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SKIN FRICTION ON A SINGLE PILE TO BEDROCK 

b  Y 

H .  B .  Poorooshasb and M .  Bozozuk 

A k i n e m a t i c a l l y  a d m i s s i b l e  d i sp lacement  f i e l d  

d e s c r i b i n g  t h e  movement o f  t h e  p a r t i c l e s  of  a  c l a y  body 

su r round ing  a  s i n g l e  p rebored  end-bear ing  v e r t i c a l  p i l e  

i s  used t o  o b t a i n  t h e  n a t u r e  and v a r i a t i o n  of  t h e  t a n g e n t i o n a l  

component of  t h e  t r a c t i o n  v e c t o r  a c t i n g  on t h e  p i l e  s u r f a c e .  

The c l a y  i s  assumed t o  be s a t u r a t e d ,  un i fo rm and u n d e r l a i n  

by bedrock hav ing  a  s u r f a c e  l o a d i n g  of  p  ( t )  where ? ( t )  i s  

t h e  u n i t  s t e p  f u n c t i o n .  

A s i n g l e  v e r t i c a l  p i l e  i s  embedded i n  a  c l a y  l a y e r  

of  t h i c k n e s s  H,  d r a i n a g e  b e i n g  p rov ided  a t  bo th  upper  and 

lower s u r f a c e s  o f  t h e  l a y e r .  Bedrock u n d e r l i e s  t h e  c l a y  

s t r a t u m  and s u p p o r t s  t h e  t i p  of  t h e  p i l e .  A f t e r  p i l e  i n s t a l -  

l a t i o n ,  s a y  a t  t ime  t = 0 ,  t h e  upper  s u r f a c e  o f  t h e  c l a y  l a y e r  

i s  s u b j e c t e d  t o  a n  ex tended  un i fo rmly  d i s t r i b u t e d  v e r t i c a l  

load  of  i n t e n s i t y  p  which causes  t h e  c o n s o l i d a t i o n  o f  t h e  s o i l ,  

hence  t r a n s m i t t i n g  s k i n  f r i c t i o n  t o  t h e  p i l e .  

An a n a l y s i s  t o  p r o v i d e  a n  e s t i m a t e  o f  t h e  v a l u e  and 

v a r i a t i o n  of  t h e  s k i n  f r i c t i o n  a s  a  f u n c t i o n  o f  t ime  and p o s i t i o n  

a l o n g  t h e  p i l e ,  forms t h e  s t u d y  p r e s e n t e d  i n  t h i s  p a p e r .  



ANALYSIS 

P o l a r  c y l i n d r i c a l  c o o r d i n a t e s  ( r , 0 ,  z )  w i l l  be employed. 

The o r i g i n  i s  t aken  a t  t h e  t i p  of t h e  p i l e  and t h e  a x i s  p o i n t s  

upward i n  a  v e r t i c a l  d i r e c t i o n .  Dimensionless pa ramete rs  

w i l l  be used: 

u 
r - - z 

- i j - u - t  ; =  - e , e , z = -  
H J  H ' a i j  - P P J  

) U = -  t = -  * c  
H* 

where o i s  t h e  s t r e s s ,  u  t h e  pore  w a t e r  p r e s s u r e  and c  
i j v  

t h e  c o e f f i c i e n t  of c o n s o l i d a t i o n  of t h e  c l a y .  Throughout t h e  

remainder  of t h i s  paper  t h e  b a r  over  t h e  symbols w i l l  be  

e l i m i n a t e d  b u t  i t  shou ld  be borne i n  mind t h a t  a l l  pa ramete rs  

a r e  d imens ion less  accord ing  t o  t h e  above scheme. 

Assume a  displacement  f i e l d  i n  t h e  form: 

where Vi a r e  t h e  components o f  t h e  displacement  v e c t o r  a t  

( r , z )  s i n c e  t ime t = O ,  and where R = R ( r , t )  i s  independent  

of z and Z(z ,  t )  i s  independent  o f  r .  The form of  R and Z 

a r e  t o  be determined c o n s i d e r i n g  t h e  boundary c o n d i t i o n s  and 

e q u i l i b r i u m  r e q u i r e m e n t s .  

When r + w ,  R must t e ~ l d  t o  a  l i m i t ,  s a y  R. It w i l l  be 

assumed, t e m p o r a r i l y ,  t h a t  R i s  independent  of t i m e .  Once 

t h e  d i sp lacement  f i e l d  i s  determined i t  must be v e r i f i e d  

t h a t  t h i s  assumption i s  l e g i t i m a t e .  



A t  r - + m  t h e  c o n s o l i d a t i o n  of t h e  c l a y  l a y e r  i s  n o t  

i n f l uenced  by t h e  p i l e :  

k  C 2  
- R L ~  { l o g  - ; [ cos mk S i  (mk-mz) - s i n  (mk) C i  (mk-mz) + Nm 1 .  

2  
exp (-m t )  3 . . .  (2) 

where m = 1-112, 3 ~ 1 2  , . . . . . 
and N = s i n  (mk) C i  (mk) - cos  (mk) S i  (mk). m 

I n  d e r i v i n g  Eq. (2) a  c o n s t i t u t i v e  equa t i on  i n  t h e  form 

where L  and k  a r e  c o n s t a n t s ,  h a s  been used i n  con junc t ion  
1 

wi th  t h e  exp re s s ion  

u  = f s i n  (mz) exp (-mLt) 
m m 

-1. 

r e p r e s e n t i n g  t h e  va lue  of p o r e  wa t e r  p r e s s u r e  a t  ( z , t ) " .  

J- 

" Eq. (4) assumes t h e  s o i l  t o  be o f  cons t an t  c o m p r e s s i b i l i t y ;  

Eq. (3) i n d i c a t e s  an i n c r e a s e  i n  s t i f f n e s s  w i th  d e p t h .  Although 

t h e  two assumptions  appear  t o  be  incompat ible  a t  f i r s t  s i g h t ,  

t h e o r e t i c a l  s t u d i e s  on t h e  mode of d i s s i p a t i o n  of pore  wate r  

p r e s s u r e  i n  c l a y  l a y e r s  have shown t h e  e f f e c t  of such v a r i a t i o n  

of s t i f f n e s s  t o  be i n s i g n i f i c a n t  (Le L i ev re  1967) .  



The very complexity of the system permits linearizations 

implied in Eq. (3) in which constant k describes the effect 

of surface crust hardness and must be slightly larger than 

unity. The appearance of z in the denominator expresses the 

change in clays "stiffness" with depth. 

Substitution for z from Eq. (2) in Eq. (1) results in: 

-R L V = -  k -1 2 - [ cos (mk)Si(mk-mz) - sin(mk)Ci(mk-mz) 
z B l'log& rn rn 

2 + Nm I exp (- m t) . . . (5) 

Function R will be determined from the over-all 

equilibrium of the system which may be expressed according to 

Equation (6) represents an equilibrium condition suited to 

the displacement field (1) (Hill 1963) . 

Now anologous to Eq. (3) let 

L T = (k-Z) E~~ = (k- Z) ( . . . ( 7 )  
2 rz Z 

then 

and 

I 

where a is the effective stress component and 
z 

' 2 [cos (mk) Si (mk-mz) - sin(mk) Ci (mk-mz) Y (z,t) = log ci;IS - 
Z + r\r I exp (-m t) 1 

m 



To o b t a i n  a=, t h e  t o t a l  s t r e s s  component ,  Eqs.  (8) and (4) 

may be  combined: 

R R C 2  2 
o = o '  + u = - +  ( 1- - )  - S i n  (mz) exp  (-m t )  

z  Z - 
R - m m  

R 

Note t h a t  i n  d e r i v i n g  t h i s  l a s t  e q u a t i o n  i t  h a s  t a c i t l y  b e e n  assumed 

t h a t  t h e  p r e s e n c e  o f  t h e  p i l e  h a s  l i t t l e  e f f e c t  on  t h e  d i s s i p a t i o n  

o f  t h e  p o r e  w a t e r  p r e s s u r e .  E x p e r i e n c e  w i t h  f u l l  s i z e  p i l e  g roups  

h a s  shown such  a n  a s s u m p t i o n  t o  be  f a i r l y  r e a s o n a b l e .  

( I n s t r u m e n t a t i o n  o f  some 270 f t .  p i l e s  t o  bed rock  r e v e a l e d  

a  v a r i a t i o n  of  po re  w a t e r  p r e s s u r e  o f  l e s s  t h a n  0 . 1 5  l b j i n  
2  

f rom a  p o i n t  i n  t h e  v i c i n i t y  o f  t h e  p i l e  t o  a n o t h e r  a b o u t  20 f t .  

away from i t .  Both p i e z o m e t e r s  were i n s t a l l e d  a t  e l e v a t i o n s  

o f  50 f t .  below ground s u r f a c e . )  S u b s t i t u t i o n s  f o r  o and 
z 'r z  

from Eqs.  ( 9 )  and (10)  i n  Eq. ( 6 )  r e s u l t s  i n  t h e  e q u a l i t y .  

C 2  2  1 2  p + ( 1  - p) - exp (-m t )  - - [ h ( k )  - ' h  exp (-m t ) ]  ' 
m2 L2 m m 

where 

and 1 

h ( k )  = lL z ( k - z ) l o g  (k) dz  
0  

k-z  

L e t  

2 % exp (-m. t )  = Tl ( t )  
m 

and 
C 2  

X(k) - rn X m  exp  (-m t )  = T Z ( t )  



t h e n  Eq. (11 )  r e d u c e s  t o  

which  h a s  a s o l u t i o n  i n  t h e  form 

where K { ] i s  t h e  m o d i f i e d  B e s s e l  F u n c t i o n  o f  t h e  second k i n d .  

Note  t h a t  t h e  f u n c t i o n  e x p r e s s i n g  t h e  dependence  o f  R 

on  t i m e  a p p e a r s  o n l y  i n  t h e  argument o f  K { ] and t h a t  

as r--+ t h e  second  t e r m  on  t h e  r i g h t - h a n d  s i d e  o f  Eq. ( 1 2 )  

d i s a p p e a r s .  It i s  s e e n ,  h e n c e ,  t h a t  t h e  a s s u m p t i o n  made e a r l i e r  

i s  n o t  o n l y  c o n v e n i e n t  b u t  i s  a l s o  m a t h e m a t i c a l l y  c o n s i s t e n t .  

Having d e t e r m i n e d  R ,  t h e  d i s p l a c e m e n t  f i e l d  ( 1 )  may b e  

f o r m u l a t e d  a s  

Employing Eq. ( 9 )  and l e t t i n g  r-.--+ a ,  t h e  v e r t i c a l  component o f  

t h e  s h e a r i n g  s t ress  on p i l e  s u r f a c e  i s  o b t a i n e d .  



DISCUSS I O N  

C e r t a i n  f e a t u r e s  o f  b o t h  Eqs .  (13 )  and ( 1 4 )  a r e  w o r t h y  o f  

men t ion .  Fo r  example ,  a t  t i m e  t = 0 ,  T ( t )  = 1 and h e n c e  b o t h  
a R  

1 
R and - t e n d  t o  z e r o .  T h i s  i s  t o  b e  e x p e c t e d  a s  t h e  t i m e  

3 r 
t = 0  s i g n i f i e s  t h e  v e r y  i n i t i a t i o n  o f  l o a d i n g .  

When r -- Le a V --- 0 which  i m p l i e s  t h a t  t h e  s o i l  i s  
Z 

" s t u c k "  t o  t h e  p i l e  s u r f a c e  and t h a t  t h e  p i l e  i s  r i g i d  i n  

c o m p a r i s o n  w i t h  t h e  c l a y  s u r r o u n d i n g  i t .  Both  i m p l i c a t i o n s  

a r e  p l a u s i b l e  i f  t h e  magn i tude  o f  t h e  s u r f a c e  l o a d  p  i s  "modera te"  

and  i f  t h e  p i l e  s u r f a c e  i s  " rough" .  

F i g u r e  1 shows t h e  v a r i a t i o n  o f  F ,  t h e  l o a d  s u p p o r t e d  by 

t h e  p i l e  o f  a = . 0 2  r e s u l t i n g  f rom s k i n  f r i c t i o n ,  a s  a f u n c t i o n  

o f  b o t h  t i m e  and p o s i t i o n .  Note  t h a t  i n  p a r t i c u l a r  a t  t = 0 ,  F  = 0 

eve rywhere  a l o n g  t h e  p i l e  and t h a t  a t  t ---3 m; 



k  2 + 1 )  1 .  + ) - (k -z )  ( l o g  
2  2 

The f a c t  t h a t  f o r  (t>O, z = 1 )  t h e  c u r v e s  i n  F i g u r e  1 

a r e  no t  t a n g e n t i a l  t o  t h e  z a x i s  ( a l t h o u g h  they  have a  v e r y  s m a l l  

g r a d i e n t )  i s  somewhat i n c o n s i s t e n t  w i t h  t h e  boundary c o n d i t i o n s  

b u t  t h e n  t h e  d i sp lacement  f i e l d  ( 1 )  h a s  one of t h e  s i m p l e s t  forms 

p o s s i b l e .  

Johannessen and Bjerrum (1965) propose  t h e  e q u a t i o n  

T a  = o r  - K t a n  ma 
v  

t o  r e p r e s e n t  t h e  v a r i a t i o n  of t h e  s k i n  f r i c t i o n  
'a 

. T h i s  i s  a n  

e m p i r i c a l  e q u a t i o n  which i s  based on a  few f u l l - s c a l e  exper iments  
1 

on " d r i v e n  p i l e s 1 '  and i n  which o i s  t h e  e f f e c t i v e  v e r t i c a l  
v  

I 

s t r e s s  and K t a n  0 i s  a p p a r e n t l y  a  c o n s t a n t  f o r  any one t ime.  
a  

The a u t h o r s  do n o t  d i s c u s s  t h e  v a r i a t i o n  of t h i s  parameter  w i t h  

t ime i n  any l e n g t h  b u t  i n d i c a t e  a  v a l u e  of 0 .12 f o r  abou t  1 3  months 

a f t e r  i n s t a l l a t i o n  and a  v a l u e  of  0 .20  f o r  t imes  a f t e r  a  two-year 

p e r i o d  f o r  t h e  p a r t i c u l a r  exper iments  t h e y  have performed. 

Although t h e r e  i s  a  c e r t a i n  measure o f  agreement between 

Johannessen and B jer ruml  s  f o r m u l a t i o n  and t h e  f o r m u l a t i o n  

p r e s e n t e d  h e r e  (compare F i g u r e  4 ( c )  o f  t h e i r  paper  w i t h  F i g u r e  ( 1 )  

t h e r e  appears  t o  be  a  s l i g h t  i n c o n s i s t e n c y  involved i n  Eq. ( 1 5 ) .  



a v  r a v  
z 

I f  t h e  bedrock is  r i g i d ,  t h e n  a t  ( r  = 0 ,  z = 0 )  * - + - = O  a~ a r  

and hence bo th  and 
'a 

must v a n i s h .  I f ,  on t h e  o t h e r  hand,  
r z 

t h e  bedrock deforms due t o  t h e  load o f  t h e  p i l e ,  t h e n  a t  z  = 0: 

i n  which c a s e  p o s i t i v e  s k i n  f r i c t i o n  should  develop a t  t h e  p i l e  t i p .  

Equa t ion  (15)  c o n t r a d i c t s  b o t h  requ i rements  a s  i t  p r e d i c t s  a  

maximum v a l u e  f o r  t h e  n e g a t i v e  s k i n  f r i c t i o n  a t  t i p .  (Note t h a t  

i n  t h e i r  exper iments  t h e  s o i l  was f r e e  t o  d r a i n  a t  z = 0 and hence 
1 

a assumed i t  maximum v a l u e  h e r e .  ) 
2 

CONCLUDING REMARKS 

The concept  p r e s e n t e d  i n  t h i s  paper  i s  a p p l i c a b l e  t o  

i n i t i a l  and boundary v a l u e  problems i n  s o i l  mechanics; t h e  

f a c t  t h a t  it  d i s c u s s e s  t h e  s k i n  f r i c t i o n  on a  p i l e  i s  somewhat 

i n c i d e n t a l .  

The b a s i c  concept  i s  s imple  enough; i t  employs a  

k i n e m a t i c a l l y  a d m i s s i b l e  d i sp lacement  f i e l d  f o r  t h e  c l a y  

p a r t i c l e s  s u r r o u n d i n g  t h e  p i l e  t o  e s t i m a t e  t h e  s k i n  f r i c t i o n  

a c t i n g  on i t .  The t e c h n i q u e  i s  no t  new a l t h o u g h  i n  s o i l  mechanics 

i t  h a s  a lmos t  i n v a r i a b l y  been used t o  o b t a i n  s o l u t i o n s  t o  

e i g e n v a l u e  problems,  e . g . ,  s l o p e  s t a b i l i t y .  

The domain o f  t h e  a p p l i c a t i o n  o f  t h e  concept  p r e s e n t e d  

h e r e  is  p o t e n t i a l l y  e x t e n s i v e  a l t h o u g h  i n  each p a r t i c u l a r  

s i t u a t i o n  t h e  boundary c o n d i t i o n s  and t h e  c o n f i g u r a t i o n  o f  t h e  

sys tem t o  be ana lysed  would d e c i d e  whether  such a  t e c h n i q u e  i s  

l i k e l y  t o  y i e l d  f r u i t f u l  r e s u l t s .  A s  a n  immediate a p p l i c a t i o n  



i t  may be ex tended  t o  t r e a t  t h e  c a s e  o f  f l o a t i n g  p i l e s  where 

b o t h  p o s i t i v e  and n e g a t i v e  s k i n  f r i c t i o n  d e v e l o p  a l o n g  t h e  

p i l e  and where a n  e q u a t i o n  o f  t h e  form i n  Eq. (15 )  would 

o b v i o u s l y  n o t  p r o v i d e  t h e  c o r r e c t  answer .  
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