  und i s to r t ed  e igen func t ions  a r e  normalized: 

02 The ki va lues  a r e  t h e  e igen va lues  belonging t o  t h e  va lues .  The f i r s t  

i n t e g r a l  should be extended over t h e  a r e a  S,  t h e  second over  t h e  volume V of 

t h e  r e sona to r .  

I f  t h e  d i s t o r t i o n  i s  concentrated i n  a  r eg ion  whose volume i s  small 
compared with  t h e  wavelength, we may wr i t e ,  more simply, 

Here t h e  e igen func t ions  a r e  t o  be taken a t  t h e  p lace  of t h e  d i s t o r t i o n .  The 

independence of b  from t h e  form of t h e  d i s t o r t i o n  w i l l  be recognized. i d  2 
Now, forming t h e  mean value of Ib  f o r  a  cons tan t  d i f f e r e n c e  of e igen 

i ,I 1 
va lues ,  then ,  i f  t h e  p lace  possesses  no s p e c i a l  p r o p e r t i e s  of symmetry, by 

neg lec t ing  numerical f a c t o r s  of t h e  o rde r  of u n i t y  and observing t h e  s tand-  

a r d i z a t i o n l z  = 1/V, we ob ta in  

I t  w i l l  be r e a l i z e d  t h a t  f o r  t h i s  mean value formation a  s p e c i f i c  p o s i t i o n  of  

t h e  d i s t o r t i o n  has  d i sappeared .  The mixing c o e f f i c i e n t s  a r e  now only a  

func t ion  of t h e  s i z e  of t h e  d i s t o r t i o n  volume and t h e  d i s t a n c e  between t h e  

two eigen va lues  involved. 

Exact ly  t h e  same r e s u l t  would be obtained i f  t h e  d i s t o r t i o n s  were not 

concentrated i n  one p l ace ,  but were d i s t r i b u t e d  over  s eve ra l  p o s i t i o n s ;  assum- 

ing  t h a t  a l l  p a r t i a l  d i s t o r t i o n s  a r e  aga in  smal l  i n  t h e i r  geometric volume 

compared with  t h e  wavelength. 2 

0 Going from t h e  e igen va lues  ki t o  t h e  frequency s c a l e  and denot ing t h e  

d i f f e r e n c e  of EF with  Af i J '  t h e  above formula acqu i r e s  t h e  fo l lowing  s t i l l  

s impler  form 



This  formula permits  an i n t e r e s t i n g  i n t e r p r e t a t i o n  i f  t h e  d i s t o r t e d  volume 6 V  

is  replaced by t h e  mean detuning caused by t h e  d i s t o r t i o n .  For t h e  v a r i a t i o n  

of e igen  va lues ,  t h a t  is, we may w r i t e  

o r  i n  t h e  case  of concentrated d i s t o r t i o n :  

Forming t h e  mean value g ives  

F i n a l l y  going over t o  the  frequency s c a l e ,  we ob ta in  t h e  known formula 

S u b s t i t u t i n g  t h i s  r e l a t i o n  between d i s t o r t i o n  volume 6 V  and mean detuning 

6T i n  equat ion ( 5 a ) ,  and neglec t ing  t h e  numerical f a c t o r  which I s  c l o s e  t o  

un i ty ,  we ob ta in  7 la=---. 
A\i/ 

I n  t h i s  form i t  is  c l e a r  t h a t  p r e c i s e l y  those EF whose d i s t ance  a p a r t  i s  l e s s  

than t h e  mean detuning a r e  t h e  ones t h a t  a r e  intermingled.  

However, r ep lac ing  t h e  Af,, va lues  i n  equat ion (5a )  by t h e  mean i n t e r v a l  
J-d 

between two EF acoording t o  formula (2), and r e q u i r i n g  7 = 1, then as  a I id 
c r i t i c a l  value f o r  t h e  d i s t o r t e d  volume f o r  t h e  in te rmingl ing  of neighbouring 

natural .  v i b r a t i o n s ,  we g e t  

E s s e n t i a l l y  then,  t h e  required d i s t o r t e d  volume does not depend on the  

dimensions of t h e  space but  only on t h e  wavelength. 

This  r e s u l t  holds  even i n  t h e  case of damped n a t u r a l  v ib ra t ions ,  even i f  

t h e  half-value width of t h e  resonance curves i s  l a r g e  compared wi th  t h e  mean 

i n t e r v a l  between EF. The r e l a t i v e  ha l f -va lue ,  however, must be small compared 

with u n i t y .  

Summing up t h e  r e s u l t s  of t h e  i n v e s t i g a t i o n  of t h e  a t a t i s t i c s  of i n t e r v a l s  

and e x c i t a t i o n  of EF once more, it may be sa id  t h a t  f o r  every r e l a t i v e l y  

l a r g e  occurr ing  space both theae  s t a t i s t i c s  fol low t h e  law of chance. The 

necessary depar turea  from mathemtical symmetry a r e  implied here  i n  t h e  t h r e e  

words "occurr ing  i n  p r a c t i c e " .  Assuming t h a t  t h e  EF have uniform half-width,  



o r  t h a t  t he  half-width v a r i e s  but l i t t l e ,  i t  fol lows t h a t  t h e  s t a t i s t i c a l  
parameters of t he  frequency curve of such a space (mean height  of t he  "peak", 

mean d i s t a n c e  maxima, e t c . )  a r e  given by the  reverbera t ion  time a lone .  

I f  t h e  l a t t e r  condi t ion  i s  not s a t i s f i e d ,  i t  must be expected t h a t ,  f o r  
example, t h e  mean d i s t ance  between maxima of t he  frequency curve depends a l s o  
on the  f l u c t u a t i o n  of t he  reverbera t ion  time (10-11) 

4 .  The Apparatus 

Figure 5 shows a  photograph of t h e  microwave p a r t  of t h e  appara tus  f o r  
measuring t h e  e x c i t a t i o n  s t a t i s t i c s .  The Klystron genera tor  f o r  wavelengths 
of about 3.2 cm w i l l  be recognized. The Klystron passes  i ts  energy through a  
(no t  shown) a t t e n u a t o r  t o  a  so-cal led "magic t ee"  (15-16). Here t h e  energy i s  
divided i n t o  two p a r t s  on t h e  two s i d e  arms. F i f t y  percent  vanishes  i n  t h e  
non- re f l ec t ing  cu t -of f  a t  t h e  l e f t  of t h e  p i c t u r e .  The o t h e r  h a l f  passes  t o  
the  resonator ,  which 1s coupled on by a  diaphragm. Outside of t he  resonances 
a l l  energy i s  r e f l e c t e d ,  while a t  resonance a  considerable  p a r t  of t h e  energy 
i s  absorbed. The remaining energy r e t u r n s  t o  t h e  magic t e e ,  where another  
d i v i s i o n  t akes  p l ace .  F i f t y  percent  goes i n t o  the  genera tor  arm and i e  
absorbed t h e r e  by t h e  a t t e n u a t o r .  F ina l ly ,  t he  o t h e r  ha l f  goes i n t o  t h e  
f o u r t h  arm t o  t h e  d e t e c t o r ,  which has been l e f t  out  of Fig.  5 f o r  t h e  sake of 
s i m p l i c i t y .  A t  a  maximum, the re fo re ,  25% of the  t o t a l  energy can reach the  
d e t e c t o r ,  and i s  thus  a v a i l a b l e  f o r  t h e  reading.  It can be shown that t h i s  
energy l o s s  i s  unavoidable without any s p e c i a l  re fe rence  t o  t h e  magio t e e ,  
which here  a c t s  a s  a  " d i r e c t i o n a l  coupler" with a  coupl ing f a c t o r  of 4. The 
d i r e c t i o n a l  coupling property of t he  magic t e e  (17) prevents  the  energy from 
going d i r e c t l y  from the  genera tor  t o  the  d e t e c t o r  without pass ing  through 
the  resonator .  Otherwise i n t e r f e r e n c e  with the  s i g n a l  r e f l e c t e d  by t h e  
resonator  occurs .  The vol tage  of t he  d e t e c t o r  would be independent of  t he  
phase angle  of r e f l e c t i o n  a t  t he  resonator .  The osc i l l og raph  images would no 
longer  have the  form of resonance curves,  but i n  some cases  would look l i k e  
"discr iminator"  curves .  From the  d e t e c t o r  t he  r e c t i f i e d  energy passes  t o  a  
low frequency ampl i f i e r  t o  which the  cathode ray  tube is connected. The 
Klystron i s  frequency modulated and the  time base on the  osc i l l og raph  runs 
synchronously with i t .  The spectrum emitted by t h e  Klystron, inc luding  the  
absorp t ion  a t  t h e  resonances of t h e  c a v i t y  ( s e e  F ig .  6 a )  t hus  appears  on t h e  
screen .  I f  t he  time base i s  s t r e t ched  out  and the  s i g n  of t he  image is 
reversed,  an impression of ord inary  resonance curves i s  received ( ~ i g .  6b ) .  

I f  t he  coupling i s  weak, t he  height  of curves  A is propor t iona l  t o  t h e  
energy Pab, absorbed by the  resonator ,  independently of t h e  c h a r a c t e r i s t i c  of 
t h e  d e t e c t o r .  This  i s  why the  measurements f o r  e x c i t a t i o n  s t a t i s t i c s  were 



made according t o  t h e  absorp t ion  method: 

Hence f o r  A a 1  and Pinput = cons t ,  it fo l lows  t h a t  A - Pab. 

From t h e  d e f i n i t i o n  of t h e  f l u c t u a t i o n  square  of the  e x c i t a t i o n  

t he  measurement condi t ion  

t hen  fo l lows .  

The measurement of t h e  spacing s t a t i s t i c s ,  of '4, i s  c a r r i e d  ou t  ba s i c -  

a l l y  i n  t h e  same manner. However, t h e  r e sona to r  i s  coupled on not  by a 
diaphragm, but  by a smal l  antenna,  t he  ex tens ion  of t h e  c e n t r a l  conductor of  

a  co -ax i a l  c ab l e ,  p r o j e c t i n g  a  smal l  d i s t a n c e  i n t o  t h e  c a v i t y .  A br idge  p iece  

from hollow conductor t o  co-ax ia l  c ab l e  i s  then a t tached  t o  t h e  measuring 

arm of t h e  magic t e e .  The shape and l eng th  of t h e  antenna i s  ad jus t ed  by 

t r i a l  and e r r o r  u n t i l  a l l  EF a r e  covered a s  uniformly a s  p o s s i b l e .  F ig .  7a 
i s  an example of a  very uneven e x c i t a t i o n .  Resul t  of t h i s  i s  t h a t  s e v e r a l '  

weaker EF a r e  masked by t h e  more s t r o n g l y  exc i ted  EF. Fig .  7b shows t h e  

same p l ace  i n  t h e  spectrum with  b e t t e r  adjustment  of  t h e  antenna.  

For measurement of t h e  spacing s t a t i s t i c s ,  a  frequency s c a l e  i s  a l s o  

requi red  on t h e  sc reen  of t h e  cathode ray  t ube .  Detai led d a t a  on such s p e c i a l  

o sc i l l og raphs  may be found i n  t h e  microwave l i t e r a t u r e  (18) .  Here it need only 

be s a i d  t h a t  t h e  frequency marks a r e  produced by i n t e r f e r e n c e  of t h e  frequency 

modulated Klystron with  an unmodulated one. The demodulated i n t e r f e r e n c e  

s i g n a l  i s  f ed  t o  a  detuned high frequency a m p l i f i e r  and a f t e r  a  second 

demodulation goes t o  t h e  c o n t r o l  g r i d  of t h e  cathode r a y  t ube ,  There i t  
produces two dark  marks on t h e  t ime base which a r e  twice a s  f a r  a p a r t  as  t h e  

frequency se l ec t ed  f o r  t he  high frequency a m p l i f i e r .  The marks a r e  ad jus ted  

l a t e r a l l y  by varying t h e  frequency of t h e  unmodulated Klystron.  Thus every 

frequency d i f f e r e n c e  appear ing on t h e  sc reen  can be evaluated w i th  t h e  

accuracy of t h e  high frequency a m p l i f i e r .  

I should l i k e  t o  t ake  t h i s  oppor tun i ty  of thanking Professor  D r .  E .  Meyer 

f o r  h i s  generous support  of t h e  work and h i s  many va luab le  sugges t ions .  I 

a l s o  wish t o  thank t h e  Deutsche Forshungsgemeinschaft f o r  t h e  p rov i s ion  of a  

stipendium . 
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Fig. 1 

The 24 eigen frequencies of the group n2 = 158, 
12 of which can be seen here. In all four oscillo- 
grams the distance between the dark marks denotes 15 
MHz. In photograph (a) we see the group for the un- 
contracted cube. The separation due to mechanical 
irregularities is about 11 MHz. Photographs (b) to ( d )  
show this group with progressive contraction of two 
opposite cube faces. The group spreads out progres- 
and in id! has already Joined up at the right with the 
group n 157. The contraction required to fill up 
this gap was only 0.25 mm. (~igher frequencies are 
plotted at the left). 

Fig. 2 

The six eigen frequencies of the group na = 160. 
The distance between the dark marks in this case 
signifies 5 MHz. The separation of the group is 
approximately 6 MHz. Photograph (a) shows the group 
in the uncontracted state. The oscillograms of (b) 
to (d) show the groups for small contractions in one 
of the three edge directions of the cube. Since this 
group involves quasi-axial waves, two of the six eigen 
frequencies in each case are displaced towards higher 
frequencies (to the left), while the remaining four 
remain relatively unchanged. 
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Fig.  3 

Spacing s t a t i s t i c s  of t h e  eigen frequencies of 
a  near cube with dimensions 200 x 199 x 198 mm3 f o r  a 
wave length of approximately 3 .2  cm. The broken l i n e  
i s  the  t h e o r e t i c a l  frequency curve f o r  the d i f f e r e n t  
i n t e r v a l s .  The so l id  l i n e  represents  the measurements. 
Good agreement is obtained f o r  i n t e r v a l s  above 2 MHz. 
Below 2 MHz t h e  number of resonances found is  continu- 
ously f u r t h e r  below the  t h e o r e t i c a l  number, owing t o  
the l imited resolving power. 

F ig .  4 

The exc i t a t ion  s t a t i s t i c s  of the  na tu ra l  v i b r a t -  
t i o n s  of a  para l le lepiped with dimensions 101 x  150 x 
299 mm3 a t  a  wavelength of approximately 3 . 2  cm. The 
exc i t a t ion  s t a t i s t i c s  a r e  p lo t ted  agains t  the  d i s tu rb -  
ance volume. For the  open c i r c l e s  the  in te r fe rence  
cons i s t s  of small cubes placed on the  f l o o r  of the 
space. The f i l l e d - i n  c i r c l e s  stand f o r  measurements 
with small cones and the  square f o r  a  measurement f o r  
which a  cube was divided i n t o  8 equal p a r t s  and d i s -  
t r ibu ted  over the  f l o o r  of the  space. The lack of 
dependence of the exc i t a t ion  parameter @ on the  shape 
of the d i s tu rb ing  element i s  evident .  It i s  s t r i k i n g  
t h a t  even f o r  very small in te r fe rence  element volumes 
i n  comparison with the  volume of the  whole space, the  
exc i t a t ion  s t a t i s t i c s  a r e  completely random, charac- 
te r ized  by the  value 1.57 f o r  the  e x c i t a t i o n  parameter. 



The microwave p a r t  of the measuring apparatus.  
The Klystron generator  f o r  a 3 cm e l e c t r i c  wave, 

the  "magic tee" ,  t h e  non-reflect ing absorber ( l e f t  
and the  cav i ty  resonator  being inves t iga ted  ( r i g h t  

a re  shown 

Fig.  6 
Photograph ( a )  ahows the  spectrum of 

the  Klystron generator  with cav i ty  resonator  
absorpt ion po in t s .  I n  photograph (b)  we 

see the  cent re  p a r t  of the  spectrum with extended 
frequency a x i s  and reversed ordinate  d i r e c t i o n  



Fig .  7 

A group of e igen f requenc ies  w i t h  
very d i f f e r e n t  e x c i t a t i o n  of t h e  i nd iv idua l  
e igen  f r equenc ie s .  I n  photograph ( b )  an  
adjustment of t h e  "antenna" r e s u l t e d  i n  a 
more uniform e x c i t a t i o n .  Th i s  reduced t h e  
p r o b a b i l i t y  of conceal ing weakly exc i ted  
e igen f requenc ies .  


