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ABSTRACT 

D. G. Stephenson 
G. P. Mitalas 

T h i s  paper compares the  transfer funct ions for 
s eve ra l  electr ical  analog circui ts ,  both ac t ive  and 
pass ive ,  with the theoret ical  functions for heat  con- 
duction through a homogeneous s lab .  T h e  resul ts  in- 
d ica te  the  magnitude of t he  errors due to s p a c e  
lumping a s  a function of non-dimensional frequency 
for e ach  circuit.  Th i s  permits the  se lec t ion  of the 
s imples t  circuit which will ach ieve  a specif ied ac- 
curacy over a specif ied frequency range. 

1.  INTRODUCTION 

An accurate  calculat ion of the  heat  flux and tem- 
perature distribution through the walls ,  cei l ing or 
floor of a room requires the  s imultaneous calculat ion 
of the room s i d e  surface heat  flux of a l l  the elements 
enclosing the room. Reference [l] d i s c u s s e s  the use  
of an analog computer for th i s  type of bujlding heat  
transfer problem. It i s  pointed out in tha t  paper that  
one of the  important considerat ions in se t t ing  up a 
computer for a room hea t  transfer calculat ion is: 
6 c Iiow to  s imulate  accurately the  wall,  roof and floor 
s ec t i ons  with a s  few computer elements  a s  possible." 
Th i s  paper presen ts  a method of designing analog 
circui ts  to ca l su la te  one-dimensional hea t  conduction 
through a homogeneous s l a b  with a spec i f ied  accuracy. 

T h e  ana lys i s  differs from earl ier  s tud ies  [ 2 , 3 , 4 , 5 ]  in 
two respects:  it compares the frequency response  of 
the analog c i rcu i t s  with the  theoret ical  frequency re- 
sponse  of a homogeneous s lab ;  and it  inc ludes  elec- 
tronic analog circui ts  with their  poss ib i l i t i es  for  
us ing  higher accuracy difference expressions,  a s  well 
a s  the pass ive  resis tance-capaci tance ladder networks. 

Previous s t ud i e s  [ 2 , 3 , 4 , 5 ]  have considered the 
t ransient  response  of pass ive  analog circui ts  a n d  have 
concluded that  many elements  are. required if an  analog 
i s  to  represent  accurately the  response of a s l a b  to a 
sudden change in the driving function. Only the low 
frequency components of the  ou ts ide  surface tempera- 
ture, however, have any s ign i f ican t  effect on t h e  con- 
di t ions ins ide  buildings. T h u s  any analog that  is 
accurate  for frequencies up to t he  third or fourth 
harmonic of a diurnal driving function i s  qui te  sa t i s -  
factory for calculat ing condit ions inside a building. 

Designing an analog circui t  for a limited fre- 
quency range l e ads  to simpler circui ts  than a r e  needed 
for an accura te  response t o  a s t e p  change in the  driv- 
ing function. T h u s  the frequency response approach 
i s  used  in th i s  investigation. 

Carslaw and Jaeger [6] show that  when the  tern- 
peratures a t  each surface of a homogeneous s l a b  vary 
s inusoidal ly,  the surface temperatures and hea t  flows 
a r e  related by linear equat ions which can  be ex- 
pressed  as: 

* T a b l e s  I - I V  have been deposited a s  Document 6679with the 
American Documentation Institute Publ icat ions  Project.  A copy 
may be secured by citing the Document number and by remitting 
81.25 for photoprints, or $1 .25  for 35 mm microfilm. 
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T h i s  error can be reduced by choosing the value of 
( A ~ ) ~ ( ~ )  d x 2  = a - l  - ? a +  O i + ,  -r*- ( A x ) 4  (~1:) - (7) a s o  that the coefficients of the neglected deriva-  

i t ives  are a s  smal l  a s  possible .  Fo r  ins tance ,  when 

for 1  < i < N-1 
d 3 8  

a = 1 ,  the coeff icient  of - in ( 6 )  i s  zero s o  t h e  
d x 3  

a2e  
Equations (5) and ( 6 )  also apply a t  points N and N-1 first term in  the for 7 is 

ax 
respect ively when Ax i s  replaced by - A x  and the m2 (2). This is the same for all the internal 
subscr ip t s  12 

1 ,  

0 by N ,  points. The  error can be reduced by decreas ing  
1 by N-1, and Ax, i.e. increasing the number of lumps. The  f i r s t  
2 by N-2. two terms which a r e  neglected in the expression 

Ax i s  the d i s tance  between the equal ly spaced  inter- for  the temperature gradient a t  the surface,  however, 
. - 

nal  points  and 
X 1 - X o  X 

- - N - X ~ - l  
a = Ax Ax 

( A x )  ( A x ) 3  (5 ) 
are - 3 (5) 1 - - 12 1 

The  terms including the third and al l  higher When a = 0.5, the third derivative term i s  reduced  to 

derivat ives are usual ly neglected. T h i s  const i tutes  
the error in the finite difference approximations. 8 (s), and  the fourth derivative term d i s -  

INTEGRATOR 

FIG.20 ANALOG CIRCUIT T O  COMPUTE SURFACE HEAT FLUX AND INTERNAL TEMPERATURES FOR A 
HOMOGENEOUS SLAB WHEN SURFACE TEMPERATURE IS GIVEN. 

FIG.2b ANALOG CIRCUIT TO COMPUTE SURFACE TEMPERATURE AND TEMPERATURES THROUGH A 
HOMOGENEOUS SLAB WHEN SURFACE HEAT FLUX IS GIVEN. 
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appears .  T h i s  improvement in the accuracy  of the  
expression for the  surface g a d i e n t  i s  par t ia l ly  
offset  by the reappearance of a " 6 (9) in the  expression for 

1 ( e) 1 

The  c i rcu i t s  for an operational amplifier type of 
analog shown in F i g s .  2 a  and 2b  are  b a s e d  on the  
difference equat ions for a = 1.0 

voltage a t  any  internal point i i s  descr ibed  by 

Thus  if R*l = - 
(Ax)  

th i s  type of c ircui t  wil l  s o l v e  the s e t  of ordinary dif- 
ferent ial  equat ions for the temperatures through a 
s lab .  

With th i s  type of analog the sur face  h e a t  flux i s  
represented by  current; thus 

for 1 < i < N-1 T h i s  i s  equivalent  to us ing  

Ax = L / N  
T h e  c i rcu i t s  for a = 0.5 are  only s l ight ly more com- 
pl icated.  

T h e  v a l u e s  of the t ransmission matrix coeffi- 

c ien t s  for t h i s  type of analog circuit have  been 
ca lcu la ted  and the  r e s u l t s  for a = 1.0 are  given in 
Table  I, and for a = 0.5 in Table  11. T h e  expres-  
s i o n s  u s e d  for calculat ing t h e s e  coeff icients  a r e  
derived in Appendix 11. It  i s  poss ib le  to  obtain 
the matrix coeff icients  using an analog computer 
but the r e s u l t s  obtained in th i s  way include the  
errors due  to  imperfections of the computer compo- 
nents. T h e  r e s u l t s  calculated from t h e  express ions  
in Appendix I1 represent  the performance of an 
analog with perfect  components. The  s ignif icance 
of the  differences between the matrix coeff icients  
for an analog circuit and the theoret ical  coeffi- 

c i e n t s  for a homogeneous s l a b  a re  d i s c u s s e d  later.  
A p a s s i v e  network of r e s i s t a n c e s  and capaci-  

t a n c e s  can a l s o  be  used to s imulate  the hea t  flow 
in a s l a b .  In th i s  c a s e  the  temperatures a re  repre- 
s e n t e d  by vol tages and the heat  f lows by currents .  
F igure  3 i s  a typical  pass ive  analog circui t .  T h e  

A Taylor 's  s e r i e s  expansion about x = O g i v e s  

Thus  taking 1, a s  proportional to  % invo lves  neglect- 

a . A x  d28 
ing 7 (=), and a l l  t h e  h i  der ivat ives.  T h i s  

higher error  in  the sur face  h e a t  flux i s  a n  important 
d i sadvantage  of the p a s s i v e  networks compared with 
the  operat ional  amplifier networks. 

T h e  AN and BN t ransmission matrix coeff icients  
have been  evaluated for res i s tance-capac i tance  net- 
works with a = 0.5 for N = 3 ( 1 )  14. (When a = 0.5 
an N lump circuit c o n s i s t s  of N-1 "T" networks in 
se r ies . )  T h e  resu l t s  a r e  given in T a b l e  111. The 

FIG. 3 RESISTANCE-CAPACITANCE CIRCUIT TO SIMULATE HEAT FLOW IN A HOMOGENEOUS SLAB. 



method used  w a s  s imilar  to the  one outlined in T h e  error in t h e  output hea t  flow i s  ob ta ined  by 
Appendix I1 for the  amplifier networks except  that  interchanging UN and  VN in (20). Thus,  t h e  maximum 
the expression for the temperature gradient a t  the  possible  error in the  boundary h e a t  flows ind ica ted  by 
sur face  was  the  analog can  be ca lcu la ted  e a s i l y  when UN a n d  VN 

'N - 'N-I a r e  known. 
The  r e s u l t s  of the  matrix coefficient calculat ions 

for the  operat ional  amplifier and t h e  resis tance-  

where Ax = 
L 

( N + 2 a - 2 )  

3. DISCUSSION OF RESULTS 

capaci tance c i rcu i t s  are  plot ted in  F igs .  4 a ,  4b, and 
A.. 7 1 
N 1 5 in the form - - and . T h e  theoret ical  

BN ' AN BN 
va lues  for a homogeneous s l a b  taken from reference 
7 are  a l s o  plot ted s o  the v a l u e s  of UN and VN c a n  be 

T h e  hea t  f lows indicated by a n  analog circuit measured direct ly  from the graphs.  Values of UN and  
are  given by 

VN are given in T a b l e  IV a s  funct ions of $ a n d  N for 

- 1 
40 - 

80 
the  various c i rcu i t s .  T h e s e  data  were measured off 
large s c a l e  graphs s imilar  t o  F i g s .  4 and 5. [.I=+[; :I.[.] (I4) t ional  accurate ,  T h e  amplifier r e s u l t s  of t h e  type  c i rcu i t s  in  Table  analog s tud ied ,  IV with show a for that  = 0.5 the the i s  computation opera- the most 

of surface h e a t  f lows.  
(The subscr ip t s  indicate  t h a t  the quantity i s  as -  T h e  followinE example i l lus t ra tes  how the charts  - 
soc ia ted  with a lumped analog circuit.) If it i s  a s -  and tab les  c a n  be  used  to ca lcu la te  the number of 
sumed that  do = din arid ON = OOut, equation (14) can lumps needed for a part icular  problem. 

b e  subtracted from (2) t o  give 
Example 1. 
Problem: How many lumps a re  required in a n  opera- 

t ional  amplifier ana log  circui t  ( a  = 0.5) to  ca lcu la te  

(1  5) 
the heat  flow into a 6-in. concre te  s l a b  with a n  error 
of not more than 2 Btu/f t2  hr when the sur face  tem- 

'out perature h a s  a n  amplitude of 5 F a t  a frequency of 
4 cycles/day,  and the  other sur face  i s  perfectly in- 
sulated.  

T h e  lefthand column matrix e lements  a re  the  errors in 
a = 0.04 f t2 /hr  

the hea t  flux a s  ca lcu la ted  by  the analog circuit.  
k = 1.0 Btu/f t  hr F 

A A N  
L e t  - - - = U N e j  61 

B N  

1 1  - - -  6 
= VNei 

BN 

,j (wt+6,) 
'out = I 'out I 

(17) R = L / k  = 0.5 f t 2  hr F / B t u  
when gout = 0 

1 
'out = - din A 

T h e  error in the analog h e a t  flow will have i t s  maxi- 
l'outl 

T h u s  - f 0.3 
mum poss ib le  value of I'in I 

'N I 'in I +  VN l'out I T h e  maximum error in t h e  sur face  h e a t  flux i s  
- - I gin - go l m a x  R (20) 

loin I P o u t  I 
when a0 = a1 - 6, + -TT I 



FIG.40 POLAR COORDINATE PLOT OF l /AN AND I / B ~  FOR AN OPERATIONAL AMPLIFIER CIRCUIT 
WITH o = 0.5 AND a = 1.0. 

T h u s  if the error i s  t o  be l e s s  than  2 Btu/f t2  hr where the matrix elements  with subscr ip t  x a re  for 

= x 6  and  the  quant i t i es  without subscr ip t s  a r e  

The  following v a l u e s  of UN and are  taken for 4= LJS . F o r  an ana log  circuit with a = 1.0 

from Table  IV for 4=  2.0. Values  for 4= 1.8 can be 
obtained by interpolation but the neares t  plotted 
value of 4 u s u a l l y  wil l  suff ice to  find the required N BN 

T h u s  a 4-lump c i rcu i t  mee ts  the  requirement. 
If the important r e s u l t s  of an analog computation 

a r e  the temperatures a t  different points  through a s l a b  
rather than surface h e a t  flux the  error in the  tempera- 
tures  may be es t imated  a s  follows: 

T h e  temperature a t  plane x in F ig .  1 i s :  

where Ai a n d  Bi are  matrix elements  for a n  i lump 

analog circui t  with 4i =I 4. F o r  va lues  of a, other N 
than unity, the Ai and Bi v a l u e s  cannot be  taken from 

the t a b l e s  but can  be ca lcu la ted  by the  method given 
in Appendix 11. Thus  the  error in  the analog tempera- 
ture for the plane xi i s  

'in + 



Since these  coeff icients  are functions of x / L  a s  
well a s  N and 4, it  s e ems  impractical to  prepare . - 

tables  of the type given for the hea t  flux errors. The  
values of the separa te  factors  can be obtained from 
Table  I. The  second example i l lus t ra tes  the pro- 
cedure. 

Example 2. 
Problem: F ind  the maximum possible  error in the 

temperature a t  x  = 0.75 L  for a 6-in. concrete s l ab  
which i s  represented by a four lump operational 
amplifier analog circuit,  a = 1.0. Propert ies  and 
boundary conditions same a s  for example 1. 

Solution: 4 = 1.8 but u se  2.0 t o  avoid need for 
interpolation of the tab les .  

1 
Data: A.75L = .4694 L!?? 

T h e s e  g ive  

p . 7 5 L -  03 = 0.01 F 1 MAX 

and / =  0 .78F  

Figure 5 shows that,  in general ,  a resis tance-  
capaci tance analog circuit requires  more lumps than  
an operational amplifier analog circuit to ach ieve  
the same accuracy for heat flow calculat ions.  An 

FIG.4b POLAR COORDINATE P L O T  O F  I / A ~  AND I / B ~  FOR A RESISTANCE-CAPACITANCE LADDER 
NETWORK WITH o = 0.5. 
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FlG.5 POLAR COORDINATE PLOT OF AN/BN FOR A RESISTANCE-CAPACITANCE LADDER NETWORK 

WITH a = 0.5 AND AN OPERATIONAL AMPLIFIER CURCUIT WITH a = 0.5 AND a = 1.0. 

N lump ci rcui t  of  e i t h e r  t ype ,  however ,  w i l l  g i v e  D. C .  B a x t e r  of t he  Div i s ion  of h l echan ica l  Eng i -  
e x a c t l y  the  s a m e  t empera tu res  a t  t h e  in t e rna l  po in t s .  nee r ing  of Na t iona l  R e s e a r c h  Counc i l  of C a n a d a .  
I t  s h o u l d  b e  p o s s i b l e ,  therefore ,  to u s e  a hybrid T h i s  p a p e r  i s  a contr ibut ion from the  D i v i s i o n  of 
a n a l o g  which wi l l  h a v e  t h e  s a m e  a c c u r a c y  a s  the  Bu i ld ing  R e s e a r c h  of N a t i o n a l  R e s e a r c h  C o u n c i l  of 
ope ra t iona l  ampl i f ier  t ype .  I t  would  u s e  ampl i f ier  C a n a d a  a n d  i s  pub l i shed  with t h e  approva l  of the  
a d d e r s  t o  c a l c u l a t e  t h e  h e a t  f l u x e s  a n d  a l e s s  ex-  Di rec to r  of t h e  Divis ion.  
p e n s i v e  r e s i s t a n c e - c a p a c i t a n c e  'network t o  corn- 
pu te  the  temperatures .  
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APPENDIX I: FINITE DIFFERENCE EXPRESSIONS 
FOR SPACE DERIVATIVES 

L e t  subscr ip t  0 indicate  x = 0,  s u b s c r i p t  1 indi- 
c a t e  x = a Ax,  and  subscr ip t  2 indicate  x=(l+a)Ax.  
Roman numeral superscr ipt  ind ica tes  the  order of 
der ivat ive with respec t  t o  x. 

A Taylor ' s  s e r i e s  expansion about  the point 
x = a  Ax g i v e s  

I (Ax)" I1 (AX)' 111 + 

and 8 , = 8 ,  + A x e ,  + - 
2! 

8, +---- 8, 
3 !  

(&)4 e l  IV + 
4! 

. . . . .  (1.2) 

Multiplying 1.2 by a and adding t o  1.1 g i v e s  

a ( l c a )  B, + ae2 = ( l + a )  0 ,  + - (AX)' 8," + 
2 

For  the  o ther  internal po in t s  ( 1  < i < N - 1)  t h e  
s e c o n d  derivat ive expression i s  s imilar  t o  (1.4) ex- 
cep t  tha t  a = 1, i.e. 

Differentiating (1.1) g i v e s  

Equat ions (1.1) and (1.2) give 

I 1 l-a a A x e l  = - - a(l+a)  'a + 7 '1 + l + a  --' 2 - 

a I11 a(1-a)    AX)"^, -- 
2 4  (Ax), 8, IV (1.7) 

Multiplying (1.6) by A x  and  subst i tut ing (1.7) a n d  

(1.4) for Ax 8, and (Ax)" 8, I' respect ively g i v e s  

when a = 1.0 

11 8 , - 2 8 , + 8 ,  
8, = 

I11 (Ax)' IV ( I . ~ )  + 0 8 ,  -- 
(Ax) " 1 2  



when  a = 0.5 Ax = L/N (11.5) 

Hence  
% - 12 el + 4 % Ax  111 ( A d 2  IV ( I .  - 0  -- -30N + 

3(Ax)' 6 16 2 
(11.6) 

d a 
a n d  dt - (Oi)  = - (Ax)2  ( O i - ! -  28i + eitl) (11.8) 

f o r 1  L i L N - 1  
APPENDIX 11: CALCULATION OF TRANSFER 

FUNCTIONS FOR AN OPERATIONAL AMPLIFIER Expression for AN.  
TYPE ANALOG CIRCUIT 

T h e  s i n u s o i d a l  t empera tu re  a n d  h e a t  f low a t  t h e  
t w o  s u r f a c e s  of a s l a b  a r e  g iven  by equa t ion  (1).  A 
s i m i l a r  e x p r e s s i o n  r e l a t e s  t h e  v o l t a g e s  in  a n  a n a l o g  
c i r cu i t  which s i m u l a t e s  t h e  h e a t  f l o w  a n d  ternpera- 
t u re  in a s l a b .  

T h e  s u b s c r i p t  on t h e  V's i n d i c a t e s  the  the rma l  
quan t i ty  which the  v o l t a g e  r e p r e s e n t s .  F o r  s impl i c i ty  
in nota t ion 8, i s  s u b s e q u e n t l y  u s e d  in  p l a c e  of V0 

0 

a n d  s imi l a r ly  for t h e  o the r  q u a n t i t i e s  wi th  t h e  under- 
s t a n d i n g  t h a t  i t  r e f e r s  t o  t h e  v o l t a g e  when  u s e d  in  
connec t ion  with a n  a n a l o g  c i r cu i t .  N i s  t h e  to t a l  
number  of lumps t h a t  a r e  u s e d  in  t h e  c i r cu i t  s o  AN 

a n d  BN a r e  the  t r a n s m i s s i o n  matr ix  c o e f f i c i e n t s  for 

a n  N lump ana log  c i rcui t .  A s u b s c r i p t  i on t h e  tern- 
p e r a t u r e s  and  h e a t  f lows  i n d i c a t e s  t h a t  t h e  quant i ty  

p e r t a i n s  t o  the  ou tpu t  of t h e  i t h  lump. T h u s  the  
s u b s c r i p t s  0 a n d  N r e p r e s e n t  t he  t w o  s u r f a c e s .  

C a s e  I .  A//  Lumps t h e  Same. T h i s  i s  t h e  c a s e  
where  a = 1.0. E q u a t i o n s  (5 )  and  (6 )  become 

a n d  
40N-1 - 30N - 

- ( E ) ~ =  2 A x  

When qN = 0 8, = AN ON 

a n d  4 0 N - ! =  30N + 

a 
L e t  - = 1 

( A d 2  

T i =  P { ~ ~ I =  1 e-st t)i dt 

Trans fo rming  e q u a t i o n s  (11.8) for  i = N-1 a n d  

(11.9) g i v e s  

("+a T N - !  = TN + T N - 2  (11.10) 

L e t  s + 2  = y 

TN - 1 2 
T h e n  - = - 

TN ' - Y  

T h e  fo l lowing  g e n e r a l  r ecu r rence  r e l a t i o n s h i p  
h o l d s  for a l l  o t h e r  p o i n t s  

T ~ t l - i  T~ t z - i  
= y (T )  -(T) (11.14) 

T N  

f o r 2 r  i N 

F o r  e a c h  v a l u e  of N the  r a t io  



T o  ge t  the s teady  periodic response of a sys tem 
to a s inuso ida l  driving function only requires  sub- 
s t i tu t ing  j w  for s everywhere in the express ion  
for the Lap l ace  transform of the response,  
where w = 217/P .  Since a/ (Ax) '  h a s  been  assumed F o r  each  N the ratio 77, / S { R ~ ,  ) = f { B N )  
equal  to  unity 

Fo r  example: for N = 3  

For  example: for N = 3  

T h e  inversion of this  i s  just  the  same a s  for the  
AN terms i.e. 

where Z = 2 [ 1 + i ( $ ) 3  
3 2 ' -  4 2  - 2  

Thus  A, = 
4 - 2  

Where 2 = 2 + j w = = 2  [ 1 + j  @)! - (11.19) 
Case 2. Half  Lumps at the Surfaces. T h i s  i s  t h e  

s i tuat ion where a = 0 . 5 .  T h e  finite difference ex- 
press ions  become 

Expression for B N .  

When ON = 0  do = BN ( R q N )  

and 

3  (Ax)' 

T h e  differential equat ions for the other  tempera- 
tures  are given by 11.8 for I &  i I N - 2 .  

Again let  d A x ) ' =  1  and take Laplace  t rans-  

forms of 11.20 and 11.21. Thi s  gives:  

and 
8  do - 12 0, + 4 0, (2) = 3(Ax)  

Hence 
T h e  development of the express ions  for AN 

and BN for t h i s  c a s e  i s  similar to  c a s e  1  excep t  

that the f inal  s t e p  i s  
and 

The  transform of equation (11.8) g ive s  the general 
recurrence relat ionship for 

3 1 i I N  

rather than the  s tandard recurrence formula; and  
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