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ABSTRACT

This paper presents a mathematical analysis of the stability of
a model representing a wheel or track of a moving vehicle.

The proposed method of determining a trafficability curve is
based on accepted theories of Soil Mechanics and represents a con-
tinuation of the work described in Technical Memorandum No. 6.

A cohesionless medium and the stability of a single wheel or
a single track shoe with or without grouser is alone considered.

The proposed method, however, is genersl in scope, and may be easily

extended over cohesive soils end seversl wheels and shoes.
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{NTRODUCTION

This work presents Turther development of the theory on the relation-
ship hetwzan the Soil end Vehicle Models a8 presented in the Technical Memoran-~
dam e, 6oty ROF. LEIFFET snd M.G. BEKKER, published {n Cctober 1246 by the
COUNCLIL OF CANADA.

The eralysis putlined in the present work is based on well estsblished
method s of Sox) Mechénics, Students of this paper would be assisted in follow=-

nougat by reeding "Theoretical Soil Mechienics" by Karl THRZAGHI

+
SISt

‘all Lrd., london, and John Wiley and Son, New York - 1944) from
wioioh ahapters Mes. VII and VIII are especizlly racommended: "Passive marth

res 100-205, 108-3110) and "3earing Capuacity' (Pages 120-129),

&

Fatleme symbels used in this peper are those accepied by the

anaricen Society of Divil Epgineers, end quoted by TARLAGHI (Fares Al<AII of

RN s

"Tasorevical 011 Mechanics"). A few new symbols which result from the

rpoc i Ter oharacter of Wne work have been explained in the text.

1y 15 wnown that the stability of 2 two-dimersziopsal model | repregepnt-

¢3 er bruck shoe witk or without & groussr, 1s subject to laws of Soil

N

centoree whiicr Jetermine the stability of 8 continuous footing.

Iv naz 25sn Jemonstreted already that the stabilivy of such 2 nodel
depsnds on the angle of internal frievion and the

the soil. It alse depends on the shoe lergth & @graiser

laad V eénd horizontal pull H applied Lo the model.

revealsd =lso thet the relationship tetwesn // Gyl b/

carpnt o ne oexmreased b on gingle function of He F V¢Xd/1 type, but that there

A two distinot funeticons wihich ars eslled TRAFFICARILITY FUWCTIONS. This jed
SR S of twe ditlersnt types of vehicls failure in negotiating the
o b sin, aonsly to the dufinition of a GalF and of a GUCUND FAIlURE,

defineg conditione for & grip fallure hss

]

heor

1S

the form of the following equatiocon:

.

‘enclosed’ by the shoe and grousser has besn neglected,

Pugse 3.



The above equaticn ensbles one to calculate immediately the drawbar
pull f{ which causes the grip failure, once the verticel load V , friction

angle ¢ ard model dimensions & and /) are given.

The second function which defines conditions of ground failure was
determined graphically by asplying the logarithmic Spiral method. This func-
ticn was traced in a few particular cases &nd resembled a hyperbolae of an

unspecified eguation.

The graphic method adopted, as well as any other similar method
applicable in this field requires considerable amount of work and involves
a great deal of cumbersome computation. It sppears advisable therefore, that
o mathematical analysis of the stability of a model be made with the purpose

of determining an apprerximate equation of ground failure.

This would not only shorten the work required feor determining both
types of TRAFFICABILITY CURVES, but also will form a broader basis for future

discussion of the stability of vekicles and their performence.

FROPOSED SOLUTION

Take an indefinitely long grouser plate which is shown in Fig. 1.
The action of this plate loaded with a vertical load V 1bs, end a horizontal
pull H 1lbs, may be replaced by the action of an imeginary continous footing

CLéL which is sloped to the Lorizon at an angle.
—i
@=tan (v
Ir thils case trajectories of principal stresses have their foci in
points # and 5, If the angle enclosed between the shoe plate, s ond the
hvpotenuoe é- 15/(3 and if the angle of internal friction is 46 , then the

angles, referred to the dimensions and to the location of the imaginery foot-

ing ab . are thcse shown in Fig. 1.

A8 in the classic2l cage which determines the bearing capacity of

b, the task i¢ to determine the passive earth

*

a sbtrip load that has & width ¢

resistance on retaining walls d4a and db.

Since well db is the weaker element of our structure, it may be
assumed that its failure determines the stability limit cof our model. In

¢onsequence the bearing capacity of the strip load ab is assumed tc be equal
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seil on the wall dbu.

censider, fipet, =

twice the ~w¢asive e=rth ressure exercised by Lhe
Thi S Bl s cernein ercors which are however, on the safe side,
and do not &ppear iLu diztert the final result which muy be checked by sxper-
imente.
/
irel, » eonponent é? of the péssive earth pressure
exercrsed by the soll layer which has the thickness K

due to the murchargs
this component has been showr by Terzaghi. Res~

(Fig. 1).
The magnitule o
pectively modified, it is,
/ ld
; 4
/ XKP?.
kpg. is a pure number

};D: = Sin(g+o)cos
the retsining wall, and

h is the aepth of
5’ or on the derth

b

mined from Fig. 1

where /
whose value doez not dererd on
weg of k‘ and h mey he dete

{

Respactive velue
- ]/ 2 2
(3[;:: __1i_ltfi_ 5495-673..59)

2

hence
4=Vnrs® cos(/3-6)

bd=Lfxs

and _ V/"i;i___—
h= b/—ZT?,z Bl sin(pee)

buv
g

Ard finally
b= 2— ﬁ-ose+~/’-af}v¢9}.r/' (&
/ 2co.s¢ J n(@ +6)

similar way:

In a sin
-— /blf-ﬂl J/h[/j'a)
and
k/ = AJ?L‘OJQ = Vé';‘,‘," J/b/ﬂ-@jco: e

<
]

i
"
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o
e\

or, after having siprasse ﬂJ%7ﬁ3, €OS/5 by respective functions of 4

’é/ = 4&959( L cos© — 5i0 ©)

4

/
The foubls compenenty of Z? ror equation 1 may be then determined
by combining this ejguaticn with equatione 2 >
2
ZP/'—‘ ?_MK (cos® +ﬁ.s/};0)(3ﬁ—'—co.;9—-slhe)
P costg P 8- v
If the model is burisd oy & conctant depth Aéhgﬁjg. 2} which does ot change
with vhe angle 8 asin e rravious case, ther the additional componsent of
the passive eurth pressure duws to the above constant surcharge is (Terzaghi):
(') == L yK

P! sin(pre)cosd "2° NP

A doubled value of this comronent nay be obtained cssily by combining squations

5 and 2:

2(P i K,. (cos6rtsne

- cos © + s/ J)

P) cos? rg J

The double wzlus of nazoive earth resistancs, which is duc to the

weight of soil and te in: {pternal {riction fe iTerzaghl).

//— lhz
27 K,

P sih(p+e) cm«’,ﬁ

Where /<v5’ is again o pure nuther whaoe value 4763 not depend on specific

welght of s0il & sra cne 1antl ay which e rregaure 18 cxerrisad,

By substituting ,i o wguation £ oin eguaticon T othe Tollowing result is
cbtained:
o Yss 2
2R = —— /-(m/(case+3ﬁ..w‘06) oin (@ *6)

P o3P

Finally, total pasaive espth pregoire which determines the bearing capascity

ks

N o
b &

of our model 15 the &um o7 snustion 4, © and &,

R=2(R)+2R'+2 2

or

Zp Kg.é’ff(/ (056 + 25in ©) o /,(I.£@5+§J,}; E)/4 cos6 - 5176) cos6

coste cos® @
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To simplify this expression let:

cosO+ 2 A né
K = /7
vhe

coste
5"-‘9*—4’-.)’//7&7//’.:/)79-40.'9)(0;7_,_(/fa.r€+ J//)Gj IR f+E) =/
cos3g & cos~Pp 5
Then, equation msy be written in the following form:

= g ys*
Zee m. . /.S(’:_+ /2693//.5

lseoulea-‘cotlo

,7 ae : on o oita an (
Values /721)6 and J,bsdeper.d on tic é/s :ngles ¢ and € . o gy 48 well

as Npgg depend only or @ anda © |, therefors values of 5?69 and ﬁZb may
be determined graphicelly once and for ¢ll, for any given bA) ¢ and 6.

Values /”Jbe aad ,276 were computed by thec writer by meanc of a

&
S
= 35°, various engles © and for A//..S =
iv

3

logarithmic spiral methced T
0, 0.25, 0.5, 0.75, 1. ZResr
4 and 5.

etive figures are plottaed in graph shown in Fig.

or

The above graph and formuls 10 ensble one o trace the trafficability
curve for any medel of ths avove gpecified //ﬁ ratics in ccohesionlass sand,
750

the friction of which is ¢ = 35, This may be ¢oneg in the Tolloving way:

From the condition of =2guilibrium of the model 14 follows that:

2 2 2
(28,)% #'*y
and hence

H= /m:be J//JA:! * /Z/ye b:,Lj sin €

V ( 446 a(/"'éz + Zsbe a/dz) cos &

It then becomes evident that the requiresd function which detines the
ground faillure may be essily deternmincd in polar ccoordinstes, nemely in an angle

& and in a radius 50.: 2/?,6

Page 7,
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For this purpcse it 15 sufficient to c¢caleuvlate a series of radii 2@9

for variocus e from squaticn 10 (Fig. 3). Dy connecting the ends of these
redii the trafficebility curve which defines the critical losés 7 anda V

.3 and % nay be readily

determined from eguations 11 &nd 12,

at the moment of ground feilure for

obtained. Logds 7 ana V will be
or merely by projecting the respeative “:iciors PPe on .4 and 4 axis
of Car . esian ccordinates which have the’r zero pouint at the beginning of our

polar coordinates (Fig. 3).

Attempts to eliminate norameter = from equations 11 and 12 in
order to obtain a single eguation in Certesian coordinstes ’y arnd V seems
to be futile as the form of this latier equation H"F/Viéy’éb) is too cum-

bersome for practicel application.

zquation 10 may be ussd as a basis for general consideretion. TFor
instence it may be interesting to know when the Grip Failure ceeses and when
Ground Failure begins under givern corditions., In other werds the position of

point .+ (Fig. 3} is to bhe determined.

In order to do this, it should bte ncticed tihat the required angle

O of radius DA may bte determined from the formula.

6= ta -/ /)+4tbn‘<§5
- 7 g - Atang,

The corresponding values $he ond /7,56 nay bs immediately escertained from
grephs shown in Fig. 4 snd 5, and the required radius 2//39: 0A nay be cal-
culated easily fron eiuation 1C,

Another peint of interest may be the maximun obtaineble drawbaer pull
(H max.), with reference tc the varsical load V . greilekle for given con-
ditions ( ¢J '/7 and -§ ). Since the differeantial JH/{V caennot te ottained
directly, egquaticns 11 znd 12 must be differentisted with reference to (=2
t.

By dividing O”%e by d%/eand by assuring the result equal

e may be found. To do this it is sufficient to sclive t‘nejé-: 0 sguetion:

n d. -
aqllg /<z+ ;‘2‘1)1/05’*{/77«(2 +??1S)(059 =0

.0 Zero & value

a’é’
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In order to find & from tnis formala, functions /7)=//6) and
/1= f/@) must be known. a:s these functions have been determined graphically
(Fig. 4 and 5) equation 13 may alsc be solved graphically by designeting 3eﬂ
and;’f—7 values as tangents of angles which are enclosed hetween e axis and
respective lines tangent to 7 and 2 curves as shown in Fig. 4 and
5.

The graph plotted in Fig. 6 contains equation 13 solved for Az.'-' .
The results indicate that for & surcharge éz equel to the width of the
shoe, the meximum drawbar pull A may be obteined if the angle © which is

determined by the corresponding H/V ratio takes the following values:
Sp g

For & plate: h/s = 0 e - 23°
For grouser
plates: h/s = .25° 6 - 23° 457
h/s = .5 €@ . 24° 3¢
" h/s = .75 @ - 26° o
h/s = 1.0 6 - 27° 20

am
If there is no surcharge ;-;9——-0 and Mm=0 . Equation 13 is much
simplified and may be solved as shown in Fig. 7.

In this case the maximum obtainable drawbar pull takes place at the
following é values:

For a plate: h/s = 0 . 18° 207
For grouser

plates: h/s « .25 @ - 19° 30!

h/s = .5 8 - 200 30¢

h/s = .75 6 = 22° 20

n/s z 1.0 @ = 24° 15

For any of the above quoted 4 angles the respective /,?rba and
ﬂdhe may be found from grapnhs shown in Fig. 4 and 5.

By substituting these values in equations 11 and 12 the maximum
drawbar pull (H max.) and the corresponding V 1cad may easily be obtained.

Hence the location of the maximum point I (Fig.3) may te plotted.

A third metter of interest mey be the point B (Fig. 3) in which soil
fails due to the vertieal load only. This point may be found by substituting
in equetion 11 and 12 N ana. N values for =0 {Fig. 4 and 5),

;he She

Page 90



It will be noted that in this cese formulae 10 and 12 reduce them-
selves to an equation which is identical to the equetion given by TERZAGHI for
the determination of the beariusr szpacity of & strip lecad, Cosfficients /?7&69
and ﬂ,:bo become identical with the TLRZAGHI's vajues /V and A/‘Y as guoted

&

in his "Theoretical Soil Mechauicsg!.

NUMBRICaAL & XAMILE

Determine polar ccordinctes and values of H and V in points 4,
M and B of the Trafficability curve (Fig. 3] for the following grouser plate:
8= 5" h = 2,5", The plate whose width 13 w ¢ 20", is acting without a sur-
charge upon a homogeneocus e¢ohesioniess sand (friction¢ = 359 and specific
weight & = 0.06 1bs/cu. in.).

Solution
(a) Coordinates and loads of point A:
-t /2.8 +5tanis® —~
9 :‘hh ) ) = 6/°
S - 25tanis

The respective value of ,7”,9 (7[9" %= 2"/5—"' y 5} is about 3 (Fig.

4),., Hence the required radins OA is:

2P =0A=3x 006x5"S 4.5 L8/0y

and the polar co-ordinates ¢ point A are: é . e, P = 4,5 1bs./in.

Corresponding drawbar pull H and the vertical load V for the

total width w -~ 20" of the plate are:
H=46x20x36°= 78 3 Lbs
V=osx20xcos6/°= 43.5 &b

(b) Co-ordinates of peoint ! and maximum obtainable drawbar pull:

From date quoted in this paper, /7/3 = 0.5 and 7{ = 35° give
the maximum drewbar pull at & 20° 30° (no surcherge). The corresponding

/? value is about 20 (Fig. 4). Hence max, is:

3he
= 2 ,
Smag 207106 58 % < 30.0 L4/iy

Loads which can be safely supported are:

b’m; 30x 209/ (20°%0 ) = 2/0 léd,

) = Joxzo 605(2030’/; 562 s,

|
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(¢} Co-ordinstes of point B and the vartical

From the dsfinition of point = f= Oo, and the corresponding ’?Sh
&
value is about 44 (Fig. 4) hence:

.

= 44 x.06 x5 °Z 65 Lb/in

V = 66 X20 x cos0° = 1320 Lhs.
CONCLUSIONS

1oed V¥,

]

and

The above analytic method enables one to find all or three basic
points (A,M,B - Fig. 3) of the Trafficability curve which determines the

Ground Failure and thus makes it easy to trace this curve for any model,

In order to apply this method to a1l cohesionless solls, values
m‘,,a and /?fbp should be computed in the same way as was done in this
paper for qb = 35°. The deduced formula appears to have the same meaning
and limits of application as sther similar formulae in Soil Mechanics

determining the bearing capacity of soil.
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GRIP FAILURE

 h+dA Tan @
H=V A-h Tan

GROUND FAILURE
B 2Ppg=Ms¥k, + n¥ 42
A = H =2 Ppg SiN. O
V=12 Ppg COS. O
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