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ABSTRACT
An effective approach is presented for estimation of the ultimate deformation and load
capacity of reinforced concrete columns based on principles of axial-shear-flexure interaction.
Conventional section analysis techniques are employed for modeling the flexure mechanism,
and the simplified Modified Compression Field Theory is implemented for modeling the
shear behavior of elements. Average centroidal strains and average concrete compression
strains derived from the flexural model are implemented in the shear model, and used to
calculate shear deformation and concrete strength degradation. This approximate procedure
can be easily implemented in a hand-calculation method in a few steps. The approach is
employed for estimation of the ultimate deformation of shear- and flexure-dominated
reinforced concrete columns previously tested. The analytical results are compared with the

experimental data and consistent strong agreement is achieved.

Keywords: column, ductility, ultimate deformation, axial-shear-flexure interaction,

displacement-based evaluation, axial deformation, ultimate strength

INTRODUCTION
Although the behavior of reinforced concrete columns and beams has been studied for more
than 100 years, the problem of estimating ultimate deformation at ultimate strength, or the
lateral deformation at shear failure, remains unsolved. Experimental studies by various
authors'” revealed that reinforced concrete columns subjected to axial load and lateral load
with similar ultimate strength may fail in significantly different ultimate deformations.
Although it is agreed that increasing the ratio of the transverse reinforcement will enhance the
ductility of a column, determining the ultimate deformation at which the element fails in

shear is still a major challenge for engineers. Based on newly introduced performance-based



design philosophies for response estimation of structures, one of the main performance
properties in the design process is the ductility and deformability of the structure. The more
ductility the structure possesses, the better the performance and the more economical the
design. Therefore, it is essential to have and apply a suitable analytical tool to accurately
estimate the ultimate deformation or ductility of reinforced concrete column elements.
Recently, an attempt was made to include the effects of shear deformations in sectional
analyses through the Axial-Shear-Flexure Interaction (ASFI) method®*. The ASFI method
was developed to improve not only the response simulation of reinforced concrete elements
with dominant shear behavior, but also to improve the flexural response calculation
capabilities of the fiber model approach. This was done by satisfying compatibility and
equilibrium conditions for both the flexure and shear mechanisms employed in the ASFI
method. In the approach, the flexure mechanism was modeled by applying traditional section
analysis techniques, and shear behavior was modeled based on the Modified Compression
Field Theory (MCFT)’. The approach was implemented and verified for a number of
reinforced concrete columns tested with different axial loads, transverse reinforcement ratios,
longitudinal reinforcement ratios, and scales ranging from one-third to full-scale specimens.
However, the application of the MCFT, as a shear model within the ASFI method, requires
relatively intensive computation; a calculation process involving inversion of a 3x3 matrix,
and an iteration process, converging five different variables, which might not be suited to
engineers in practice. In addition, the results of analyses by the ASFI approach suggested
further studies on the onset of shear failure or ultimate deformation of reinforced concrete
columns.

Considering the fact that columns with either dominant flexure or shear response fail finally
in shear, the main objective of this study is to provide a simple analytical model, applicable

for design in practice, for determining the critical conditions that result in the shear failure of



reinforced concrete columns and the corresponding ultimate strength and deformation
capacity. In the new analytical process, tension-shear failure across cracks, loss of concrete
compression strength, and compression-shear failure are the main failure mechanisms
considered at the ultimate state for both shear-and flexure dominant members. In addition,
crushing of cover concrete, bond failure, buckling of compression bars, and rupture of

reinforcement are other potential failure conditions and must be checked at the ultimate state.

RESEARCH SIGNIFICANCE
Accurate estimation of the ultimate deformation and ductility of reinforced concrete elements
has long been a significant challenge and aim of researchers. A new approach is developed
to estimate both the ultimate deformation and load capacity of reinforced concrete columns
and beams. The proposed method can be used as an effective analytical tool for the purpose

of displacement- and performance-based design.

ASFI METHOD AND UNIAXIAL SHEAR-FLEXURE MODEL

The Axial-Shear-Flexure Interaction (ASFI) Method is composed of two models: a flexure
model based on traditional uniaxial section analysis principles, and a shear model based on a
biaxial shear element approach. The total lateral drift of a column between two sections, ¥ is
the sum of shear strain, y, and the flexural drift ratio, j;, between the two sections.
Furthermore, the total axial strain of the column between the two sections, &, is the sum of

axial strains due to axial, &, shear, &, and flexural, &, (Fig.1) mechanisms.
Y=YtV (1
E, =&, TELTE, )

The centroidal axial strain, &, is derived from a section analysis or axial-flexure model, and

is defined as the sum of the strains due to axial and flexural mechanisms, &, = &4+ & On



the other hand, from the shear model for axial-shear elements, the sum of the axial strains due
to axial and shear mechanisms is determined, &= &+ &s. As a result, to obtain &, in Eq. (2),
&y must be extracted from &, and added to &, considering & = Ewaf = Evas-

Equilibrium of the shear and axial stresses from the axial-flexure model, 7rand oy, and from
the axial-shear model, z; and oy, respectively, must be satisfied simultaneously through the
analysis. That is,

Oy=0,=0 3)
T, =7,=7 “)

where: o,y = axial stress in the axial-flexure mechanism, oy, = axial stress in the axial-shear
mechanism, o, = applied axial stress, 7= shear stress in the axial-flexure mechanism, 7, =
shear stress in the axial-shear mechanism, and 7 = applied shear stress. Stresses in axes
perpendicular to the axial axis of the column, the clamping stresses oy and o, are ignored due
to equilibrium between confinement pressure and hoops stresses.

o,=o0,=0 &)

Fig. 2 illustrates the two models for axial-shear and axial-flexure, and their interactions, by
means of springs in series. Fig. 3 illustrates the ASFI method, for a reinforced concrete
column with two end sections, including the equilibrium and compatibility conditions. The
total axial deformations considered in the ASFI method are axial strains developed by axial,
shear and flexural actions, and by pull-out mechanism.

In a uniaxial shear-flexural model, applied in this study, compatibility is also satisfied for
average concrete compression strains. Consider a reinforced concrete column of moderate
height, fixed against rotation and translation at the bottom and free at the top, subjected to in-
plane lateral load and axial load as shown in Fig. 4. Given its pattern along the column (see

Fig. 4-a), the concrete principal compression strain for an element between two sections, &,



may be determined based on average values of the concrete uniaxial compression strains
corresponding to the resultant forces of the concrete stress blocks.

&, =05, +¢&, ) (6)

This is the main hypothesis of the new method proposed here; this assumption simplifies the
shear model significantly from a biaxial to a uniaxial mechanism. For the column in Fig. 4,
the compression strain obtained from the above equation is set equal to the average principal

compression strain of the element between the two sections of i and i+/.

MODIFIED COMPRESSION FIELD THEORY
The shear mechanism in the ASFI method, as well as in this analytical process, is modeled
according to the Modified Compression Field Theory (MCET)’. It is a suitable displacement-
based evaluation approach for predicting the load-deformation response of reinforced
concrete membrane elements subjected to shear and normal stresses. The MCFT is essentially
a smeared rotating crack model. It includes compression softening effects, tension stiffening
effects, and consideration of local conditions at cracks. The MCFT is based on orientations of
the principal average strains in an element leading to the calculation of principal average
stresses in concrete through concrete constitutive relationships. Transforming the average
concrete principal stresses to the global coordinate axes and adding to the average stresses in
the reinforcement gives the total average stresses in the element. There are two checks in the
calculation process relating to the crack zones. The first is to ensure that tension in the
concrete can be transferred across the crack. The second is to ensure that the shear stress on
the surface of the crack dose not exceed the maximum shear resistance provided by aggregate
interlock. A reinforced concrete element within the context of the MCFT can be illustrated by

the free body diagram of the membrane element depicted in Fig. 5.



DERIVATION OF THE ANALYTICAL MODEL
Considering the free body diagram of the membrane element in Fig. 6, equilibrium conditions

in the MCFT require that:

O, = Jou t Poti 7

o, = [+ Pufy ®)
where, for beams and columns o, 1is the total normal stress in the x-direction (i.e., the
applied axial stress), o, is the total normal or clamping stress in the y-direction, taken to be
zero, f, and f, are stresses in concrete in the x (axial) and y (transverse) directions,
respectively, p,, and p, are the reinforcement ratios in the x (axial) and y (transverse)
direction, respectively, and f and f  are the stresses in the main bars (axial direction) and

in the transverse reinforcement (y direction), respectively.

A Mohr’s circle for concrete stress yields the following equilibrium relationships:

f‘cx = f‘cl - Ts cot Hc (9)
fcy :fcl_rs tanec (10)
fo=f,—7,(tan6. +1/tané,) (11)

where f,, is the concrete principal tensile stress, f., is the concrete principal compressive
stress, 7, is the concrete shear stress, and 6, is the crack angle.

On the other hand, the compatibility equation based on the Mohr’s circle for strain requires

that:
tan’@, =2 "% (12)
£,—&
£ +6, =€, +¢, (13)

where ¢_is the axial strain, £, is the strain in the transverse reinforcement, ¢, is the



concrete principal tensile strain and ¢, is the concrete principal compression strain.
With ¢ obtained from section analysis, combining Eqgs. (9), (10), (12) and (13) yields two

useful equations for estimation of &, and &,.

e =b*+c—b £ < €. (14)

y

where £ is the yield strain, and

— fcl _i C:(gx_gZ)(fcl_fcx)+fclg2
zpsyEs 2 ’ psyEs

where, E; is modulus of elasticity of transverse reinforcement. When strain in the transverse

reinforcement is greater than the yield straine  , Eq. (15) can be applied:

_ (Sx _82)(fcl _fcx)+g

& = x gy »y
(fc] + losyfsyy)

\%
™

15)

where f

oy 18 yield stress of transverse reinforcement, f, is determined based on Egs. (7). At

the ultimate states, Eq. (15) is usually the governing equation. Given /£ as the concrete
compression softening factor, an average initial value of f,, =0.44f’ can be considered for

Egs. (14) and (15), by assuming a tension stiffening model and an average tensile strain &
which can be derived from Eq. (16) based on an upper bound of £ <1 and lower bound of

£>02.

p-— 1 <0 (16)

0.8-034°L
&

c

where, &/ is concrete peak strain. The MCFT limits the shear stress transferred by aggregate

interlock across a crack surface, 1j, to the value given by Walraven’s equation:

< —0' ! 8\/7" (MPa, mm) (17)

0314 24
a, +16

r

i




1

with w=s,¢,, and 5, = ———
o ¢ sinf, cosb,’
— 4 ¢

where s, and s are the average crack spacings in

s, s,

the x- and y-directions, respectively and a, is the maximum aggregate size.
Equilibrium in the y-direction, at the crack, requires that:

Sy =(0,+7 tand, -7, tanb.)/ p,, (18)

where f

sycr

is the transverse reinforcement stress at the crack, and o is the clamping stress
which is equal to zero. Hence for f, . = f, = Eq. (18) yields:

Toax ST+ [P, COLO, (19)

m

FLEXURE MECHANISM
The traditional section analysis method is a handy and convenient approach for the evaluation
of the flexural performance of a reinforced concrete column or beam. Since the analysis is
implemented assuming a uniaxial stress field, material modeling and analytical computation
are simple and a solution can be achieved with adequate convergence in a few steps. Fig. 7
shows a flexural section for a column. The force-strain relationship for a section, under

uniaxial bending, can be derived from axial load equilibrium as following:
&,) EA +¢Y EAx, =P (20)

where P is the applied axial load. Other components are:

> EA =AE, +AE, +abE, (21-a)

z EAX, =AE05d—-d")+AE0.5(d —d)+abE 0.5(a—h) (21-b)

where E = A , El = ff , E. = Je anda = f,c, and where f; is the rectangular stress block
£ &£ £

N N c

coefficient which is equal to 0.85 for f<28 MPa; f; is reduced continuously by 0.05 for



each 7 MPa above 28MPa. The main assumption of plane sections yields the following
relationships:

—-g, g —¢&! £,
¢: C — [ — S': N (22)
c1-058,) 05h—c c-d d-c

Solving Eq. (20) for ¢, and S, = 0.85 gives:

. _hP- 1.7391h[A'E! + A E, + abE_ ]z,
’ 2[d'A'E' +dA E, +0.5bE a’]

£1.73915, (23)

By determining f, f,, and f,, the bending moment within the section is obtained by
applying moment equilibrium for the section.

M =0.5(d"-d)A. f/+0.5(d —d")A, f, +0.5(a — h)baf. (24)
If M is the end-moment of a column, as in Fig. 3, then flexural shear stress, Tss 1S

determined based on Eq. (25).

M
= 25
i bd.L (25)

1 i

where d < df < h is assumed based on the failure mode described later.

PROCEDURES FOR ESTIMATION OF ULTIMATE DEFORMATION
The main failure mechanism for both shear- and flexure-dominated beams and columns is
shear failure. Fig. 8 shows specimen No.12 and No.15, from Table 1, with shear and flexure
responses, respectively; however both failed in shear at the ultimate deformation. Bond
failure, buckling of compression bars, rupture of the tensile bars, and crushing of cover
concrete are other failure criteria for reinforced concrete columns and beams. The analytical
procedure presented here is based on assuming shear failure as the main failure mechanism,

and checking for the other failure criteria.

10



Three shear failure conditions are defined based on the MCFT as: shear failure at a crack
(Failure Mode 1); failure due to loss of compression strength (Failure Mode 2); and shear-
compression failure (Failure Mode 3). Shear failure at a crack, which is typically the
governing case for columns with low transverse reinforcement ratios, is determined using Eq.

(19) and Eq. (25). Shear failure occurs when:

1= s fp,cotd, (26)

f
bd,L,

where, d F = d . Columns under high shear force, such as short columns, if not failing via

Mode 1, will lose compression strength, f>, due to shear deformation and fail before the peak,

&, < g.. This failure condition, Mode 2, is defined by Eqs. (11) and (25) when:

sz M > (fcl_fcz) (27)
° bd,L, (tand,+1/tan6,)

where d, = h for short columns with span-to-depth ratios less than 1.0 and d, =d for
columns with span-to-depth ratio more than 1.5; for ratios between 1.0 and 1.5, d ; is

determined by interpolation.
Columns and beams with a ductile flexure performance, when having sufficient transverse

reinforcement and relatively low shear stress, will fail in shear wheneg, = ¢ via Mode 3.

M
= 28
fr bd.L (28)

£ i

where, ¢, = ¢ and d, = h. Finally for flexure beams and columns with very low shear stress,

especially under heavy cyclic loadings, the compression softening factor may be limited to

£ >0.15. In other words, if £ reduces to 0.15 then that will signal the ultimate state. None
of the columns in Table 1 reached this limit within the range ¢, < ¢/, hence further study is

required in regards to this condition.

11



Based on the shear failure criteria described above, an analytical procedure can be
constructed for the estimation of the ultimate deformation of a reinforced concrete column
with a flexure section at the section with maximum moment, such as the column shown in
Fig.3. In step-by-step fashion, the procedure is as follows:

1. Assume an initial value for concrete compression strain of the flexure section, ¢ ; for

example, ¢, = ¢&!.
2. Employ Egs. (21), (22), and (23) to determine the centroidal strain of the section, ¢, ,

through one or two iterations. Assume an initial value for ¢ ; for example ¢, = 0.001.

3. Determine the axial strain at the inflection point with zero moment, ¢ , , using basic

sectional analysis principles.

4. Compute the average concrete principal compression strain ¢, and axial straing_ for the

shear model.

8C+€w
5 =2 (29)
E +&
g, =20 Zu 30
. 5 (30)

5. Using Egs. (13), (14) and (15) determine ¢, and ¢ . Since the problem is being solved for

conditions at the ultimate state, usually the transverse reinforcement has yielded and only Eq.
(15) need be applied.

6. Employ Eq. (12) to obtaintané, .

7. Using Eqgs. (26) (27), and (28), check for shear failure. If no failure has occurred, then

increase ¢, and repeat the above steps. If, for example, Eq. (26) shows shear failure at crack,
then ¢, must be reduced until all three equations provide greater or equal values.

8. Check for crushing of the cover concrete. This is not a failure model but the axial load

12



capacity will decline; strain hardening sometimes will help mitigate the decline. Check for
buckling of the compression bars, bond failure, rupture of tensile bars, and compression

softening factor > 0.15.

Lin
9. Determine the ultimate deformation using Eq. (1) where, ;= i = LL I xddx , and
in in 0
— 2(8}( B 82)
* tan 4,
10. Finally, the ultimate lateral load capacity is obtained by
V,=1,bh 3D

If the column or beam has sufficient transverse reinforcement then the initial value for ¢, can

be selected as ¢, =2¢] — ¢, which is the limit for Failure Mode 3. Then check for other

failure modes. If this is the dominant failure mode, then determine the ultimate drift.
Confinement effects can be taken into account for both shear and flexure models based on
equations provided by Park, Priestley and Gill>. Note that both the confinement factor and the

compression softening factor, f, are applied in the constitutive law of compression concrete

of the shear model. However, for the flexure model, only the confinement factor is

considered and employed in the concrete stress-strain relationship.

NUMERICAL EXAMPLES
The analytical procedure is employed for Specimen No.12, described in Table 1, with a
shear-dominant response. Units are in mm, kN, and MPa. For the secondary units, use 1 in =
25.4 mm, 1 ksi = 6.89 MPa, and 1 kip = 4.45 kN.
1. As an initial value assume ¢, = —0.002.
2. To satisfy Eq. (23), an iteration procedure can be applied with few steps. First

consider&, =0.002 anda = 0.85¢; hence:

13



he, 300 x (—0.002)

C

=81mm

a= or a= =
(2.353¢, —1.353¢,) 2.353(-0.002) —1.353(0.002)

From Eq. (22) &, =0.006 and ¢’ =-0.002; thus Eq. (23) gives ¢, =0.00265 . After three or
four iterations, ¢, converges t00.00296 .

3. The axial strain at the inflection point with zero moment can be determined as:

(P/bh)

Ew = =-0.00019
2f, /e, +Ep,)

with 2f, /&, as average concrete modulus of elasticity of section at the inflection point,
where, ¢, and f, are confined concrete peak strain and stress, respectively, which are

determined based the confinement model, by Park, Priestley and Gill>. For simplicity they

might be considered equal to ¢/ and f/, respectively.
4. The average concrete principal compression strain &, and axial strain&_ for the shear

E. T &,

+
model are then obtained: ¢, = S -0.00101 and ¢, = €0 T

=0.0014 .

5. Assuming yielding of the transverse bars, Eq. (15) can be employed to obtain &,

— (gx — 52)(fc1 — Gx + pstlsgx) +

&

1 (fa+Poti) '
where,o, =0, = P/bh, f, =0.44f =0.44%0.33,/f =0.44%0.33y/28 = 0.77MPa
hence, &, = 0.024

6. Eq. (12) is employed, producing the result of tané. =0.33

7. Checking for shear failure at a crack using Eq. (26), the moment is obtained by Eq. (24).

M 126x10°
bdL,  300x 260x 450

=3.5927,+ f,,p, cotd =2.17 where, 7, is computed using Eq. (17).

The result indicates that a shear failure at crack has occurred, hence ¢, must be reduced.

Selecting &, = —0.001 and repeating the above steps results in:

14



M
- M o894 f
T oL it S

m

p,cotl, =2.97MPa

Therefore shear failure at a crack (i.e., Failure Mode 1) is defined as the governing failure
mechanism of this specimen at the ultimate state.

8. From the test, there is no sign of cover concrete crushing or other failure criteria governing.
Usually, Mode 1 failure gives the lowest ultimate drift ratio.

9. Based on the curvature distribution shown in Fig. 9, the shear and flexural deformations

are determined

5 1 Lin 2(8 —& )
=—=— |x¢dx=0.002,and y, =—*—22=0.0029
4 L, L, { s tan 6,

y=7,+y,=0.0049

10. Finally, calculation of the ultimate lateral load capacity results in
V, =1 ,bh =260kN (58kips).

The ultimate load and deformation obtained for this sample problem are compared in Fig. 10
to the experimental result, exhibiting good correlation. A photograph of the specimen at the
ultimate state is shown in Fig. 8, depicting a pronounced shear failure on the face of the
column.

As a second example, the ultimate deformation and load are determined for Specimen No.16
in Table 1.

The iteration for this example results in ¢, = —0.00135 with Mode 2 governing, where,

rf_i=4.o5; (fa = foo) =4.17MPa
* bhL, (tand. +1/tand.)

m

while the other failure conditions are satisfied. As the result, the ultimate deformation is

determined as: y =y, +y, =0.009 with a lateral force of V, =7 ,bh =364kN (82 kips), both

values nearly perfectly correlated to the experimental result as seen in Fig. 11. Note that few

15



iterations are required for step 2 of the analytical procedure. For all the column specimens
studied in this investigation, only two or three iterations were required to achieve
convergence. To avoid the iteration process, it is also possible to solve Eq. (23) by deriving
different equations dependent only on the yield states of the compressive and tensile bars.
However, the authors found Eq. (23) more efficient to apply as a general equation and
applicable for all the stress-strain conditions.

The ultimate deformation estimation approach was employed for all specimens in Table 1.
Comparisons between the experimental and analysis are plotted in Fig. 11, indicating
consistently accurate correlations. Since the shear capacity, obtained from the analysis, is
based on the section moment capacity without consideration of geometrical nonlinearity, the
P-A effect due to drift is determined and employed for the flexural columns, which reduces
the calculated shear capacity. Failure modes are determined and given in Table 1 for all the

reinforced concrete columns specimens.

CONCLUSIONS
An analytical approach was developed to estimate the ultimate deformation and load capacity
of reinforced concrete columns based on a simplified axial-shear-flexure interaction approach.
Shear failure was the main failure criteria for both flexure- and shear-dominant specimens. In
this approach, the concrete compression softening factor was employed only within the
MCFT-based shear model. Axial strain and concrete compression strain were the two main
parameters common to both the shear and axial models. Three failure modes were defined as
the main ultimate state conditions; shear failure at the cracks, loss of concrete compression

strength before the peak, and finally shear-compression failure when ¢, = ¢, The ultimate

deformation and load capacity results obtained by the new approach were verified against

16



experimental data, consistent correlations between the analytical and experimental results for

a series of reinforced concrete columns were attained.
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Table 1 Material properties of test specimens

Specimen Type mbm mhm ?nLr:; r:rl?n ’0)/5 5/‘: l\ljlsga l\flsga Nflg.a k; F;gsze
(in) (in) (in) (in) (ksi) (ksi) (ksi) (kips)
Noa2®  DC (13?.?;) (13?.?;) (39;).(4)1) (1;8) 226 0.14 ?6105) ?5190) (ﬁ) (f;?) !
T N N O AT R SR = S
NolS DC Gy are sy @0 2P OB @ sy an a2
Nold'  DC Gy are o6 0o B B @ sy an a2
AULDC S ey ae a9 00 OB Gy @y e o !
BY O DC @y e ash ) 0 0% G @y en dom !
2CLH18" bC (4 1587) (4 1587) (2 191466) (4 1587) 2 0.1 (34380) ?5080) (2.38) (i (1)(2)) 2
SIS DC G Gy e oy 0 O gy Gn 6 a1y |
A N SRRTRN T S B A
L I B S
SEVRE i i S ST SO - S
ST N SR CIN A S A
S I T A G SRR
cowst se WG w0 g
cows s BRI B g s
come s MmO s 0 g s
N pe e W e e
SRS (/A B TR <
Y S N NPT VIR S N
DING® SC G5 5 wen e 2P 0% @ oy Gy am
oot s @R pR bR 0 an o 8 me o0

Footnotes: DC= double curvature, or with two fixed ends, SC=single curvature, or cantilever, b=width of the section, h=
Depth of the section, L;;= length of the column from the inflection point to the end section, Sy;= hoop spacing,
pg=longitudinal reinforcement ratio, p,= transverse reinforcement ratio, fy,,= longitudinal reinforcement yield stress, fy,,=
transverse reinforcement yield stress, f .= concrete compression strength , P=axial load, Failure mode 1: shear failure at crack
€, < €', Failure mode 2: loss of compression strength €, < €., and Failure mode 3: shear-compression failure €, = €',
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FIG. 8. Shear failure at the ultimate deformation for both shear- and flexure-dominated

columns
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FIG 9. Presumed curvature distribution for a reinforced concrete column
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FIG 11. Comparison of experimental and analytical results
Ultimate drift result of analysis is depicted by
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