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PREFACE

One of the projects of the Fire Section of the Division
of Building Research concerns the development of a method
for calculating the fire endurance of bUilding elements.
The main theoretical problem in this work is that the
classical solutions of the Fourier equation, based on con
stancy of properties, cannot be used because of the wide
variations in temperature involved in this experimental
work.

Three papers by Masao Sawada that deal with problems
of the heat conduction encountered when the heat capacity
and thermal conductiVity of the solid are variable, have
been translated and issued as NRC Technical Translations
Nos. 895, 896 ann 897. From the work of Sawada it is seen
that the more perfectly the mechanism of heat conduction
within the solid is approached, the more limited the ap
plicability of the method becomes, as far as the shape of
the solid or the boundary conditions are concerned.
Although the 1ntroduction of various numerical methods and
computer techniques largely reduce the practical value of
such analytiqal methods, there are certa1n fields where
they are 1ndispensable.

Ottawa,
September 1960

R.F. Legget,
D1rector
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ON THE GENERAL SOLUTION OF THE BASIC EQUATION
OF THERMAL E~UATION

Abstract

'The present article neals first with a solution of
the general equation under the assumptions that heat
capacity is a constant and that thermal conductivity is
a function of temper-ature. It also deals with Van Dusen's
solution in which thermal diffusivity and thermal con
ductivity are assumed to be a constant and a function of
temperature, respectively. Further, it discusses the
solution of the fundamental equation of bodies with vary
ing conductivities in infinite or semi-infinite bodies
and derives a solution for homogeneous bodies.

1. The Fundamental Equation of Thermal Conduction with Thermal
Qonductiv1ty as a Function of Temperature

(A). The fundamental equation of heat flow in which specif1c

heat, ~, density, P, or heat capacity, P~, are assumed to be con
stant and 1n which thermal conductivity, A, is assumed to be a

function of temperature, takes the same form as the fundamental

equation 1n which A is assumed to be a ternary function. (More
precisely, A is a function of temperature and of three coordinates:
here it is a function of temperature only.)

Pr fJv/fJt = fJ o.fJv/fJx)/fJx + fJ o.fJv/fJy)/fJy

+ fJ (AfJv/fJz)/fJz ...•...................{I) .

= 1/1" fJ o.rfJv/fJr )/21'

+ 1/1'2. fJ ().fJv/fJO)/fJO + fJ o.ov/fJz)/fJz

·················-(1.)
= l/r2fJ o.r2fJv(Or )/fJr

+1/~ fJ 0. sin oav/fJo)/fJlJ

+ l/r2sin20fJo.fJv/fJ~)/fJ~ .. ·.. ···{12 )

A= I(v), v = fix,y, z, o. dA = (fJA/fJv) dv,

dv = (fJv/fJx)dx + (fJv/fJy)dy + (fJv/fJz)dz

+ (fJv/fJt) dt;
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(B). The fundamental equation, in which thermal d1ffus1v1ty
- 2

A/p~ = a O is assumed to be a constant as in Van Dusen's thesis·
and A = f(v), is still identical in form with (1), (1,) and (1 2 ) .

Let jVM v = u,

QO-2au/at= '\72u ······ .. ·············· -(13)

= l/ra (yau/ar )/ar + l/1·2a2u/fflfl

+ a2u/ az2 ( 1
4

)

= 1/t·2a (r2au/a,.. )/a,.
+ 1/,.' sin 0a(sin oau/oe)/CJe

+ 1/r2 sin20a2u/ 2f .. ···· .. ·.. ·· ..(h)

i.e., the same form as the fundamental equation in which P, ~ and A
are assumed to be constants.

(C). When the flow is constant, transform (A) by equating

ail/at = 0, JV'Adv = u. or (B) by equating aula t = O. Then

0= '\72,t ··· ...... ····· ..······· ..·· ..·.... ·..·· ..-(18)

= l/ra (rau/ar )/ar + 1/r2rJ2u/ae2

+ a3u/ az' ···· .. ··· ...... ·.... ··· ..·...... ···-(17)

= 1/1'20 (r2a1l/ar )/ar

+ 1/1'2 sin 0a(sin 0au/all)/afl

+ 1/1'2 sin' 0a',J/~2 . ·..·..··· ..·..···· ..-(l s )

(D). Let the rate of radiation and the normal to the radiation

surface be s and N, respectively. Then

au/aN = a(fVMv)laN = a(fVMv]/av

•aviaN = ;.av(ON

i.e., the equation expresses the amount of heat flow thrOUgh the

surface. In the case of natural cooling:

* J. Soc. Mech. Engrs., Japan, 33 (161), Abstract 124, p. 329.
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Further, 1n an ad1abat1c case:

au/eN = ArJv/aN = 0 .: aviaN = 0, A 't' O.

2. A Solut1on of the Fundamental Equat10n w1th Thermal
Conduct1v1ty as a Funct10n of Temperature

[1°] One d1mens1onal fundamental equat10n w1th pY = constant

and A = f(v), where mt = 0 (flat slab), ml = 1 (c1rcular cy11nder),
and mt = 2 (sphere)

f7 &v/ol= r -.. ' a(Ar"" av/or )/ar ·····-(2)

(1) When the flow 1s constant

aOr"" 'Ov/ar)/ar = 0 ······· .. · .. (2,)

fAdv= Af1'-"" dr + B= Ar + 8-·····m'=O;

= A AOg r + B· m' = 1 ;

= - A/r + B·· m' = 2.

A= .lo + AtV" f Adv = AnV + Al V"+t/11 + I,

A= AO c''', JAdv = An C"u/11•

Example:

If

where

A= .lo + AtV, v = v.. @ r = 1' .. , Z' = Vi @ r = r.

V = - .lo/At + (.lo/At + V.)~ + (2Ao/AI

+ v" + v.) (V,. - v.)/(r))I/2

f(r) = (x - Xf)/(XR - x.} · 111' = 0;

= Aog(,.j,·.)jAog(,../r'} ·I1I' = I:

= (l/l'i - 1/,.)/(1;'-. - 1/,.,,)

· .. · .. m' = 2.

Generally, s1nce 1t 1s o~ly necessary that A = f(v) be
1ntegrable, and an arb1trary funct10n 1n seek1ng a temperature under

a g1ven boundary cond1t1on, there w111 be problems 1n wh1ch a
a graph1c solut1on 1s preferable to an algebra1c solut1on.

Example: *
A= 1"5@ V = 1,500°C, A= 0'4 @ v = 100°C.

* M. ten Bosch: W~rmeftbertragung, pp. 53-54.
the equat10n on p. 53 1s not correct.

The formulat1on of
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Wlth a flat slab 0.5 m ln thlckness,

A= 0'3214 + n/l,400, ZJ

.. Z'= - 410 + 10(206'1 + 33,880x/0'S)"2

Flg. 1

(11) When

Let
then:

From (2)

where

If

av/Ot * 0, m' == 0

e= ± ia: - ;to02fJZt, 00' = Ao/rr, ;tfJ' = 0:\

•
loav/ae = aoav/ae)/aE ..·..··· ....(2,)

Aav/aE = Aov + co, f A/4v + Co dv = e+ CI

Co =o.
A= Ao+ A1v"

Aogv + A./Ao·v"/n = e+ CI

•• v/1vw/ni..o = A expo(± ;a:x - itoo'fJ't .. -(23)

= expo(- Oo'(;'t) ~f~ (fJx),

k = 4 {24)

- cos _1-
= expo (- V~{Jx)sin (- v ~(Jx

+ Oo"(;'t), k = 3 ·.. (25)

• It one lets av/a~ = p, p = 0 or dp/dv + d log X/dv • P = XO/A
1.e., p = (XOv + cO)/X.
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Let

then,

part1cular ~olutlon.

Equatlon ln rectangular coordlnates
Pravlat = a., ().CJ.,v) + CJr o.CJrv) + a. o.av)

··· .... · .. ··· .. ··-(2,)

(I). ~ = ittalX + i~a~J' + itJa,z - i t ao2 {Pt,

ao2 = ~py, - it{p = (itta.)2 + (it'a2):1 + (itaa,)2,

If A ls very small, expand the left s1de of (2 3 ) and take
several terms. If A1 = 0, the solutlon reduces to the case of one
dlmens10nal rectangular coord1nate 1n wh1ch A = AO (constant).

n --Here exp(A 1v /nAO) ls a correctlon term.

Next, lf A = AOenv,

vexp. [nv + .!!:- v~ + .!!!..- if + J
2'21 3-3!

= A exp.(± iar - J*ao~{1't) .. ···-(2's)

( 111 ) When av/a t + 0; mI = 0, I and 2. I f A = A0 + A1v

the substltutlons v ~ + AO/A1 - p~/2(m' + 3)A 1 • r 2/t - ~, ~ = 0

or a constant. In. (2) make both sldes equal, and hence one obta1ns

a type of

[2° ]

~avICJ; = CJ ().av/a~)/CJ~.

Hence, 1f A = ~ + A1V"

Alv"/n'i; ~
v It = expo ~"""""''''''''''''''''''''''-(27)

cosh ( ) .. _ ( /I )'. IIJ-Z f(, - 4 2 7
sinh '

= expo C-~~('IX + 'Z)' + ,~))

· ~~ (- V~~'lr+ ao2' 1' P't)

• C?S ( - y'"R~',y + OO":I'{1't)
Sin

·~f:(- v"R~,sZ + °o',,'P't),

k = 3 ···· .. ··· .. ·· .... ···· .. ···· .. -(2",7)
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v = += ).01).1 - flr/lO~((x - x')~ + (y - y'Y

+ (z-z'nlt--T- •

When the flow is constant.(il"

When A = Aoenr, in each case, the right side becomes identical
with that of (2 7) ; however, the left side takes the form of (2' 3).

If '" = "'0 1:. Aiv, the following solution is merely a particular
solution of (2 7 ) .

If we let

then

.. f Mv = C?S (va~ + (i'x). c?sh(ay)
sm sin h

. c?sh (fJz) (2 )
smh 8

Let

If
then

A+B+C=O,

f Mv = A (x - x')~ + B (y - y')~

+ C(z - z')'

= Ax~ + A'x + By' + B'y

+ Cz' + C'z + D.

In two dimensions,

1Mv = ¥'I (x + iy) + ¥'~ (:r - iy)

[3°] When

• C?S (a..v). Ill' = 0 k = 4 .........(20 )sin .v. ·

= expoC- V~{i('IX +,~ + ':1%))

• C?S (- l/~'lfJx+ ao"12fJ~t)sm

·~f: (- vJAMiz + ao',~~/pt).

m' = 0, k:o-:: 3 .... · ...... {21O)

= expo (- ao~ (ai' + a3') I)~" ~lr)

· C?S ('18) c?sh (a.z) 1ft' = 1 Ii = 4
sin sinh 3. •

··· ...... · .. (211)
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• cos ( V-~ + • .). - a'iz an-a,,-I'Rill ."..

111'= 1, k =.~ ·· (211)

= expo (- flo'a'/) [r-lrlJ'HI/~ (ar)J
J-..-Itl .

'[(1 - f.t')",tl 1'..(fH) (/~)J[C?S (m ..)].
Q..("') sm T ,

III' = 2, k = 4 .. ·· .. · .....(2 ). 13

= expo Gao'a'l) [,.-I/~1..+1/2 (Vla,.)J
1- ..-1/2

.[0-p.')fA/2 P ..(fA) (f.t)'J [C?S (m;)]'
Q..(fA) sin '

m' = 2, k = 3 ·· .. · .. ·····(214)

where m and n are lntegers, and ~ 1= cos e.
(11) When av/at = 0, m' = O.

From (2) ..
4av/a~=aoav/a~)/a~ ....···....{2,)

MJv/al = Aov + Co, f A/4v + Co dz = ~ + CI

where

If
Co = o.

log v + A.JAo' v"/..= ~ + Cl

"1rl'1"'Ao•. ve = A expo (± iar - ,·tzoIP't)

····· .. · .. · .... ···(23)

= expo (- a02p!t ) ~: (pr),

k = 4 (2
4

) .

= expo (- ~pr)

.~~ (- V~pr + aoYJ't),

k = 3 ·.. ·· .. ··· .. · .. ·.. (2.)

• If one lets av/a~ = p, p = 0 or dp/dv + d log A./dv • P = A.aA.,
1.e , , P = (A

OV
+ 0 0 ) /A •.
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If A, is very small, expand the left side of (2
3

) and take

several terms. If A, = 0, it reduces to the one dimensional

solution in rectangular coordinates when the conductivity is a

constant.
If A

[
n~ n~ ]vexp. 1lV +-- V~ +-- 71'1 + .

2'21 3'3!

= A expo (± iax - itao~ptt) ·····-(2'3)

(111) ~llien av/at + 0, m' = 0, I and Z.

If A. = A0 ± A,Y, let v = T '+ AO/A, •
SUbstituting in (2), we obtain

PrI At aTI~t = 11r"" a( Tr"" aTla,.. )/ar"{24 )

When T = - PY/2(m' + 3)A, • r 2/t is substituted in (Z4)' both
sides of the equation become equal. Hence, the following solut1~n

is a type of particular solution, but not the required solution.

v = :;: J.o/At - Prl6At ex - x'Y/i- 1:······m'= 0

= :;: Ao/AI - PrlBAI• r~/t - 1: ············m' = 1

=:;: J.o/At - Pr110At' ,..'It -1:·· ..······ ..m'=2

[ZO] Equation in rectangular coordinates.

(1) If we let

Pr avlat = ,'I", (UJ",v) + ()I/ (Ull/v) + ().0.9.)

·················{2n)

f = ik'at.r + i"'a~ + ikJasz - ikllfJ!~lt,

00
3 = AoIpy, - ik{Jl = (ikJ alP + (ikJa 3p + (itJasP

we obtain from (Z~) the expression (2
2

) .

Hence, 1 t A = A 0 + A, y
n

u eAtV"'''Ao = expo e ·.·······-(2,)

=e-aJP'tC?S «(¥tx) C?S (aV')
S1l1 sm

• C?S (a3z), k = 4
sm

= e- ao
2f!lt c?sh (at.%")c?sh (atY)

smh smh

•c?sh (aaZ) k = 4
sinh '
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When A = A env in each case, theo '
the 1eft.s1de takes the form of (2'3).

v = T - kOlA" and A = AOT; hence

k=3

right side is identical, but

If A = AO + A1 v,

Now, if we let T = -a
1
2 (X2 + y2 + Z2)/t, a,2 = p~/mA,.

m = 2(m' + 3), m' = 0, 1 and 2, and substitute them in (2 7 ) , both
sides become equal in one , two and three dimensional cases.

However, the following is merely a particular solution.

v = - f'r/l0A~ [(x - x')' + (y - y')'

+ (z - z')~)jt - 1" -lolAI -(2 8 )

(11) When the flow is constant.

If we let

hence
. C?sh({jZ) -(20 )

smh

Next, let u = A~2 + By2 + Cz2• If A + B + C = 0

f Uv = A (x - x'Y + B (y - y'y + C(Z -z)'
=Ax~+A'x+By~+B'y+Cz'+ Cz + D

In two dimensions
I Mv ='1 (x -t- iy ) + '2 (x - iy)

[3° ] When PYlA = ao. = constant and A =jCv)

• C?S(a.,,). 111' = 0 k = 4
sin """. •
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cos (,1- +! 2 • )sin - Y }).;s{i.J 00 '" (i-I ;

m' = 0, k= 3

= /ao?a12/ - v\za3Z [~n (VTalr)]

• C?S (nO) C?S (- .IILa.", + n.la 'I)'
SID SIn Y n,... ..., 3 ,

m' =1, k= 3

-ao2a!/[ -~j ]=e r: ..+1/2 (ar)
}-.. -1/2

m' =2, k=4

m'=2, k=3

where m and n are integers u = cos 8.

3. Alternate Solutlon to Heat Flow Equatlon ln Bodies
wlth Varylng Conductlvltles

In solvlng the fundamental heat flow equatlon ln homogeneous

bodles ln one dlmenslon, trlgnometrlc functlon ls u8ed ln tne case

of a flat slab, cylindrlcal functlon ln the case of a c1rcular

cyllnder, and double trignometrlc or cylindrlcal functlon for a

sphere. In problems of constant heat flow algebralc functlons are

used. Further, ln bodles wlth varylng conductlvltles, lf the vary

lng conductlvltles can be expressed ln a slmple power serles, a

sOlutloncan be obtained ln the form of a double cyllndrlcal
functlon. Even ln thls case, lf the flow ls constant, a solutlon

can be obtained ln many problems ln the form of an algebralc, a

logarlthmlc, or a trlgnometrlc functlon. In the followlng sectlons,

the wrlter wlshes to clte examples of solutlons ln flnlte bodles
by the use of a double cyllndrlcal functlon, and to derlve

solutlons for infinlte or seml-inflnlte bodles.

[1 0 ] A = "brU, Py = PO'YorU', '\,/ PO'Y0 = nO 2 ,
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Let m' = 0, 1 and 2, u' - U = P - 2, m' + U - 1 = m, m/p = n,
and Z represent a cy11nder1cal funct1on. Then:

Solut1on:
v = expo(- ilr.ao~p2a2t)(Zn(20: vz....",,))/vr'"

................. -(3
1

)

(1) Next, let
!: = - "Aufr p./>R')-ldr = ,,-,nllH ;

d~' = - r-"· m' dr, ~ + m' * 1, a3 = 002 m2 + 1/ N ,

~ =.a2t ; (pyl"Au) r'-ln,'+" = a-2'::.', 9 =- 2 - 1111.

Then, from (3):
~q av/a~= 02V/O':.~ "(3~)

:. v = expo (- ,"1l-2a20 (Zn (2a v' lit-lIN)) \t,i
................. -(3

3
).

(11) When v = ¢(t)exp[*(~)/t] 1s subst1tuted 1n (3 2 ) , the
follow1ng solut1on 1s obta1ned, 1n wh1ch r = 0 or a constant and
A = 411:

( ( ) )
- ( H 9 )/( 2+ 9 )

v= A t-T

expo (-~2+Q/(2 + q)2(~ - T)) ..... -(38)

( ( ))
- ( l + n )= A t-T

·exp.(-r"/p2(~-T)) (3.)

= (A (~- T))-~ expo (- !:2/4(~- T));

q = 0, 11 = - Yz •••••• ..•..•••••• ...... ·(37)

+IJ.' +u'When m' = 0, let h = hO(C ± x )'" , and rJY = PO'YO(c + x)-
(111) In (1) 1f U + m' = 1, let

then
r:.= "Au!r("A.or)-ldr= "Aogr, d!:.=r-1dr, ~=ao2t

C :to <}: q = ~' + m' + 1 = P

eqr oZ'/?{ = 02V;O':.2 "(3.)

.. v = (AD- 1 exp.( - t:q~;tI~)

=(Aao2
t) - 1 expo (- r";ao'p2t ) ···· .. ··-(39)

-~ -
= (A9 expo (- !2/4D q = 0,
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Solutlon: See (3~). Or

(Aao't) -% expo (-Oog r)2/4a/t) ,"(310)

(lv) In the case of a homogeneous body:

From equations (3), (3 2 ) , and (3 8 ) , and from solutions (3~)

and (3
9

) the following solution 1s easily obtained:

Flat slab v=(Aao2t)-~exp.(-(x-x')'/4ao2t)

*." ...... · .... ·• .. (311)

-1 -Circular cyI i.nder- = (AD expo (- e2t /4!.J
-1 ---.=(Aao2t) expo (- y2/4ao2t) "'(31~)

-'I, -2 --Sphere = (AD expo (- ~ /4[J

-'I, -- *=(AnD
2t) expo (- y'/4ao't}'-(313)

Let aD' = AD/POYO, ,l- m = p, m/p = n, t? =y,

z =y-m/m, a' = ao'm- f , q = - 2 - 1/1l.

t = a2t •

Then, from (3)

or
or

ao-'t<'''8v/8t = 8 (c-8vj8x )/8x

aD -'y"'-18v/8t = 8 (yl+"'8v/8y )/8y

the same form as (3~).

•• u = expo ( - i'ao2p2a2t)

(Z" (2 a vi te""' )) / v c"",,····· .. ··· .... ·(314)

= (A'a't)-C'U) expo (- e""'/ao'p2t),

A' = 47CQo'/a' (3\1)

• Carslaw; Conduction of Heat, pp. 29, 30, 150 and 184.
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bO] When A= f(v), A!p'Y = a 0
2 = constant; from (3,,), (3'2)

and (3
13

) :

m' = O·········..················ ..··..···········{3 Is)

-1 --= (4ll"ao~t) exp. C- r~/4ao2tJ, m' = 1

..................(317)

-312 -= (4ll'Qo't) expo C- r'/4ao'tJ, III = 2

·· .. ···· .. ·······{31S )

Remarks: Solut~ons have been worked out theoret1cally by many

phys1c1sts on problems of heat conduct10n and of 1nstantaneous heat
source 1n homogeneous bod1es of 1nf1n1te (- ~~ + ~) and sem1
1nf1n1te (0 ~ + ~) length*. In recent years, the works of Tamura**
and Yamagata··· may be c1ted 1n connec t ron w1th the former f1eld.

Conclus10ns

(1) Wh1le a ternarysolut10n 1n rectangular, cy11ndr1cal and
1n polar coord1nates 1s poss1ble as 1n the Case of a homogeneous
bOdy, when thermal conduct1v1ty 1s a constant and thermal d1ffus1v1ty
1s a funct10n of temperature, a solut10n of the fundamental
equat10n, 1n wh1ch thermal capac1ty 1s constant and thermal conduct
1v1ty 1s a funct10n of temperature, 1s l1m1ted generally to that
1n rectangular coord1nates except when' the flow 1s constant.

(2) As a solut10n of the fundamental equat10n of bod1es w1th

vary1ng conduct1v1t1es, we can obta1n an ord1nary solut10n (as
f1n1te bod1es). In add1t10n we can also obta1n solutions for homo

geneous 1nf1n1te ann sern1-1nf1n1te bod1es.
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