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Examen et  conparaison d e s  mgthodes de c a l c u l  des  f o r c e s  
d tencr&tement  de  l a  g lace .  Les a u t e u r s  donnent un apersu  d t u n  
nouveau mod2le dtencr8tement  q u i  p r6vo i t  les hauteur  e t  
profondeur l i m i t a n t e s  des  amas de fragments.  C e  mod2le u t i l i s e  
une Bquation d e  d i f f u s i o n  pour d i ic r i re  l a  r i i p a r t i t i o n  normale 
des  c o n t r a i n t e s  dans l a  masse de fragments.  Les r g s u l t a t s  d e s  

mgthodes de c a l c u l  s o n t  compards 3 ceux des  e s s a i s  en 
l a b o r a t o i r e  e t  3 une s i t u a t i o n  de  t e r r a i n  typique.  Les modsles 
d e  mi l ieux  con t inus  semblent p r6vo i r  d e  f a son  a s s e z  pr i ic i se  l e s  

f o r c e s  d tencr3 tement ,  t a n d i s  que l a  mgthode de 1 'Qne rg i e  
p o t e n t i e l l e  l e s  sous-estiine grandement. 
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Abstract 

A review and comparison of calculation methods of ice ridging forces is 

presented. An overview of a new ridging model that predicts the limiting 

rubble height and depth is included. This model uses a diffusion 

equation to describe the normal stress spread in the bulk rubble. 

Results of calculation methods are compared to those of laboratory tests 

and a typical field situation. Continuum models appear to predict 

reasonable ridging forces while the potential energy method greatly 

underestimates the forces. 



In t roduc t ion  

Knowledge of t h e  f o r c e s  a s s o c i a t e d  wi th  i c e  r idg ing  and dimensions of t h e  

s a i l  and k e e l  a r e  needed t o  address  s e v e r a l  p r a c t i c a l  problems. These 

inc lude  t h e  p r e d i c t i o n  of i c e  f o r c e s  on wide s t r u c t u r e s ,  t h e  use  of 

grounded rubble  f o r  p r o t e c t i o n  of s t r u c t u r e s  and f o r  c o n s t r u c t i o n  

purposes,  and t h e  es t ima t ion  of t h e  f o r c e s  a c t i n g  on pack i c e  o r  l a r g e  

m u l t i y e a r  i c e  f l o e s .  The p rocess  of r i d g i n g  remains poor ly  understood 

i n  s p i t e  of t h e  a t t e n t i o n  i t  has  a t t r a c t e d .  The simple c a l c u l a t i o n  

method used i n  p r a c t i c e  appears  t o  be inadequate  i n  many s i t u a t i o n s .  

This paper p r e s e n t s  a d i s c u s s i o n  of a n a l y t i c a l  models, inc lud ing  t h e  

r e s u l t s  of a new model, t h a t  r e l a t e  i c e  f o r c e s  dur ing r i d g i n g  t o  rubble  

geometry. Emphasis i s  r e s t r i c t e d  t o  a comparison of t h e  methods and t h e  

c o n s t r a i n t s  on t h e i r  v a l i d i t y .  

Review of Ridging Models 

Ear ly  obse rva t ions  of i c e  r i d g i n g  were repor ted  by Zubov (1945). He 

descr ibed t h e  geometry of many i c e  rubb le  f e a t u r e s  and suggested equa t ing  

t h e  l o s s  of t h e  k i n e t i c  energy of an i c e  f l o e  t o  t h e  i n c r e a s e  i n  t h e  

p o t e n t i a l  energy of t h e  rubble  i n  o r d e r  t o  c a l c u l a t e  r idge-bui ld ing 

fo rce .  Parmerter and Coon (1973) developed a numerical  k inemat ica l  model 

t h a t  p red ic ted  r i d g e  geometries t h a t  were i n  e x c e l l e n t  agreement w i t h  

f i e l d  observat ions .  An i c e  s h e e t  was assumed t o  progress  h o r i z o n t a l l y  i n  

s t e p s  u n t i l  i t  broke i n  bending. Broken i c e  blocks  were placed i n  t h e  

k e e l  and t h e  s a i l  a t  each s t e p .  Af te r  a number of s t e p s ,  t h e  l i m i t i n g  

he igh t  and depth  of t h e  r i d g e  were reached. Since no d i r e c t  e s t i m a t e  of 

t h e  f o r c e  i n  t h e  i c e  s h e e t  could be made, Parmerter and Coon (1973) 

suggested t h a t  a lower bound t o  t h e  f o r c e  can be c a l c u l a t e d  by equa t ing  

t h e  work done by t h e  i c e  s h e e t  t o  t h e  i n c r e a s e  i n  t h e  p o t e n t i a l  energy of 

t h e  r idge.  The r e s u l t i n g  v a l u e s  were i n  t h e  range of 100 t o  lo4 N/m,  

which was considered t o  be i n  agreement wi th  expected average f o r c e s  i n  

an  i c e  cover  s e v e r a l  hundred k i lomete r s  long. 

The lower bound method was a minor p a r t  of Parmerter and Coon's s tudy ,  

which was concerned wi th  large-scale  movements of i c e  covers. S t i l l ,  

because of i t s  s i m p l i c i t y  and t h e  need t o  p r e d i c t  i c e  f o r c e s ,  s e v e r a l  

au thors  used t h a t  method t o  de r ive  a simple equat ion f o r  r idge-bui ld ing 

force .  That equa t ion  i s  f r e q u e n t l y  (and e r roneous ly )  a t t r i b u t e d  t o  



Parmerter and Coon (1973). A review by Kovacs and Sodhi (1980) descr ibed 

t h e  l i t e r a t u r e  on t h i s  "energy balance" method ( see  a l s o  Sodhi and 

Kovacs, 1984). 

Forces observed i n  i c e  covers a t  l eng th  s c a l e s  re levan t  t o  wide 

s t r u c t u r e s  (10 t o  100 m) a r e  much higher  than the  values  p red ic ted  by t h e  

above method. Kovacs and Sodhi (1980) t r i e d  t o  overcome t h i s  discrepancy 

by adding a f r i c t i o n a l  force .  They considered t h e  case  of an i c e  shee t  

s l i d i n g  over  a rubble  accumulation t o  c a l c u l a t e  t h e  f r i c t i o n  f o r c e  on t h e  

su r face  of t h a t  shee t .  The r e s u l t  is  r e s t r i c t e d  t o  the  assumed mode of 

i c e  behavior and does no t  apply when t h e  bulk rubble  i s  undergoing 

deformation. Visual accounts of r idges  and rubble f e a t u r e s  (Zubov, 1945) 

i n d i c a t e  t h a t  complex modes of rubble  deformation may occur.  

Guidance t o  t h e  formulat ion of more accura te  models came from labora to ry  

experiments on i c e  rubble (e.g., Tat inclaux and Cheng, 1978; Prodanovic, 

1979; and Hellmann, 1984). These i n v e s t i g a t i o n s  showed t h a t  deforming 

bulk rubble approximately fol lows a Mohr-Coulomb y i e l d  condi t ion.  Mellor 

(1980) r e a l i z e d  t h a t  a continuum approach can be used t o  model brash i c e  

and examined some cases  r e l a t e d  t o  i c e  ridging. 

The presen t  au thors  (Sayed and Frederking, 1984) developed a continuum 

model by consider ing t h e  bulk rubble  t o  be r i g i d - p l a s t i c  obeying t h e  

Mohr-Coulomb y i e l d  c r i t e r i o n .  The r idge  was i d e a l i z e d  a s  a wedge a t  t h e  

pass ive  c r i t i c a l  s t a t e .  The r e s u l t i n g  f o r c e s  i n  the  i c e  shee t  were 

higher  than  those  c a l c u l a t e d  from t h e  p o t e n t i a l  energy method. This 

p l a s t i c i t y  a n a l y s i s  is probably s u i t a b l e  f o r  t h e  e a r l y  s t ages  of r idge 

bui lding,  when most of t h e  rubble  i s  deforming ( a t  y i e l d ) .  A s  a r idge  

approaches i t s  l i m i t i n g  height  and depth a d i f f e r e n t  s i t u a t i o n  may 

develop, wi th  only p a r t s  of t h e  rubble deforming. 

S t r e s s  D i s t r i b u t i o n  i n  Bulk Rubble 

Although l abora to ry  experiments suggest t h a t  deforming bulk rubble may 

fol low t h e  Mohr-Coulomb c r i t e r i o n ,  s u b s t a n t i a l  e f f o r t  i s  s t i l l  needed t o  

f u l l y  c h a r a c t e r i z e  t h e  mate r ia l  behavior. Numerical models can be 

constructed once t h e  appropr ia te  c o n s t i t u t i v e  equat ions  a r e  es tab l i shed .  



A simpler alternative approach is one used to perform stress calculations 

in particulate media. Considering that forces are transmitted through 

random contacts between particles, the stress applied at a boundary has 

been shown to spread according to the one-dimensional diffusion equation. 

Smoltczyk (1967), Harr (1977), and Chikwendu and Alimba (1979) developed 

this theory. Detailed derivations can be found in these references; only 

a simple case, given by Harr, is mentioned below as a justification and 

to illustrate this approach. Equilibrium of the blocks shown in Fig. 1 

gives 

where x and y are Cartesian coordinates, and a is the normal stress in 
X 

the x direction. Expanding a using Taylor's theorem and assuming that 
X 

Ax and Ay tend to zero gives, 

where D = lim 
(AX) 

A x + O t ~  

Based on physical and dimensional arguments, the diffusivity was chosen 

as 

The value of v given by Harr (1977) is $, while Chikwendu and Alimba 
(1979) calculated 0.273 for spherical particles. Ice rubble would 

TC 
correspond to high value for v, possibly close to 8, owing to the 

angularity of typical ice blocks. 

It should be noted that Equation (2) can be derived using a probabilistic 

approach that is essentially different from the above simple 

deterministic method. The aim of this section is not to present a 

rigorous proof but rather to propose the use of Equation (2) to calculate 

stresses in bulk rubble. 



F I G U R E  1 

N O R M A L  S T R E S S  D I S T R I B U T I O N  B E T W E E N  I C E  B L O C K S  

Overview of a  Ridge Limiting-Height Model 

A new model of r idge  formation a s  i t  reaches  the  l i m i t i n g  he igh t  and 

depth  i s  b r i e f l y  described. The a n a l y s i s  i s  t o o  long t o  be adequate ly  

presented here.  Therefore,  t h e  d i scuss ion  i s  r e s t r i c t e d  t o  an  o u t l i n e  of 

t h e  approach and p a r t  of t h e  r e s u l t s .  

It is  assumed t h a t  h a l f  a  two-dimensional symmetrical wedge ( a s  shown i n  

Fig. 2 )  r e p r e s e n t s  a  s a i l  o r  a  keel .  I n  t h i s  i d e a l i z e d  model, t h e  

advancing i c e  s h e e t  a p p l i e s  a  h o r i z o n t a l  f o r c e ,  F,  a t  t h e  edge of a  

rubble  p i l e - u p  of he igh t  H. A v e r t i c a l  body f o r c e ,  y ,  a c t i n g  downwards, 

i s  t aken  a s  t h e  bulk u n i t  weight of t h e  s a i l  o r  buoyancy of t h e  kee l .  

F I G U R E  2 

D E F I N I T I O N  S K E T C H  O F  I C E  R I D G I N G  M O D E L  



Assuming t h a t  deformation i s  two-dimensional and neg lec t ing  i n e r t i a  

terms, t h e  equ i l ib r ium equat ions  become 

where a , a , and z a r e  t h e  normal and shear  s t r e s s  components, and y is 
X Y  

t h e  u n i t  weight of the  i c e  rubble  i n  t h e  s a i l  o r  keel .  Equations (21, 

(51, and ( 6 ) ,  wi th  t h e  appropr ia te  i n i t i a l  and boundary cond i t ions  can 

determine t h e  s t r e s s  d i s t r i b u t i o n .  De ta i l s  of t h e  s o l u t i o n  of these  

equat ions  a r e  too  lengthy t o  be included here.  Our r e s u l t s  show t h a t  

d i f f e r e n t  s t r e s s  d i s t r i b u t i o n s  can be obtained by changing t h e  
F  

r a t i o  7. 
YH 

In  t h e  e a r l y  s t a g e s  of t h e  development of a  r idge ,  t h e  h o r i z o n t a l  f o r c e  

app l ied  by the  i c e  shee t  w i l l  cause f a i l u r e  of the  rubble ,  which can then 

move upwards. The he igh t  ceases  t o  i n c r e a s e  when i t  approaches a  value 

s u f f i c i e n t  t o  i n h i b i t  f u r t h e r  f a i l u r e  of the  rubble. Thus, t h e  l i m i t i n g  

he igh t  i s  assumed t o  occur when s t r e s s e s  reach t h e  c r i t i c a l  s t a t e  over 

p a r t  of a  v e r t i c a l  plane. The Mohr-Coulomb c r i t e r i o n  i s  used t o  

determine f a i l u r e  zones i n  t h e  rubble. 'Ihis f a i l u r e  cond i t ion  i s  

where i s  t h e  ang le  of i n t e r n a l  f r i c t i o n .  A t y p i c a l  f a i l u r e  zone i n  

t h e  rubble a t  t h e  l i m i t i n g  he igh t  is  shown i n  Fig. 3. 

A r e l a t i o n s h i p  between t h e  f o r c e  F  and t h e  l i m i t i n g  s a i l  he igh t  o r  k e e l  

depth H was found using the  above approach. For t h e  values  v = 0.4 and 

( = 50°, which a r e  l i k e l y  t o  represen t  t h e  p r o p e r t i e s  of i c e  rubb le ,  t h e  

r e s u l t  is 

Predicted s lopes  of t h e  r idge ,  a s  can be seen from Fig. 3, a r e  c l o s e  t o  



D I M E N S I O N L E S S  H O R I Z O N T A L  D I S T A N C E ,  x l H  

F I G U R E  3 

C O N T O U R S  OF T H E  R A T I O  O F  M A X I M U M  S H E A R  
S T R E S S  TO A V E R A G E  N O R M A L  S T R E S S  S H O W I N G  
F A I L U R E  Z O N E  I N  A  R U B B L E  P I L E - U P  A T  T H E  
C R I T I C A L  H E I G H T  I + = 5 0 ° , v =  0 . 4 )  

45'. Details of this analysis will be presented elsewhere (M. Sayed and 

R.M.W. Frederking. A model of ice rubble pile-up. Manuscript in 

preparation.). 

Comparison of Calculation Methods 

The force predicted from the limiting-height model (Equation (8)) is 

proportional to the square of the height. A similar relationship was 

obtained from the plasticity analysis (Sayed and Frederking, 1984) 

where C depends on the side slopes of the rubble. A wedge as shown in 

Fig. 2 with one side at a 45O slope, and the other side horizontal 

corresponds to C = 1.08. 

The force calculated using the potential energy method (Kovacs and Sodhi, 

1980) would be 

where yi and t are the unit weight and thickness of ice respectively. 



F r i c t i o n  along an i c e  shee t  s l i d i n g  over  the  s lope  i s  

Ff = pyitH c o t  p (11) 

where p i s  a c o e f f i c i e n t  of f r i c t i o n  and ,!3 i s  t h e  slope. This would 

i n c r e a s e  t h e  f o r c e  given by Equation (10) by approximately 20% f o r  t h e  

case  of wedge with  s l o p e  = 45' and us ing  p = 0.1. 

For n e u t r a l l y  buoyant r idges ,  t h e  r a t i o  of k e e l  depth t o  s a i l  he igh t  

depends on t h e  u n i t  weight and buoyancy of rubble. It i s  simple t o  show 

t h a t  t h e  l imit ing-height  and p l a s t i c i t y  models (Equations (8 )  and ( 9 ) )  

g ive  

where F s ,  Fk, ys, and yk a r e  t h e  f o r c e s  assoc ia ted  wi th  s a i l  and k e e l  

formation, t h e  u n i t  weight of t h e  s a i l ,  and the  buoyancy of the  k e e l  

r espec t ive ly .  The p o t e n t i a l  energy method p r e d i c t s  f o r c e s  l i n e a r l y  

p ropor t iona l  t o  rubble he igh t ;  consequently fo rces  assoc ia ted  with  the  

s a i l  and k e e l  would be equal.  

Forces p red ic ted  by t h e  va r ious  method f o r  a t y p i c a l  r idge  ( i c e  

concentra t ion = 0.75, i c e  s p e c i f i c  g r a v i t y  = 0.9 and t = 1.5 m) a r e  

compared i n  Fig. 4. Although no f i e l d  measurements d i r e c t l y  r e l a t i n g  

f o r c e s  t o  r idge  geometries a r e  a v a i l a b l e ,  consider  as an example observed 

r idges  i n  t h e  southern Beaufort Sea. Geometry of f l o a t i n g  r idges  and 

rubble  accumulations a g a i n s t  s t r u c t u r e s  can be uniform over l eng ths  of 

t h e  o rder  of 100 m. S a i l  h e i g h t s  can reach 5 m and k e e l  depths  do n o t  

exceed 20 m. Forces i n  i c e  covers of commensurate l eng ths  ( s e e  

Johnson e t  a l . ,  1985; and Sayed e t  a l . ,  1986) a r e  of t h e  o rder  of 

100 kN/m. It can be seen from Fig. 4 t h a t  t h e  l i m i t i n g  he igh t  and 

p l a s t i c i t y  models apparent ly  g ive  va lues  of t h e  c o r r e c t  o rder ,  whereas 

t h e  p o t e n t i a l  energy method g ross ly  underestimates i c e  forces .  

Calculated f o r c e s  a r e  compared t o  t h e  experimental  r e s u l t s  of Timco and 

Sayed (1986) i n  Fig. 5. The experiments produced two-dimensional 

f l o a t i n g  r i d g e s  us ing model i ce .  Calcula t ions  a r e  made us ing  i c e  
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P R E D I C T E D  T O T A L  I C E  F O R C E S  A N D  T H E  
C O R R E S P O N D I N G  K E E L  A N D  S A I L  D E P T H S  
C A L C U L A T I O N S :  1 - P L A S T I C I T Y  M E T H O D  

2 - L I M I T I N G  H E I G H T  A N D  
D E P T H  M E T H O D  

3 - P O T E N T I A L  E N E R G Y  M E T H O D ,  
F R I C T I O N  A D D E D  

concentration of 0.75, ice thickness of 0.05 m, and ice specific gravity 

of 0.95. Forces corresponding to both keel and sail formation are added 

to give the total force in the ice sheet. The limiting-height and 

plasticity models give forces of the same order though lower than the 

experimental results. The potential energy method predicts very low 

forces. 

It appears from the above examples that continuum models predict 

reasonable ice ridging forces. The plasticity model gives forces higher 

than the limiting-height model by approximately 40%. This is expected 

because the plasticity analysis considers all rubble to be yielding, 

which may be suitable for the early stage of ridge development. A 

similar trend was observed in model tests by Timco and Sayed (1986). 

The potential energy method greatly underestimates ridging forces. It 

seems to be more suitable for situations where an ice sheet slides over a 

shore. For example, the forces calculated by Kovacs and Sodhi (1980) 

approached reasonable values for cases where ice would slide for 
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C O M P A R I S O N  OF P R E D I C T E D  T O T A L  F O R C E  - 
R U B B L E  H E I G H T  A N D  D E P T H  W I T H  THE 
E X P E R I M E N T A L  R E S U L T S  O F  T l M C O  A N D  S A Y E D  
( 1 9 8 6 1  
C A L C U L A T I O N S :  1 - P L A S T I C I T Y  M E T H O D  

2 - L I M I T I N G  H E I G H T  A N D  D E P T H  
M E T H O D  

3 - P O T E N T I A L  E N E R G Y  M E T H O D .  
F R I C T I O N  A D D E D  

r e l a t i v e l y  long h o r i z o n t a l  d i s t a n c e s  (20 m t o  90 m) before  rubble  

p i l e -ups  3 m t o  6 m high were formed. 

Summary 

A review and comparison of c a l c u l a t i o n  methods of i c e  r idg ing  f o r c e s  was 

presented. A d i f f u s i o n  equat ion was proposed a s  a r epresen ta t ion  of 

normal s t r e s s  spread i n  bulk rubble.  A model of r idges  a t  t h e i r  l i m i t i n g  

he igh t  and depth t h a t  uses  t h a t  approach was ou t l ined .  

Calcula t ions  i n d i c a t e  t h a t  t h e  p l a s t i c i t y  and l imit ing-height  models 

p r e d i c t  f o r c e s  of t h e  o rder  expected when deformation is  uniform. This 

corresponds t o  r i d g e s  and f l o a t i n g  rubble  pi le-up a g a i n s t  o r  nea r  wide 



s t r u c t u r e s .  The p o t e n t i a l  energy method g r e a t l y  under-estimates i c e  

f o r c e s  i n  these  cases .  It seems more s u i t e d  f o r  s i t u a t i o n s  where an  i c e  

s h e e t  s l i d e s  over a shore  f o r  r e l a t i v e l y  long d i s t ances .  

Observed r idge  k e e l  depth and s a i l  h e i g h t s ,  and measured i c e  p ressures  i n  

t h e  southern Beaufort Sea a r e  bes t  expla ined by the  p l a s t i c i t y  and 

l i m i t i n g  he igh t  models t h a t  p r e d i c t  an  H~ dependence of F r a t h e r  than t h e  

l i n e a r  H dependence of t h e  energy models. 
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