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Lumping Errors of Analog
Circuits for Heat Flow Through

a Homogeneous Slab’

4

ABSTRACT

This paper compares the transfer functions for
several electrical analog circuits, both active and
passive, with the theoretical functions for heat con-
duction through a homogeneous slab. The results in-
dicate the magnitude of the errors due to space
lumping as a function of non-dimensional frequency
for each circuit. This permits the selection of the
simplest circuit which will achieve a specified ac-
curacy over a specified frequency range.

1. INTRODUCTION

An accurate calculation of the heat flux and tem-
perature distribution through the walls, ceiling or
floor of a room requires the simultaneous calculation
of the room side surface heat flux of all the elements
enclosing the room. Reference [1] discusses the use
of an analog computer for this type of building heat
transfer problem. [t is pointed out in that paper that
one of the important considerations in setting up a
computer for a room heat transfer calculation is:
“How to simulate accurately the wall, roof and floor
sections with as few computer elements as possible.”
This paper presents a method of designing analog
circuits to calculate one-dimensional heat conduction

through a homogeneous slab with a specified accuracy.

*Tables [~]V have been deposited as Document'6679 with the
American Documentation Institute Publications Project. A copy
may be secured by citing the Document number and by remitting
£1.25 for photoprints, or'$1,25 for 35 mm microfilm,
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The analysis differs from earlier studies (2, 3,4, 5] in
two respects: it compares the frequency response of
the analog circuits with the theoretical frequency re-
sponse of a homogeneous slab; and it includes elec-
tronic analog circuits with their possibilities for
using higher accuracy difference expressions, as well
as the passive resistance-capacitance ladder networks.

Previous studies [2, 3, 4, 5] have considered the
transient response of passive analog circuits and have
concluded that many elements are required if an analog
is to represent accurately the response of a slab to a
sudden change in the driving function. Only the low
frequency components of the outside surface tempera-
ture, however, have any significant effect on the con-
ditions inside buildings. Thus any analog that is
accurate for frequencies up to the third or fourth
harmonic of a diurnal driving function is quite satis-
factory for calculating conditions inside a building.

Designing an analog circuit for a limited fre-
quency range leads to simpler circuits than are needed
for an accurate response to a step change in the driv-
ing function. Thus the frequency response approach
is used in this investigation.

Carslaw and Jaeger [6] show that when the tem-
peratures at each surface of a homogeneous slab vary
sinusoidally, the surface temperatures and heat flows
are related by linear equations which can be ex-
pressed as:

Gout A, -RB Oin
= . (1)
-D
Tout R’ A 9in
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where temperature

= heat flux

= Cosh (1+j) ¢

_ Sinh (1+f) é
(1+f) ¢

= (147) ¢ Sinh (1+]) ¢

_|7L?
‘a} aP
= L/k

thickness of the slab
thermal conductivity

T T AR

thermal diffusivity

B S IR o - I o8

period of the temperature cycle

The square matrix on the right side of (1) is
called the transmission matrix for the slab.
Equation (1) can be rearranged to give:

qin -A/B s —]./B ein
R .

qout

(2)

1/B , -A/B | | Oout

b
The D term has been eliminated by using the fact that
the determinant

A
D

B
A

=1 (3)

If an analog circuit is to calculate accurately the
heat flux at the surfaces of a slab it must have trans-
fer functions which are similar to A and B for all fre-
quencies up to the frequency of the highest non-
negligible harmonic of the driving temperatures. In
the following sections, the 4 and B transfer functions
are presented for several different analog circuits.

2. ANALOG CIRCUITS TO CALCULATE TEMPERA-
TURE AND HEAT FLOW THROUGH A SLAB

The temperature distribution through a homoge-
neous slab (Fig. 1) is described by
26 920
where It ox?

x = space coordinate in the direction of heat flow
t =time
This partial differential equation can be solved ap-
proximately by an analog computer for the tempera-
ture at the planes x = A T The method is
026 .. .
to replace| ~— by a finite difference ex-
0x? Jx = %,

pression involving the temperatures at the planes

X and %, are the two boundaries

1 N *

x=x,%
0
and the temperatures at these planes.sare the neces-
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FIG.1 SUBDIVISION OF A SLAB INTO N layers,

sary boundary conditions. The use of a finite differ-
ence expression for 020/ 9x? converts the partial
differential equation into a set of ordinary differen-
tial equations which have to be solved simultane-
ously.

The heat flux through any plane x = x; is given

00
g = _k('a_;)x = x, (4)

Thus to evaluate heat flux with an analog computer,

by

dx

it is also necessary to approximate by a finite

difference expression.

If one neglects the effects of imperfections in the
computer components, analog circuits differ in their
accuracy only because of the differences in the ap-
proximation of the space derivatives on which they
are based. In Appendix I the following finite differ-
ence expressions for the space derivatives are
derived:

20 142 a l+a a
—Ax%;)o = a(1+a) 00-——a“- 0‘ + ‘1_+-a 02
(1+a) 930 a(l+a) (1-2a)
~2—6—a (Ax)3<axa)' B 24
046
(Ax)4<5;7)' ®
226 2 2 2 (1-w)
(Ax)2<c9_xé>1 = a(1+a)'90 _71—01 e g, - T3
of 030 (1+a®) d*0 '
(Ax) (-é::;)‘ —-m (Ax)“(?;;; )1 (6)



0 Ax)4 [ 9%6
(Ax)z( z>=6i-1_26i+6i+1—(1§) <6x4 (7)

forl<i < N-1

Equations (5) and (6) also apply at points N and N-1

respectively when Ax is replaced by  —Ax and the
subscripts

0 by N,

1 by N-1, and

2 by N-2.

Ax is the distance between the equally spaced inter-
nal points and

a= =

Ax Ax

The terms including the third and all higher
derivatives are usually neglected. This constitutes
the error in the finite difference approximations.

90 -9.

This error can be reduced by choosing the value of
a so that the coefficients of the neglected deriva-

tives are as small as possible. For instance, when
3

a =1, the coefficient of g—f in (6) is zero so the

x
. . . 920 .
first neglected term in the expression for 7 is
x
2 [1a
(%926) g f . This is the same for all the internal

points., The error can be reduced by decreasing

Ax, i.e. increasing the number of lumps. The first
two terms which are neglected in the expression

for the temperature gradient at the surface, however,

o (20 | @w® (3%
are 3 Bx . 12 ox* "

When a = 0.5, the third derivative term is reduced to

2
(Ax) < > and the fourth derivative term dis-

COEFFICIENT
POTENTIOMETER

ADDER

INTEGRATOR

F1G.2a ANALOG CIRCUIT TO COMPUTE SURFACE HEAT FLUX AND INTERNAL TEMPERATURES FOR A
HOMOGENEQUS SLAB WHEN SURFACE TEMPERATURE IS GIVEN,

FiG.2b ANALOG CIRCUIT TO COMPUTE SURFACE TEMPERATURE AND TEMPERATURES THROUGH A
HOMOGENEOUS SLAB WHEN SURFACE HEAT FLUX IS GIVEN.



appears. This improvement in the accuracy of the
expression for the surface gradient is partially
offset by the reappearance of a

Ax

6) 11 the exprossion for | 222
6 axs ‘ 1n € expression 1or axz ‘

The circuits for an operational amplifier type of
analog shown in Figs. 2a and 2b are based on the
difference equations for @ = 1.0

) 396 360 - 461 + 02
i.e. —<-a—x)o = T 5 Ax (8)
2 6., —26. + 0,

and (9_6 _ +1 i i+ (9)
Jx® . (Ax)?

for 1<i: < N-1
Ax = L/N

The circuits for @ = 0.5 are only slightly more com-

plicated.

The values of the transmission matrix coeffi-
cients for this type of analog circuit have been
calculated and the results for a = 1.0 are given in
Table I, and for @ = 0.5 in Table II. The expres-
sions used for calculating these coefficients are
derived in Appendix II. It is possible to obtain
the matrix coefficients using an analog computer
but the results obtained in this way include the
errors due to imperfections of the computer compo-
nents. The results calculated from the expressions
in Appendix II represent the performance of an
analog with perfect components. The significance
of the differences between the matrix coefficients
for an analog circuit and the theoretical coeffi-
cients for a homogeneous slab are discussed later.

A passive network of resistances and capaci-
tances can also be used to simulate the heat flow
in a slab. In this case the temperatures are repre-
sented by voltages and the heat flows by currents.
Figure 3 is a typical passive analog circuit. The

voltage at any internal point i is described by

d 1

7V =g Vi -2V (10)
. 1 x

Thus if R'C' o m

this type of circuit will solve the set of ordinary dif-
ferential equations for the temperatures through a
slab.

With this type of analog the surface heat flux is
represented by current; thus

Vlo_Vl

9% =1, = aR' (11)
This is equivalent to using
NECARN (12)
dx |, a-Ax
A Taylor’s series expansion about x = 0 gives
6 -0 2
{36} Yo 1 oAx) [ 06
<8x>0 =t o1 <8x2)0 + (13)

Thus taking I as proportional to g, involves neglect-

a-Axf 920
0x?

) —> and all the higher derivatives. This
)

higher error in the surface heat flux is an important
disadvantage of the passive networks compared with
the operational amplifier networks.

The A, and B, transmission matrix coefficients
have been evaluated for resistance-capacitance net-
works with a = 0.5 for N =3 (1) 14. (When a = 0.5
an N lump circuit consists of N~1 ““T’’ networks in
series.) The results are given in Table III. The

: R’ Vi
~MAN ~AAAMN—
C/ Cl

FIG.3 RESISTANCE-CAPACITANCE CIRCUIT TO SIMULATE HEAT FLOW IN A HOMOGENEOUS SLAB.
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method used was similar to the one outlined in
Appendix II for the amplifier networks except that
the expression for the temperature gradient at the

20 _BN"BN-u
dx J, a-Ax

L
(N+2a-2)

surface was

where Ax =

3. DISCUSSION OF RESULTS

The heat flows indicated by an analog circuit
are given by

A S |

90 X, — 0
0

| B By

=— (14)

R ) Ay
g - > g7 1]
N By By N

(The subscripts indicate that the quantity is as-
sociated with a lumped analog circuit.) If it is as-
sumed that 6, = 0, and 6, = 6, equation (14) can

be subtracted from (2) to give

A N 1 1
fin =90} V575, B, B || %
=R 4 (15)
- 1 1 N A 2
Yout INn =~3 5 — 5 out
B B, By B

The lefthand column matrix elements are the errors in
the heat flux as calculated by the analog circuit.

A AN ]'5, E
Let E - B—N = UNe (16)
l -1_ - j 52
B - BN = VNe (17)
Qin = | ein I eiwt (18)
eout = Ieout l ej (Wt+5°) (19)
The error in the analog heat flow will have its maxi-
mum possible value of
g - g _ UN ] ein |+ VN leout l (20)
n ° lmax R
when 50 = 5‘ - 52 + 7

32

The error in the output heat flow is obtained by
interchanging UN and Vy in (20). Thus, the maximum

possible error in the boundary heat flows indicated by
the analog can be calculated easily when UN and Vy
are known.

The results of the matrix coefficient calculations
for the operational amplifier and the resistance-
capacitance circuits are plotted in Figs.4a, 4b, and

5 in the form -B—N , Ai and Bi . The theoretical

N N N
values for a homogeneous slab taken from reference
7 are also plotted so the values of Uy and V), can be

measured directly from the graphs. Values of U, and

VN are given in Table IV as functions of ¢ and N for

the various circuits. These data were measured off
large scale graphs similar to Figs. 4 and 5.

The results in Table IV show that the opera-
tional amplifier type analog with @ = 0.5 is the most
accurate, of the circuits studied, for the computation
of surface heat flows.

The following example illustrates how the charts
and tables can be used to calculate the number of
lumps needed for a particular problem.

Example 1.

Problem: How many lumps are required in an opera-
tional amplifier analog circuit (@ = 0.5) to calculate
the heat flow into a 6-in. concrete slab with an error
of not more than 2 Btu/ft® hr when the surface tem-
perature has an amplitude of 5F at a frequency of
4 cycles/day, and the other surface is perfectly in-
sulated,

= 0.04 ft%/hr
kE = 1.0 Btu/fthr F
2
lutions: =7T_L__.:7Tx0.25=
Solution: ¢ <P \l%-———-—-.(mx 6.0 1.8
R = L/k = 0.5ft?hr F/Btu.
when ¢ .= 0
eout = % ein

For$= 1.8, [1/4 | £ 0.3

Ieout' .
Thus |a| 0.3

The maximum error in the surface heat flux is

|out | %

|6/

in/ |

16:n |
|9 = 9, | — Uy + Vy

max R



-90°

LEGEND:
—e gz -5
—a a=|-0

<60°

FI1G.40 POLAR COORDINATE PLOT OF 1/AN AND 1/BN FOR AN OPERATIONAL AMPLIFIER CIRCUIT

WITH a = 0.5 AND @ = 1.0,

Thus if the error is to be less than 2 Btu/ft? hr

R(2
U @ _ o2
105 |

N+0.3VN<

The following values of UN and VN are taken

from Table IV for $ = 2.0. Values for = 1.8 can be
obtained by interpolation but the nearest plotted
value of ¢usually will suffice to find the required ¥

U

3

0.32 v

3

13

4

0.04

]
]

U

4

0.12

0.01

Thus a 4-lump circuit meets the requirement,

If the important results of an analog computation
are the temperatures at different points through a slab
rather than surface heat flux the error in the tempera-
tures may be estimated as follows:

The temperature at plane x in Fig. 1 is:

x
635 = (Ax "—L- . )001“’. (21)

x

AB, < B
B )% N\T B

B

33

where the matrix elements with subscript x are for

T
¢ =x|—
x

aP

and the quantities without subscripts are

forp= L, ’-CZT—P . For an analog cireuit with @ = 1.0

. A, B, . B,
l N7i i i
(15 'Te;;) (4 B oo 2

where 4, and B, are matrix elements for an i lump

analog circuit with ¢, =;—V ¢. For values of @, other

than unity, the 4; and B; values cannot be taken from
the tables but can be calculated by the method given
in Appendix II. Thus the error in the analog tempera-
ture for the plane x, is

A, B. AB
x N Y x
ex_ei={Ax—Ai+_L (*BN _———B )} 611’1 +
B B,
x x 12
E{E - m} out (23)



Since these coefficients are functions of x/L as
well as N and ¢, it seems impractical to prepare
tables of the type given for the heat flux errors. The
values of the separate factors can be obtained from
Table I. The second example illustrates the pro-
cedure.

Example 2.

Problem: Find the maximum possible error in the
temperature at x = 0.75 L for a 6-in. concrete slab
which is represented by a four lump operational
amplifier analog circuit, a = 1.0. Properties and
boundary conditions same as for example 1.

Solution: ¢ = 1.8 but use 2.0 to avoid need for
interpolation of the tables,

1

Data: A.75L = EZ 85.5
B L 4.3
JL T 9022 :

A4 =

!
s = 019 | 867

S

CERE oL

B = L169
These give

‘9,75; 6, | = 0.01F
and 0.78F

l0.75L ! =
Figure 5 shows that, in general, a resistance-
capacitance analog circuit requires more lumps than
an operational amplifier analog circuit to achieve
the same accuracy for heat flow calculations. An

FIG.4b POLAR COORDINATE PLOT OF 1/Ay AND 1/By FOR A RESISTANCE-CAPACITANCE LADDER
NETWORK WITH e = 0.5.
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75° 60° 45°

LEGEND:

N-@ ACTIVE a=0'5

b——— | N-o PASSIVE p =40 ~(8\
N-@ ACTIVE o= 1-0 a8 a5

o THEORETICAL

30°

15°

| 2 3 4 5

FIG.5 POLAR COORDINATE PLOT OF AN/BN FOR A RESISTANCE-CAPACITANCE LADDER NETWORK
WITH a = 0.5 AND AN OPERATIONAL AMPLIFIER CURCUIT WITH a=0.5 AND a=1.0.

N lump circuit of either type, however, will give D. C. Baxter of the Division of Mechanical Engi-
exactly the same temperatures at the internal points, neering of National Research Council of Canada.
It should be possible, therefore, to use a hybrid This paper is a contribution from the Division of
analog which will have the same accuracy as the Building Research of National Research Council of
operational amplifier type. It would use amplifier Canada and is published with the approval of the
adders to calculate the heat fluxes and a less ex- Director of the Division.

pensive resistance-capacitance network to com-
pute the temperatures.
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APPENDIX I: FINITE DIFFERENCE EXPRESSIONS
FOR SPACE DERIVATIVES

Let subscript 0 indicate x = 0, subscript 1 indi-
cate x = a-Ax, and subscript 2 indicate x={(1+a)Ax.
Roman numeral superscript indicates the order of
derivative with respect to x.

A Taylor’s series expansion about the point
x=a.Ax gives

(a (a-Ax)? | 11 (a-Ax) Ax)“3
6,=0,-a-axp [+ (G2 g I (a0n
4
ey Vo L (L.1)
3
and 6, -0, + Az 0,1+ 827 11 (2207, I
4
A%, IV 12

a1 I

Multiplying 1.2 by @ and adding to I.1 gives

6, +af,=(1+a) 6, + a(1+a) (Ax)2 0
a(1-a?) a(1+a?) (Ax)*
= (Ax)® 6 LY — 6‘ + ..... (1.3)
I 2 2 2
(Ax)?2 0 = oo %20+t 5gf.-
(l—a) 1+a®
(an2g M- B ane g IV (1.4

For the other internal points {1 <i < N —1) the
second derivative expression is similar to (I.4) ex-
cept that a =1, i.e.

a026l-g -26+4,, -%‘r gV
(1.5)
Differentiating (L) gives
601 =0, —(an) 9 (az!Ax)z 6, -
(e '3?")3 0,1V (L6)
Equations (I.1) and (1.2) give
M0, = - ms 6,412 g 4 g, -
2o Mol yye g IV 17

Multiplying (1.6) by Ax and substituting (I.7) and
(I.4) for Ax 6, I and (Ax)? 6, I

respectively gives

I (142a) lt+a a
(Ax)()o __a—('1_+_a50°+76'—1—:062+
49 (nay2 g 1, @) U=20) (s IV (1
6 24
when a = 1.0
0 ~20 + 6 2
nm_f%-26,+6 m _(Ax)* ) IV
v L L
~30, + 46, — 6, 2 3
1 =30, +46, , (89% T_(Ax)
% - 3 0 -6 00



when a = 0.5
86 —120 +46 2
m_S% 120 *A0% Ax pII_(AD%, IV )
1 3(Ax)? 6 1 16
860 +96 -6 2
I (] 1~ % (Ax) III v
6, = A * g 6, +0(6 ") (112

APPENDIX II: CALCULATION OF TRANSFER
FUNCTIONS FOR AN OPERATIONAL AMPLIFIER
TYPE ANALOG CIRCUIT

The sinusoidal temperature and heat flow at the
two surfaces of a slab are given by equation (1). A
similar expression relates the voltages in an analog
circuit which simulates the heat flow and tempera-
ture in a slab.

Veo Ay , RB, V()N
= . (I.1)
qu @, Ay VqN
R

The subscript on the V’s indicates the thermal
quantity which the voltage represents. For simplicity
in notation @ is subsequently used in place of Vgo

and similarly for the other quantities with the under-
standing that it refers to the voltage when used in
connection with an analog circuit. N is the total
number of lumps that are used in the circuit so AN

and BN are the transmission matrix coefficients for

an N lump analog circuit. A subscript i on the tem-
peratures and heat flows indicates that the quantity

pertains to the output of the ith lump. Thus the
subscripts 0 and N represent the two surfaces.

Case 1. All Lumps the Same. This is the case
where @ = 1.0. Equations (5) and (6) become

EY) 390—49I +62
“\ 9x 0= 2Ax

(I1.2)
2 0., 26 + 06
) AL . (11.3)
d x? ; (Ax)?
forl/Z i £ N-1
and
(36 _ 46,_, - 36, - 6,_, (L)
dx N_ 2 Ax )

Ax = L/N (I1.5)
Hence 2 10 4
— + - -— _
qN=A—l;( — Nz) (IL6)
N
or Rqy =5 (=36, +46,_, ~6,_,) (I.7)
d a
and 2 (6) = 352 (6., -26+6,,) (I1.8)
for1 £ i L N-1
Expression for 4, .
When ¢, = 0 0, = Ay Oy
and 46N‘1= 39N + QN_Z (II.g)
a
Let =
° (Ax)?
;= E{@i}zf e~St . 6. dt
]
Transforming equations (I1.8) for i = N~1 and
(IL.9) gives
(s42) My_y= M+ Ty, (I1.10)
4 T)[v.q =3 T)N + 77N_2 (Hll)
Let s +2 =y
Ty -
Then —=' = 2 (11.12)
T]N 4‘ - )’
-2 2 3y 4
=y = }-1=22 .13
N y(4_y) = (I1.13)

The following general recurrence relationship
holds for all other points

L Ny r1-i TN +2-i
A Y A I i (I1.14)
TN Iy My
for2 2 i £ N
For each value of N the ratio
m
— = £{4} (I1.15)
Y



To get the steady periodic response of a system
to a sinusoidal driving function only requires sub-
stituting j w for s everywhere in the expression
for the Laplace transform of the response,
where w =27/P. Since a/(Ax)? has been assumed
equal to unity

2
For example: for N =3
Y i
£{A3}—y<4_y> i
2—- —
Yy by -2 (I1.17)
4~y
2 -—
Thus 4, <22~ 22 22 (IL.18)
\2
Where Z = 2+ jw=2 l+j3— (I1.19)
Expression for By .
When 6N =0 6, = By, (RqN)
Rgy =X (46, -6, ) (IL.20)
N 92 N-1 N-2 *
and
Lo ) - 2 26,.)  (IL21)
dt “N-v T (Ax)? N-2~ ““W-1 .

The differential equations for the other tempera-
tures are given by .8 for 12 i £ N -2.

Again let a/Ax)?=1 and take Laplace trans-
forms of 11.20 and II.21. This gives:

N
P{RgyY =5 Umy_, = My (I1.22)
Mn-2=Y Ty-y (I1.23)
Hence
TN -1 2
= T .24
2{Rq, )"~ Nl— (IL.24)
and
Ny -
Aoz 2y (11.25)

£{Rq,} ™ N(4—)

The transform of equation (I1.8) gives the general
recurrence relationship for

3 i L N

38

Mn-i TN +1-i IN+2-i
= - .2
$Ra} y(S‘Z{RqN}> e(Rgy 129
For each N the ratio 7,/ £{Rg,} = ©{B,}
For example: for N=3
_ 22
£1{B,} = 5 (4s) (IL.27)

The inversion

of this is just the same as for the
AN terms i.e.

97%_2
B, = 24 == 11.28
3 3 (4-2) (IL.28)
where z = 2[1+j<;£)2} (I1.29)

Case 2. Half Lumps at the Surfaces. This is the
situation where a = 0.5. The finite difference ex-
pressions become

_ a_q _ 86N—99N~|+6N—2
dx N— 3Ax
(826) 86, -126,_,+46,,
2
dx? -t 3 (Ax)

6;'+1 -20; + Gi—x
(Ax)*®

aza)
Jdx? ;
forl<i <N -1

and

8(90—1261 +46z
3(Ax)?

).

Ax L

N-1
The development of the expressions for 4,

and By for this case is similar to case 1 except

that the final step is

3s+12 1
My = 73 Ty~ 27,
rather than the standard recurrence formula; and
¢ \2
w=2\F3
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TABLR X

(Continved)

sz{ B o= 8 F = 10 ¥ = 15 |§ = 20 Theoretical
728 - 49,8 | 7728 [~ 4549047723 = 4249 [ T730] = 43.9 7731} - 49.9

"0 T s .9760! - 19.3].9782 - 19,1 [.9783 - 13.0{.9785 - 1.9
.2734 -115.2[,27321 -115.2 |, 2734 =115.3 |.2756| ~115,3 |, 2739 -115.4

0 505 - 1.3 151 - 70,2 7543 = 634 [\7552] = 63.1[.7565 - 63.8
.05388 =-171,2 11,0680 -171‘.3 0333 =171.6 1,0990 ;171.7 .0933}-171.9

0 138 -130.3 4161 -129.4 (4106 =12€,0 |, 4212 ~127.5].4235 -126.8
L0364 ~227.1 360 -227.6 |.0361 -228.3 [.0363| -228.6 |.0366 -203.2

40 1583 =133.7 |,1937 -187.5.2030 =185.7 .2047;-185.1 J2072 =104.2
. L0135 -201.6 [.0131 2032 .013L ~204eT n0L32 -285.4 0135 -26545
>0 oL co41es 10094 24547 [+051T ~243+5 [«0931 ~242.6 |.0953 -241.5
L0050 ~333.6 [,0048 -337.4 ,0045 ~340.7 |.0342 ~341.9].0050 -343.8

©*0 o357 —397.5 [.0502 ~307.4 1,055 ~300.0 0308 ~500.0 .0421;-298.8
.0019 -362.0 |,0017 -583.8 [.0017 =395.9 [.0017 -298.0 .0018:-401.1

10 e Tosana |oo1ss 3574 .0164 -357.6 {0170 -357.1/.0101 -356.1
20007 ~426.0 |.0005 ~439.7 20005 45044 |-0006 ~455.7 |-000T ~458+4

00 570 ~701.3 |.0065 03,5 |.0066 ~A13.7 1.0069 ~413.5 .0076 ~413.4
0003 =465.0 |,0002 -486.4 [.0002 -503,8 [,0C02 =505.8 ||.0002 =515.7

240 170025 143,53 .0055 43,3 1.00%5 -400.5 |.0026 ~470.1 .0031 ~470.7
L0001 -499.0 |,000L <5297 |+000L 55549 [+0001 56344 [+0001 -573.0

100 T3 ~475.8 |.0010 ~505.0 |.0010 -572.G 1.0011 ~525.6 ].0013 -528.0

IOTE:1 The entries in the tables are the — ' B
quantities shovm at right. YA | - \Am

i3 pame as Y = OO

Theoretical

%

/| 54)




TABLE TL

VALUES OF 1/AH AND 1/3;,; AS A FUNCTION OF A ALD H FOR

i1 OPERATIOHAL AMPLIFIER ANALOG CIRCULIT “WINH a = 0,5

N = 6

gé B a5 I = 4 i = 5 Theoretical

V9702 [~ 14,2 [09792]~ 14,2 [L97S4| - 14.2.9795 |- 14,2 L9778|- 14.2

R Tt P WETEr BRIy R 4.61.9586 - 4.8].0266(- 4.8

Lo |cT6B4|- 49057634 - 436 L7653 - 49.71.7707;- 45.6 7731 |~ 49.9

29505 = 12.6 [L9775] - 1C.9 [ 3773|- 18.9 L9775 - 18.9 |.9785 |- 18.9

#4645 1= B4.0 [ 4621 < B4.5|.463| - 34.81.4654 - U5.0 (44694 |- B5.5
S T B .8983 - 41.2 |.CoT41~ 41.1 %BDGIQf 41,11,9022(- 41.3

02725 =111,.6 [, 2661 =112,8 }.2575 -ll3.7§.2692§-114.2 2735 1=115.4

=% - ST4TT1= 68.4 [.7455] - 68.1 T4T3 |- 68.2 |.1565 |~ 60.8

+1653|-135.0 15621 -133.6 |.1570 | -140.3 L1526 |-141.4 |.1538 |-143.6

2 o ons \5631 |~ 55,0 [+5656 |~ 0644 |-5577 |- 5645 |.5015|- 9749

"1071|~157.4 |-0920 | -162.9 .0927§-166.1 L0340 |~166.0 0933 ~171.9

S BT L40731-124,3 | 4041 | -L24.0 | 4065 | -124.4 4235 |-126.0

5.5 «07241-176.1,0557|-185.5 ?0547*-191.0 .q555£-194.1 .0504 -200.5

£3301| =152.9 |, 2823 1=150.3 [, 2785 | ~150.6 |, 2008 ,=151.5 1,297 |-155.6

«0515]-191.9.0340 ;205.3 .032212214.6 .OS?GT:219.3 «035C |+229,2

O i Te s 105 | AThos 1674 1767 1o 1770 .2072}-1a4.2

oo |:02%0]-215.2 «0136 | -241,3 L0113 |-25740 |.OL11 |~265.4 |.0155 |~286.5

.1519|-202.2|,0504 | -216.5 [.0513 |-223.4 |.0611 |~228.0 |,0953 | -241.5

017 | =23044 | 0002 | -208.2 140042 |=272.5 . 0038 |=308,.2 [.00501-343,8

50 N Tors a1 |03 24,1 o3kt |-eea 3 [ose -273.6 [.0421-233.8

Lo |sorer|-280.3].0032)-202,3 |,00LT |-32L.5 |, 0014 |-344.5 .00LO | -401.1

.0741|~233.4 |.0233 |-273.5 0153 |-293.2 |.0134 |~313.5 L0161 |-356.1




TADLY 21X

ooy

{(Continued)

@ Ju = 8 N o= 10 |F = 15 ¥ o= 20 | Tucoretical

Lo [TTAT - 49.8).7722 |- 49.0 |, 7127 |- 49.8].7723 |- 49.0 L7151 [- 4949

SOTTE = 1847 (29780 (- 18,9 [L57¢2 |- 18.9[.9783 |- 18.0 [.9785 |- 13.9

ZIAL[-114.7(.2720 1150 2731 | -115.2 2735 |-115.5 2733 |-115.4

0 503 | eout roee ~Gans oA - 69.7].7553 |- 60,7 |,7565 |~ 63.8
+0360 1-16348 [,0971 |-170.6 0923 -171.5}.0200-172.6 [,0393[-171.9

70 4115 |-125.2 . 4155 |-125.8 |- 4106 |-126.3 |- 4712 |-195.5 |.4275 |-126.0

b0539 =22343 (40348122543 ,0358 =207 7 .0361 | -223.4 (L0366 |-22).2

4.0 §.1344 -1?0.25.1982 -161,5 £ 2028 102,91, 2046 |-183.5 . 2072 |-184.2

.o 0117 |~275.0 10122 |-273.9.0129 | -293.7 L0131 ~284.9 ,0135 |-236.5
" 1.0245-253.3,0975 |-236.1 [.0014 |~232.0 [,0930 |-240.1 |.0953 |-241.5

1.0040 -524.3 1.0042 | ~352,1 004G |-332.9 [,0047 |-341.1 |.0050 |-343.3

6-0 <0346 |~284.0 /40365 |~250.2 . 0352 |-294.4 [,0403 [~296.3 [,0421 |-233.8

«0013 |=370.1 |.0014 |-3G2,1 [, 0016 | -323,2 . CO17 |-395,.8 |,0018 |-401,1

-0 <0136 [=351.6 |,0145 |~330.4 | 0161 |=543.1 |.0169 [~352.1 0101 |-356.1

L0004 |~41143 |.0005 |~429, 4 | .000G |~446 .4 000G | 45149 0007 |-453.4

O 3352 [575.5 10936 |~339.2 10354 ~302.8 1-0009 ~407.4 [,007G |-4175.4

0002 [=448,2 [,0002 |=4T3.7 .0002 ~4538.4 .G002 | -506.3 |,0002 |-515.7

2 10020 1415.4 |-0071 | 4533 |-0025 | 4553 10057 | 4621 L0071 47647

L0091 [~430.5 |, 0001 [~514.7 |.0001 |~542. 9 | 0001 | -560.0 [+0001 |-573.0

100 oo [a51.0 10008 ~475.3 |.0005 50645 [n0011 | =516, 10013 |-528.0

HOTEr The entries in the tables are the »l!}

quantlties shomm at right, Theoretical

i3 sane ag o = 0O ¢ 1/(1‘3.{_,\ -3
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TABL IV
AR

VALUE'S OF Uy AND Vo AS A FURCTION 97 f AT H
FOR OPFCATIONAL AMPLIVIUR AMD PASSIVE IGDiORL ANALOG SINCUITS.

OFEUATIONAL AMPLITVIWG AUALOG . RLSISTATSGL -uA CITALSL -

I L_LN\J! A
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16 top numbexr in each ccapartument is UH and boitom one Vﬂ.




