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Abstract—A preliminary calculation of the frequency shifts
resulting from the distributed phase of a rectangular cavity is used
to model frequency measurements of the fountain clock NRC-
FCsl. The calculation is based on a numerical evaluation of the
cavity field made with a finite element EM solver. The frequency
shift is obtained by solving the Bloch-equations numerically along
the path of the atoms on the free-fall trajectories through the
cavity. We study the frequency shifts as a function of the launch
direction, the tilt of the physics package and offsets in the position
of the MOT relative to the axis defined by the state-selection cavity
and the Ramsey cavity.

I. INTRODUCTION

The evaluation of frequency offsets arising in a Ramsey
interrogation require a careful experimental evaluation of a
fountain clock supported by numerical modeling of the elec-
tromagnetic field of the Ramsey cavity. The frequency of a
fountain clock is dependent on phase variations in the rf-field
and various geometrical factors. Phase variations arise from
losses in the cavity walls and coupling to the antennas, all
of which create traveling waves. The atomic motion through
the phase variations produce first order Doppler shifts which
are position dependent. As a result, distributed cavity phase
(DCP) frequency shifts are often the leading contribution
to the uncertainty of many fountain clocks [1]. Decades of
work have resulted in a good understanding of DCP. However
most atomic fountain clocks use TEgj; cylindrical cavities
while NRC-FCs1’s design is based on a rectangular cavity
and transversal C-field configuration borrowed from labora-
tory beam clocks. DCP calculations require three-dimensional
solutions of the cavity field, a process which requires intensive
computing resources. Simplifications to a two-dimensional
problem exist for cylindrical cavities [2] but the symmetry of
the system cannot be exploited advantageously for a rectan-
gular cavity. However, decreasing costs of computer resources
and improved performance of computers have reduced the time
required to obtain results from a finite element model.

FCs1’s Ramsey cavity is designed with conical below-
cutoff waveguides in order to keep atoms away from the high
fields near sharp edges and minimize phase shifts [3]. This
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configuration also gives a computational advantage since the
atoms do not interact with the field where dense meshing
calculations would be required. Our first partial numerical
results show a behaviour consistent with the frequency shifts
measured in NRC-FCs1 as a function of the launch direction,
the tilt of the physics package and the choice of the antenna
used to feed the Ramsey cavity. Measurements showed that a
significant frequency difference exists between operation of the
fountain clock with one antenna or the other. This difference
may be a result of a misalignment of the MOT with respect
to the axis defined by the state-selection and Ramsey cavities.

II. THE PHYSICS PACKAGE

The fountain clock NRC-FCs1 operates with a MOT loaded
in 825ms and a launch cycle of 1575 ms [4]. The atoms are
trapped, accelerated and cooled with six ¢t — ¢~ beams
in the 110-configuration. They leave the MOT region in the
|F'=4,mp) states and are pumped to the |F' = 3,mp = 0)
state by the state-selection cavity. The states remaining in the
|F =4, mp # 0) are removed by a o polarized 4—5' pusher
beam. Ramsey pulses are provided by a rectangular cavity

0.9 1 T I .
0.8 Ly o L g
L S . . . =
8 074 - . .
2 1 . L] A ! ! " omg .
g_DG :..- .'. o L i " :_.:.
c 057 .l Ik . s -. "".
2 alvel [t 14 . T11e1[19 m
TR T Jlariia
'—0.3’;“;',"' L | '.".';"""'J
02 | T la PR " .:
Ualaaf e Il
0.1 4 e /1 1
] LN A |
0 ! ! 5 = : :
-30 -20 -10 0 10 20 30
Detuning [Hz]
Fig. 1. Ramsey fringes for a 25cm fountain, one measurement per point.



operating in the TMy;9-mode and fed with two magnetically-
coupled antennas. A transversal C-field is generated by four
linear electrodes. Because of a longer interaction between
the atoms and the rf-field, the rectangular cavity produces a
narrower Rabi pedestal than obtained with cylindrical cavities.
In addition, it does not have field reversals in the neigh-
borhood of the ends of the below-cutoff waveguides which
could produce potentially large frequency shifts. Since the
C-field is transversal the configuration takes advantage of a
higher shielding from the inner cylindrical magnetic shield.
The best short-term frequency stability is achieved at the
optimal fountain height of 25cm above the Ramsey cavity.
The microwave signal is generated with a synthesizer chain
synchronized with the NRC-SM1 maser which offered the
best stability (o,(7 = 1s) < 2 x 107'3). After Ramsey
interrogation, the population in the F' = 4 and F' = 3 states
is measured from the fluorescence signals obtained from four
state-selecting beams: the |F = 4) detection beam, the pusher
beam, the repumper beam, and another |F'=4) detection
beam. Figure 1 shows the measured Ramsey fringes with a
96% contrast. An Allan deviation of o, (1) = 3 x 10713 771/2
was obtained for 7 < 10°s. Changes to laser polarization
in the detection system and the light shift contribute to the
uncertainty by < 107!, The sample deviation of the frequency
measurements show a repeatability o = 1.8 x 107! over
weeks of operation.

Six circular apertures can clip the atomic cloud during
their free-flight. The lowest aperture, 162 mm above the MOT
and 5.0 mm in diameter, is part of the lower light-shutter. The
the cut-off waveguide of the state-selection cavity is located
186 mm above the MOT and has a diameter of 5.0mm. A
second light shutter has an aperture located 187 mm below
the Ramsey cavity with a 10.5mm diameter. The Ramsey
cavity, located 768 mm above the MOT, has 10.5 mm diameter
apertures at the ends of the cut-off waveguides each located
62 mm below and above the center of the cavity. The geometry
of the system also includes detection beams having a 20 mm
diameter. However, the intensity profile of these beams is not
included in the current simulation.

III. CAVITY FIELD

The numerical evaluation of the field in the cavity is made
using of a full-wave finite element EM solver (Ansoft HFSS
finite element method solver). The precise shape of the cavity
(dy; = 39.2mm, d, = 26.67mm and d, = 18.0mm, and
rounded internal corners) was reproduced in a CAD drawing
in the solver. The dimension d,, was varied until the resonance
frequency matched 9.192GHz with d;, = 26.84mm. The
resonant frequencies of the model cavity are compared with
the measured values in Table I. The RMS difference between
theory and measurements for the remaining five modes is
45 MHz.

The Ramsey cavity is made of two identical copper halves
held together symmetrically about the XZ-plane. The mi-
crowave signal is coupled into the cavity via two magnetic an-
tennas (rectangular loops 2.6 mm x0.5 mm) through 2.0 mm-
wide slits located on the sides of the cavity (Fig. 2). The cutoff
waveguides have cylindrical symmetry, with a conical shape
near the cavity center in order to keep the atoms away from the
high fields at the edges and minimize phase shifts. The cavity

TABLE 1. FREQUENCIES OF THE MODES

Mode Measured Calculated
TM110 7.036 GHz 6.999 GHz
TMa210 9.192 GHz 9.192*GHz
TEo11 9.262 GHz 9.280 GHz
TEi11 10.691 GHz 10.637 GHz
TM111 11.019 GHz 10.967 GHz
TE211 11.711 GHz 11.658 GHz

TMyq9 mode, f,=9.192 GHz
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Fig. 2. Magnetic field amplitude for the TMa10 and TEp11 modes. The

atoms are confined inside the space limited by the vertical lines.

has a measured loaded Qmeasureda = 4600 and a numerically
estimated unloaded @@ = 10000.

The forward transmission plotted in Fig. 3 shows the
resonances of the various modes. Two sharp dips occur at
9.2GHz and 10.8 GHz. These are the result of destructive
interference between three coupling fields (the two adjacent
modes and the direct coupling from one antenna to the other)
which occur when the first index [ of the adjacent modes
TMjpmn or TEypy,, have the same parity. The model gives a
loaded Qp0de1 = 1000. It is suspected that the exact position
of the antennas is not modeled correctly which results in a
larger coupling.

Although the finite element model includes in its solution
every mode of the cavity, it is convenient to think of the
field as the sum of many fields [1]. This could be useful to
distinguish the small phase and amplitude variations generated
by the solver from the errors generated by the calculations.
Here we write the cavity field as the sum of a large amplitude
standing wave H () representing the resonator’s TMa1y mode
and other small amplitude fields representing an expansion of
the non-resonant modes of the cavity and the field from the
antennas:

H(7) = Ho(F) + Y | Br(Awn)hi(7)]| +a(@),
k

where Ho(7) and hy(7) are real and @(7) is the field from



the antennas. The fields ﬁk(F) are from other cavity modes
and each factor 8y (Awy) contains the phase and amplitude
of the standing wave k relative to the phase and amplitude
of the large standing wave at a detuning Awp = Wywave —
wg. Using this expansion, it is possible to accurately evaluate
the phase contributions of the non-resonant fields hy(7) by
calculating each one with the solver tuned on the resonant
frequency of each mode k. The solutions for each field can be
added differentially (with the factor S (Awy)) to the resonant
solution for TMs;¢ to study the effect on the phase.

IV. FREQUENCY SHIFT

The frequency shift is calculated by simulating the path
of the atoms along the free-fall trajectories through the cav-
ity while solving numerically the Bloch equations using the
differential form:

ou = +Avdt
v = —Audt+Quwdt
ow = —-Qudt

where A = 27(fimw — fo), 2 is the Rabi frequency, frw is
the frequency of the microwave field and f;y is the atomic
resonance frequency [5]. For this work, the Rabi frequency is
derived from the Y component (parallel to the C-field) of the
cavity field.

The calculation proceeds as follows. Initial positions and
launch velocities of an atom are used to generate a set of
trajectories 7(¢) through the physics package. Only trajectories
which do not stop on any of the apertures are kept in the set.
For each position along the trajectory intersecting regularly
spaced constant-z planes inside the Ramsey cavity, 7#(nzp),
the field H and its phase ® are sampled from the results of
the finite element solver. A bilinear interpolation along the X-
and Y- axes is made to obtain a list of field values H(nzg) and
®(nzp) at the locations 7(nzg). The lists are converted to time
dependent values and smoothed using a spline fitting function.
Starting with the Bloch vector (v = 0,v = 0,w = —1), the
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Fig. 3. Forward loss through Ramsey cavity. Canceling interference produces
sharp dips between modes for which the parity of their first index is the same.
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Fig. 4. Atomic population after Ramsey interrogation. The colour code
represents the value w of the Bloch vector plotted as a function of the position
of the atom at the exit of the Ramsey cavity. The antennas, located on the
left- and right-hand side of the image, are labeled W and E respectively.

Bloch equations are integrated along the trajectory with time
intervals 6t = t(nzp) — t((n — 1)zo).

The initial launch velocities used for the calculation are se-
lected according to a Gaussian velocity distribution represent-
ing the measured distributions along the three axes. Launching
with a 110-configured MOT results in three different velocity
distribution in the X-, Y- and Z-directions with equivalent
temperatures 15.0 uK, 2.1 uK and 6.0 uK respectively [6].
For each trajectory a probability is assigned representing the
probability of finding an atom within a velocity space element.
A graph representing the population of the atoms (w compo-
nent of the Bloch vector) as a function of the exit position
after Ramsey interrogation is obtained from an average of
the w values weighted by the probability of the trajectory.
Two examples of the results are given in Fig. 4 for (a)two
antennas and a tilted physics package and (b) one antenna and
misaligned MOT. Atoms launched with a faster velocity are
blocked at the edge of the apertures, resulting in a different
excitation value seen as a dark pixel at the periphery of the
disk. The frequency offset is found from the total population
calculated at microwave frequencies +f,, and —f,, at half
maximum on the Ramsey fringe.

V. RESULTS AND DISCUSSION

The experimental conditions were reproduced numerically,
with the physics package tilted =1 mrad from the vertical along
the x and y directions. A perfect alignment of the MOT along
the axis defined by the center of the state-selection and Ramsey
cavities was used as well as as a MOT offset by x = —1.8 mm
and y = 0.9mm. In all cases, antenna-E, antenna-W (see
caption of Fig. 4) and both antennas were tested. In order
to simulate the use of the antenna-W, the field from antenna-E
was used with the geometry rotated by 180° about the z-axis.
The results are shown in Table II. The table shows the offsets
normalized by \/ Qmodel / @measured = 0.47 to compensate for
the weaker antenna coupling of the measurement system.

The first block in the table lists results obtained with one
antenna and a perfectly centered MOT. The relative frequency
shift dy of the clock as a function of tilt varies by dy/df, =
2.7 x 107*/mrad while dy/df, < 0.1 x 10~'/mrad. The
effect does not change significantly when the MOT is mis-
aligned (zrg = —1.8mm and yy = 0.9mm), as shown in
the second block of Table II. In this case, the frequency
shift as a function of tilt is dy/df, = 2.1 x 10~%/mrad



TABLE II. CALCULATED FREQUENCY SHIFTS

Number Initial Vg, Vy Tilt Frequency
of position Ox,0y Offset
Antennas x0, Yo[mm] [mm/s] [mrad] [10715]
1 0, 0 0, 0 0, 0 —5.0
1 0, 0 0, 0 -1, 0 —8.0
1 0, 0 0, 0 +1, 0 —2.7
1 0, 0 0, 0 0,—-1 —-5.1
1 0, 0 0, 0 0,+1 —5.1
1 —1.8,40.9 | +16,—8 | —4,+2 —5.6
1 —1.8,+0.9 +16, —8 —5,+2 7.7
1 —1.8,40.9 | +16,—8 | —4,+1 —5.8
1 +1.8,—0.9 | —16,+8 | +4,—2 ~1.8
1 +1.8,-0.9 —16,+8 +5, -2 +1.7
1 +1.8,-0.9 —16,+8 +4, -1 —2.3
2 0, 0 0, 0 0, 0 —4.9
2 0, 0 0, 0 +1, 0 —5.2
2 0, 0 0, 0 0, +1 —5.0
2 F1.8,+0.9 +16, F8 F4,+2 —3.6
2 -1.8,+0.9 +16, —8 —5,+2 —-3.0
2 —1.8,40.9 | +16,—8 | —4,+1 —4.0

and dy/df, = 0.2 x 10~'5/mrad. However, the misaligned
MOT produces an asymmetry in the system and the frequency
difference Af = 3.8 x 10715 arises when the other antenna
is used. In the last case, when both antennas are used, the
frequency offset has a weak dependence on tilt remaining
dy/df < 0.2 x 10715/mrad for small angles (third block in
Table II. However a constant offset is present due to a quadratic
dependence of the DCP not canceled by the two antennas. A
change in the launch direction does not cause a significant
effect, mostly as a result of the velocity selection made by the
apertures of the Ramsey cavity.

The measured frequency shifts as a function of tilt are:
for antenna-E dy/df, = 1 x 10~'/mrad and dy/df, =
5 x 10~ '%/mrad; for antenna-W dy/df, = 3 x 10~'%/mrad
and dy/df, = 3 x 107 '®/mrad. All measurements have an
uncertainty of 1.8 x 10~ **/mrad. The measured frequency are
comparable to the calculated values. However, the measured
frequency shift between the two antennas is 18 x 10~ which
seems to indicate that the misalignment of the MOT is even
greater than the numbers used in the model. This could also
explain some of the variations in the measured dy/d6.

It is possible that the position of the MOT is shifted away
from the symmetry axis due to the asymmetric construction of
the electrostatic shutters [4]. The shutter enclosures are 20 cm
diameter disks installed off-axis. When under vacuum, the
compressed disks may flex in a way to produce a misalignment.
Correction coils were added for the added possibility of
centering the MOT (X and Y directions) and shift the launch
location. The model helps in determining the direction the
MOT has to be moved to correct the offset.

VI. CONCLUSIONS

The numerical method presented in this work produces
consistent evaluations of the DCP frequency shifts in a rect-
angular Ramsey cavity and are consistent with the measured
results obtained with NRC-FCs1. The model brings a better
understanding of the causes of the frequency shifts. Two
principal contributions arise from a misalignment of the MOT
and a strong coupling of the antennas resulting in an important
flux from antenna to the other.

Further work is required to complete this evaluation. A
model with the correct Qioageq = 4600 is necessary and
the field of the state-selection cavity can be added to the
simulation. Contributions from phase gradients of other modes
should be calculated separately and added as a perturbation to
the field. This would provide a good check of the results of
the finite element solver. The coupling of the antennas can
also be separated from the unloaded cavity modes by using
the eigenmode solver. One can thus verify that the frequency
offsets are mainly due to the coupling between the antennas.
Finally, the intensity distribution of the laser beams can be
accounted for, but this is not expected to change the results
significantly.
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