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Attosecond Spectral Shearing Interferometry
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We show that the complete characterization of arbitrarily short isolated attosecond x-ray pulses can
be achieved by applying spectral shearing interferometry to photoelectron wave packets. These wave
packets are coherently produced through the photoionization of atoms by two time-delayed replicas of
the x-ray pulse, and are shifted in energy with respect to each other by simultaneously applying a
strong laser field. The x-ray pulse is reconstructed with the algorithm developed for optical pulses,
which requires no knowledge of ionization physics. Using a 800-nm shearing field, x-ray pulses shorter

than ~400 asec can be fully characterized.
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The production of single attosecond (1 asec =
1 X 107! sec) soft-x-ray pulses [1,2] has opened the
route to probing electronic dynamics in atoms, molecules,
and solids [3]. However, accurately characterizing their
temporal profile is a challenge that must be overcome if
attosecond science is to develop rapidly. Several methods
have been proposed to determine the pulse duration
[2,4,5], mostly based on the photoionization of atoms
by the x-ray pulse in the presence of a strong laser field.
The best resolution estimated thus far is ~100 asec [5].
None of these methods, however, completely character-
izes the attosecond pulse, because they do not fully mea-
sure its phase properties.

One method for the complete characterization of ultra-
short visible light pulses is spectral phase interferometry
for direct electric-field reconstruction (SPIDER) [6].
SPIDER measures the relative phases of the different
frequency components. Critical to SPIDER is a frequency
shift AQ) induced between two replicas of the light pulse
to be characterized, delayed by a time 7. If E(Q) =
A(Q)ei? D is the spectrum of the unknown pulse, then
the total spectral intensity S;({)) of these frequency-
shifted twin pulses is given by

S+(Q) = |E(Q) + e YE(Q — AQ)| (1)

The two pulses interfere in the frequency domain and,
because of the time shift 7, S;()) has fringes. The
frequency shift AQ) causes a modulation to the positions
of these fringes, which provides information on the
slowly varying spectral phase ¢(£).

¢ (L) can be retrieved from three experimentally mea-
sured quantities, S7(€2), 7, and AQ [6]. Knowing A(Q))—
which is measured independently with a spectrometer—
and ¢((), the full temporal profile of the pulse is ob-
tained by a Fourier transformation.

SPIDER cannot be directly applied to attosecond x-ray
pulses, because no nonlinear optical process is available
in this spectral range to induce the frequency shift A().
We demonstrate that the spectral phase of these pulses can
be measured by applying SPIDER to photoelectron wave
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packets. These wave packets are produced by the photo-
ionization of atoms, in the presence of a laser field, by two
delayed but otherwise identical replicas of the attosecond
x-ray pulse. The laser field provides the energy (fre-
quency) shift between these wave packets. We thus deter-
mine the phase structure of the wave packet, from which
the spectral phase of the attosecond x-ray pulse can be
directly deduced.

We first describe attosecond SPIDER qualitatively,
then, using the strong field approximation, we derive
equations that prove the connection with optical
SPIDER. Finally, we simulate an experiment and apply
the usual SPIDER reconstruction algorithm to retrieve
the pulse that we assumed in the simulation.

Qualitatively, two replicas of the x-ray pulse, shifted in
time by 7, have a modulated optical spectrum Sz, and
therefore generate a modulated photoelectron spectrum
S.. An alternative interpretation of these fringes is that
the two x-ray pulses generate two identical wave packets,
shifted in time, which interfere just as light pulses, and
thus produce the fringes in S,: The measurement of S, is
spectral interferometry with wave packets [7].

The energy shift between these two wave packets can
be induced by ionizing the atoms in the presence of a
time-dependent electric field. We will assume that the
field consists of an intense linearly polarized laser field
E; (f) = Eo(') cos(w; t')e; . In this case, the final energy
W of an electron ionized at time ¢ by the absorption of one
x-ray photon is, according to classical mechanics [2,5],

W = W, + 2U, cos28 sinwt + /8W,U,, cosf sinw 1,
(2

where W, is the electron energy at the time of ionization,
U, = E}/4w} (K W,) is the ponderomotive energy
(atomic units are used throughout the paper), and 8 is
the angle of observation of the photoelectron, measured
from the polarization direction e; of the laser field.

The laser field induces a change 6W = W — W, of
the electron energy. W depends on the peak strength

© 2003 The American Physical Society 073902-1



VOLUME 90, NUMBER 7

PHYSICAL REVIEW LETTERS

week ending
21 FEBRUARY 2003

Ey(t) and the phase w,t of the laser field at the time of
ionization, and on the observation angle 6. If the x-ray
field consists of two identical pulses, centered at ¢ = ¢,
and ¢ = fy + 7, and short compared to the laser period,
the laser field induces a well-defined energy shift AW =
SW(ty + 7) — W(ty) between the two correspond-
ing wave packets, provided that we observe the photo-
electrons in a given direction, and choose the phase of
the laser field and the delay between the x-ray pulses
appropriately.

Of the possible angles of observation, Eq. (2) shows
that, at & = /2, the energy shift AW is independent of
the photoelectron energy just as it is in optical SPIDER.
At 0 = 7/2, of the possible delays between the twin
pulses, the maximum energy shift 2U, occurs when
they are separated by w; 7 = 27(n/2 + 1/4) and phased
so one is synchronized to the peak of the electric field
(wpty = 0) and the other to the zero crossing.

We now confirm this qualitative discussion, using the
strong field approximation [8,9] to derive an equation for
attosecond SPIDER that is analogous to Eq. (1). The
transition amplitude to the final continuum state |v)
with momentum v is given by

+o0 . [+ 4y /
a, = —i ] dtdp(,)EX(t)e_’fz w2 0] 3y

E(r) is the x-ray electric field. p(r) = v+ A(¢) is the
instantaneous momentum of the free electron in the laser
field, A (¢) being the vector potential of this field, such that
E (1) = —90A/dt. dy, is the dipole transition matrix
element from the ground state to the continuum state
with momentum p(z). 1 » is the ionization potential of
the atom. We define ®(z, v) as the integral in the expo-
nential of Eq. (3). ®(, v) — It is the phase acquired by an
electron with an initial momentum p(z) at the time of
ionization ¢, during its motion in the continuum from ¢ to
+00, in the presence of the laser field.

When the x-ray field consists of twin pulses, and these
pulses are much shorter than the laser period, the photo-
electron energy spectrum S,(W) = |a,|? is given by

Se(W) = |dp F, (W) + eV 0dy o F, (W),

F, (W) = f % At By (1) V- 3W Wty 1, Y1) )
X )
X = [Up +Ip:|7'+ A(I)l + A(I)z,

withty =fyorty + 7, AD, = —(Up/ZwL)[siHZth]ﬁngT,
and AD, = (,8U,W/w,) cosH[coswﬁ]Zj“. As long as
U, < Wy/2, W(W,, t) in Eq. (4) can be deduced from
Eq. (2) [5].

Equation (4) is almost identical to Eq. (1) that describes
optical SPIDER. An energy shift AW = sW(t, + 7) —
8W(t,) arises from the integral for F, (W) evaluated at
ty = tgand ty = ty + 7. AW corresponds to the spectral
shift AQ in Eq. (1). The term W7 corresponds to {17 in
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Eq. (1), and is responsible for the appearance of fringes.
Equation (4) thus describes interference of spectrally
sheared photoelectron wave packets generated by twin
attosecond pulses. This SPIDER spectrum therefore gives
access to the spectral phase of d, Ex(Q) [where Ex(€) is
the spectrum of the x-ray field], i.e., to the spectral phase
of the electron wave packet.

There are two effects in Eq. (4) that do not occur in the
optical analogue: In general, y and AW depend on the
photoelectron energy W. However, at § = 77/2, both de-
pendences vanish and Eq. (4) exactly maps onto optical
SPIDER [Eq. (1)]. At other angles, y is constant only if
we choose the delay 7 between the x-ray pulses and the
phase of the laser field so that [costh]ﬁngT =0 (.e.,
Ad, = 0), and the energy dependence of AW can be
neglected if the spectral width AQy of the x-ray pulse
is small enough [i.e., I(AW)/oW, - AQy << AW]. With
the energy dependences of y and AW minimized, the
conventional SPIDER algorithm [6] can be used directly.

To retrieve the spectral phase of the x-ray pulse, the
frequency dependence of the phase of the dipole transi-
tion matrix element d, must be known. The dipole phase
can be obtained analytically in the case of a one-electron
atom. For a two-electron atom (e.g., He), the dipole phase
can be calculated if the x-ray photon energy is above the
two-electron ionization threshold. The energy depen-
dence of |d,| does not affect the spectral phase obtained
by this method, just as the spectral dependence of the up-
conversion efficiency does not affect optical SPIDER [6].

We now use Eq. (3) to simulate an experiment. In the
simulations, d, is assumed to be constant for simplicity.
Figure 1(a) shows two photoelectron spectra observed in
the perpendicular direction (6 = 7r/2), generated by a
transform-limited Gaussian x-ray pulse of duration 7y =
12.5 asec ( = 0.5 a.u., FWHM of intensity profile), in the
presence of a laser field. Although such an x-ray pulse
duration is beyond what can presently be achieved experi-
mentally [2], we choose these parameters to demonstrate
that there is no minimum time resolution limit that is
intrinsic to SPIDER.

The full line in Fig. 1(a) corresponds to w;ty, =0
(the first pulse at the peak of the laser electric-field),
and the dotted one to w; (fy + 7) = /2 (the second pulse
at the zero crossing of the laser electric-field). As ex-
pected from Eq. (2), the first of these spectra is identical
to the one obtained in the absence of the laser field (dots),
while the second one is an undistorted copy shifted by
—2U,,. These spectra do not change even if the x-ray
pulse is chirped, as long as other parameters are kept
constant.

Figure 1(b) shows the photoelectron spectrum when
both pulses ionize the atom in the presence of the laser
field. Interference fringes of periodicity ~4w; are ob-
served because of the time separation 7 = 7/2w; be-
tween the pulses. The detailed structure of these fringes
depends on the spectral phase of the x-ray pulse. This is
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FIG. 1. (a) Photoelectron spectra from hydrogen atoms (/, =
13.6 eV) at § = /2, produced by each of the two x-ray pulses
shown in the inset (7y = 12.5 asec, ¢ =0, Oy = 300 eV) in
the presence of a laser field (A = 800 nm, / = 230 TW /cm?2,
U, = 13.8 eV). The open circles show the spectrum obtained
in the absence of the laser field. The dashed line in the inset
shows the laser field. (b) Photoelectron spectrum obtained
when both pulses successively excite the atom in the laser field.
Insets 1 and 2 compare the interference patterns obtained with
& = 0 (full line) and ¢ = 4 (dashed line). Inset 3 shows the

spectrum obtained when wy t; fluctuates, following a Gaussian
distribution with a 10° FWHM.

illustrated in insets 1 and 2 of Fig. 1(b), where we com-
pare the fringes obtained for transform-limited (7y =
12.5 asec) and linearly chirped (7y = 50 asec, & = 4)
pulses with the same spectral width AQy. Here ¢ is a
dimensionless chirp parameter [5], and 7y~
J1+ €2/AQy. In these conditions, when the pulse is
positively chirped, the fringes are observed to shift to
higher energies on the low-energy side of the spectrum,
and to lower energies on the high-energy side. The reverse
would occur for a negatively chirped pulse. At the center
of the spectrum, the fringes are unaffected by the chirp.
In other words, information on the spectral phase is
provided by the fringe spacing.

To reconstruct ¢ (W) from the photoelectron spectrum,
we use the same algorithm as in conventional SPIDER
[6]. It consists of the following steps. (i) The SPIDER
spectrum is Fourier transformed, (ii) a spectral window
is applied to the positive-frequency branch of this func-
tion, (iii) this filtered function is inversely Fourier trans-
formed to obtain Ap(W) = (W — AW) — ¢(W), and
then (iv) Aep(W) is integrated to get the spectral phase
@(W). The circles in Fig. 2 show the spectral phase ¢ (W)
obtained when the algorithm is applied to the simulated
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spectrum shown in Fig. 1 corresponding to the chirped
pulse. As can be seen, it reproduces the x-ray spectral
phase (W) (full line) very accurately.

The squares in Fig. 2 show the spectral phase ¢(W)
deduced from an interferometric photoelectron spectrum
S, measured in the direction 6 = 0, using the conven-
tional SPIDER retrieval algorithm. We use the same x-ray
pulse as in Fig. 1 (¢ = 4, 7y = 50 asec). The laser inten-
sity is now 1.4 TW/cm?, with w;ty = —7/2 and
wy(ty + 7) = w/2—leading to the maximum energy
shift \/8W,U, between the two wave packets. At 6 = 0,
the energy shear AW depends on the photoelectron en-
ergy, and the conventional SPIDER algorithm is no longer
exact, as can be seen from the slight difference between
the retrieved and exact spectral phases in Fig. 2.

Figure 2 confirms that, for measurements at § = /2,
we can apply the phase retrieval algorithm developed for
optical pulses [6] without modification. No knowledge of
ionization physics is needed. In other directions, the
SPIDER spectra can still be measured but, for accurate
phase reconstruction, a small modification is needed in
the last step (iv) of the retrieval algorithm to take into
account the dependence of the laser-induced energy shift
on the x-ray photon energy.

The angle dependence of SPIDER results implies that
the finite acceptance angle of an electron spectrometer
affects the measurement. Both AW and A®, in Eq. (4)
depend on the observation angle 6, so that increasing
the collection angle of the photoelectrons leads to a
reduction of the fringe contrast. At # = 0, the angular
dependence does not impose a severe limitation because
d(AW)/30 = 3(Ad,)/06 = 0. Our calculations show
that an angular acceptance as large as 40° is adequate
for the conditions considered above. This large angular
acceptance is a major advantage of this configuration. At
0 = /2, both derivatives are nonzero, so that the angular
acceptance is reduced to ~2°.

We see no impediment to attosecond SPIDER experi-
ments. In high-harmonic generation, the most likely

oo
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(syun -qre) Kysudjur fendedg
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FIG. 2. Comparison between the spectral phases retrieved
from SPIDER spectra and the exact spectral phase o(W) (¢ =
4, full line). Circles: retrieved from the spectrum in Fig. 1(b)
(60 = 7/2). Squares: retrieved from the spectrum measured at
6 = 0. In both cases, the energy shift AW ~ 27 eV. The dotted
line shows |Eyx(Q)|%.

073902-3



VOLUME 90, NUMBER 7

PHYSICAL REVIEW LETTERS

week ending
21 FEBRUARY 2003

source of attosecond pulses, the x-ray pulses are phase
locked and collinear to the driving laser pulse, which
therefore provides an ideal dressing field to induce the
energy shift. The fringe spacing is of the order of several
eV, which is easily resolved with an electron spectrometer.
Retrieving the spectral phase from the SPIDER spectrum
requires knowledge of the delay 7 and the energy shift
AW. 7is deduced from the fringe spacing in the absence
of the laser field, while AW is measured by alternatively
blocking each of the twin x-ray pulses. Two replicas of a
single attosecond x-ray pulse can be produced using a
comblike mirror, with a teeth depth of ~ 100 nm. Each
pulse reflects from a different depth, and we use the zero
order signal from this “grating.” If this mirror is made
out of one block of material, shot-to-shot fluctuations in
the delay 7 are avoided.

Adjusting the relative phase w; t, of the laser field with
respect to the x-ray pulses requires some moving parts,
which could introduce shot-to-shot fluctuations in this
phase. Their effect on the energy shift AW will be mini-
mized, since we chose 1, to satisfy 9(AW)/dt |,—,,= 0.
However, changes in 7, affect the phase shift y induced
between the two wave packets by the laser field.
Therefore, the fluctuations in ¢, will result in a blur of
the fringes, and reduce their contrast, as seen in inset 3 of
Fig. 1(b). Provided that the fringes are visible, this does
not induce any error in the phase retrieval. For a given
fluctuation amplitude, the blurring of the fringes in-
creases with the laser intensity. This will limit the maxi-
mum energy shift that can be induced, and, consequently,
the ultimate temporal resolution of attosecond SPIDER.

Individual femtosecond x-ray pulses [10], as well as
trains of attosecond pulses as short as 250 asec [11], have
been characterized using the sidebands induced in the
photoelectron spectrum by the laser field. Before con-
cluding, we present an analysis which connects these
methods to the attosecond streak camera [5] and atto-
second SPIDER.

Assuming that the laser field varies as E, (1) =
E cos(w, 1), the transition amplitude a, can be calculated
analytically for any x-ray field:

+o00
ay=> (=D)""],(MI,NRx(W + I, + @,,), (5)

m,n=—o00

where W is the final energy of the photoelectron, J,(z) are
the Bessel functions, M = U,/2w;, N = 2,/U,(v-e;)/
Wy, @, = o, 2M+2m+n), and Ry(w) is the
Fourier transform of Ry(f) = dpEx(7). Equation (5)
shows that the photoelectron spectrum consists of an
ensemble of sidebands. These sidebands are induced by
the A%(7) and the v - A(¢) terms in ®(z,v) [see Eq. (3)],
which, respectively, lead to the J,,(M) and J,,(N) terms in
Eq. (5). The first kind of sidebands extends up to |m| ~ M
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with a spacing of 2w, , while the second kind extends up
to [n| ~ N with a spacing of w,. There is also a corre-
spondence between these two processes and the second
and third terms on the right-hand side of Eq. (2), derived
using classical mechanics.

In the case of a single x-ray pulse shorter than the laser
period, the sidebands broaden and overlap. The photo-
electron spectrum therefore depends on their interfer-
ences. By appropriately choosing the laser phase, these
interferences can either lead to spectral distortions that
are used in the attosecond streak camera [5], or can shift
the whole photoelectron spectrum without distortion,
making attosecond SPIDER possible.

In conclusion, we introduced a method for measuring
extremely short (~ 1 a.u.) x-ray pulses. However, atto-
second SPIDER also allows measurement of currently
accessible pulses. For example, using parallel observa-
tion, an 800-nm 10-GW /cm? shearing field, and with the
twin pulses separated by 1.5 periods, we can reconstruct
the spectral phase of a 400-asec pulse centered at 100 eV.
400-asec pulses are near the upper limit for accurate
reconstruction using 800-nm shearing fields.

Discussions with M.Yu. Ivanov, L A. Walmsley,
T. Seideman, and H.G. Muller are gratefully acknowl-
edged. This work was partly supported by Photonics
Research Ontario.
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