
Publisher’s version  /   Version de l'éditeur: 

Vous avez des questions? Nous pouvons vous aider. Pour communiquer directement avec un auteur, consultez la 

première page de la revue dans laquelle son article a été publié afin de trouver ses coordonnées. Si vous n’arrivez 
pas à les repérer, communiquez avec nous à PublicationsArchive-ArchivesPublications@nrc-cnrc.gc.ca.

Questions? Contact the NRC Publications Archive team at 

PublicationsArchive-ArchivesPublications@nrc-cnrc.gc.ca. If you wish to email the authors directly, please see the 
first page of the publication for their contact information. 

https://publications-cnrc.canada.ca/fra/droits

L’accès à ce site Web et l’utilisation de son contenu sont assujettis aux conditions présentées dans le site

LISEZ CES CONDITIONS ATTENTIVEMENT AVANT D’UTILISER CE SITE WEB.

Canadian Journal of Physics, 43, pp. 1414-1422, 1965-08

READ THESE TERMS AND CONDITIONS CAREFULLY BEFORE USING THIS WEBSITE. 

https://nrc-publications.canada.ca/eng/copyright

NRC Publications Archive Record / Notice des Archives des publications du CNRC :
https://nrc-publications.canada.ca/eng/view/object/?id=814601d9-d782-4f57-ae0d-aaa4b10039dc

https://publications-cnrc.canada.ca/fra/voir/objet/?id=814601d9-d782-4f57-ae0d-aaa4b10039dc

NRC Publications Archive
Archives des publications du CNRC

This publication could be one of several versions: author’s original, accepted manuscript or the publisher’s version. / 
La version de cette publication peut être l’une des suivantes : la version prépublication de l’auteur, la version 
acceptée du manuscrit ou la version de l’éditeur.

Access and use of this website and the material on it  are subject to the Terms and Conditions set forth at

The initial creep of columnar-grained ice. Part I. Observed behavior. 

Part II. Analysis
Gold, L. W.

https://nrc-publications.canada.ca/eng/view/object/?id=814601d9-d782-4f57-ae0d-aaa4b10039dc
https://publications-cnrc.canada.ca/fra/voir/objet/?id=814601d9-d782-4f57-ae0d-aaa4b10039dc
https://nrc-publications.canada.ca/eng/copyright
https://publications-cnrc.canada.ca/fra/droits






THE INITIAL CREEP OF COLUMNAR-GRAINED ICE 
PART I. OBSERVED BEHAVIOR 

L. W. GOLD 

N.R.C. No. 8475 



THE INITIAL CREEP OF COLUMNAR-GRAINED ICE 

PART I. OBSERVED BEHAVIORL 

L. W. GOLD 
Snow and Ice Section, Division of Building Research, National Research Cozmcil, Ollawa 

Received March 24, 1965 

ABSTRACT 

Previously undeforlned columnar-grained ice exhibits a period of increasing 
or constant creep rate during the transient creep stage when loaded in simple 
con~pression perpendicular to the long axis of the columns. I t  is shown that this 
behavior is associated with the formation of small-angle boundaries and internal 
cracks. Creep strain beyond 0.25% for first load tends to a polver-law dependence 
on time. On reload, specimens exhibit a normal transient creep behavior and 
have, initially, a lower resistance to deformation than for first load. \Vith defor- 
mation, this resistance increases so that the reload creep curves cross the first 
load curves a t  about 0.2% creep. For reload, creep strain less than about 0.025% 
and greater than about 0.2% appears to have a power-law dependence on time 
with exponent about equal to that for first load. 

Observations by Gold (1960) suggested that columnar-grained ice that  has 
not undergone prior deformation may have a period of increasing creep rate 
during transient creep under a constant compressive load applied perpendicular 
t o  the long axis of the grains. Further inforination on this behavior was obtained 
by Krausz (1963), who observed a period of constant or increasing deflection 
rate during transient creep of columnar-grained ice beams subject to constant 
bending moment. I-Ie found, as well, that if the load time exceeded 8 to 10 
hours, those beams that had a constant or increasing deflection rate during 
transient creep for first load had a normal creep behavior in subsequent tests 
on the same beam at  the same load. il~Iicroscopic examination of the surface 
of beams during deformation indicated that structural changes occurred during 
the transient creep stage of first load. 

Further observations have been inade on the creep of colun~nar-grained ice 
under constant compressive load perpendicular to the long axis of the coluinns 
to obtain additional inforination on the dependence of creep behavior on stress 
and time. Observations were made on the structural changes that accompany 
the deformation. The results of these observations are presented in this paper. 

PREPARATION OF ICE 

Ice was made from deaerated tap water using the technique described by 
Gold (1960, 1962). This technique produces a columnar-grained ice with grain 
sizes between 1 and 7 mm. A bias in crystallographic orientation develops 
during freezing such that within 2 cm of the ice-air interface there is a marlced 
preference for the crystallographic axis of hexagonal symmetry to be perpen- 
dicular to the direction of growth, and thus for the basal plane to be parallel 
to  the long direction of the columnar grains. Rectangular specimens about 5 
by 10 by 25 cm were machined from the ice, the long axis of the grains being 
perpendicular to the 10- by 25-cm face (Fig. 1). 
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FIG. 1. Grain structure and load direction for specimens. 

LOADING PROCEDURE 

Compressive loads were applied to the 5- by 10-cin face of the speciinen 
with a simple lever systern having a load magnification of 10.2:l. The loading 
plates in contact with the ice were made of steel with surfaces ground to a 
flat "nlirror" finish. 

The weights used for applyiilg the load, which could be applied or removed 
within about 2 seconds, were supported on a jacli. Just prior to application 
of the load the specimen supported the lever arm. This preload of about 
1.8 ltg/cm2 was applied between 2 and 4 seconds before the full load. 

Creep was measured over a 15.25-cm gauge length with an extensometer of 
adjustable ~vorliing range from 0 to 4y0 strain and variable sensitivity, the 
inaxiinuin being about 3 X 10-4y0. The extensometer was supported on the 
lower loading plate and attached by thumbscrews to two metal collars frozen 
to the speciinen. The design of the extensoineter and its mounting was such 
that the deformation ineasured was not influenced by possible slight bending 
of the speciinen during creep. Because the extensoineter was mounted on the 
base, tilting of the specilneil during deformation could affect the measurements. 
This influence was reduced to a negligible amount by malting the distance 
between the specimen and the lever arm about 45 cin and suitably constraining 
the arm through which the load was applied. A linear differential transformer 
uTas used to transform creep strain into an electric signal for recording. The 
extensoineter is shown mounted on a speciinen in Fig. 2. 

The experiments were conducted in a cold room maintained at  a temperature 
of -9.3 =t 0.5 "C. Constant compressive loads of between 4 and 14 lig/cin2 
were applied. Creep strain was recorded on a strip chart recorder located 
outside the cold room. 

Twenty-four first-load tests were conducted, the load being applied for 6 
hours in most cases. Six of the specimens were loaded a second time and one 
speciineil was loaded a third time. The saine compressive load was applied in 
the reload tests as was applied during first load. 

On completion of the loading program for each specimen, thin sections were 
cut froin each of the 10- by 25-cm faces and average grain size determined by 
the linear intercept method. The average grain size in the plane perpeildicular 
to the long axis of the grains was found to be between 1 and 5 nun for all 
specimens. The measured grain size for each thin section is given in Table I. 
I t  may be noticed that for each speciineil the average grain size for one face 
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FIG. 2. Loading apparatus with ice and extensometer in place. 

is always larger than the average grain size for the other face. This is due to a 
gradual increase in average grain size in the direction of freezing because of 
preferred growth directions in ice crystals. 

One face of the center section that  remained after the two thin sections had 
been prepared was machined and further smoothed by holding it briefly on a 
warm plate. This piece of ice was placed in a plastic box and thcr~nally etched 
using the technique described by Icrausz (1961). 

RESULTS 

Figure 3 gives examples of the changing deformation behavior observed 
when speciinens were subjected to various periods of load and recovery time. 
The first time load was applied specinlens usually had a relatively high resis- 
tance to deformation. The creep rate usually decreased rapidly within the 
first 10 minutes to a minirnurn or relatively constant value. In some cases the 
creep rate appeared to start a t  a low value and increase with time (Fig. 3(e)). 
On reloading, the speciinens displayed a reduced resistance to deformation. 
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TABLE I 

Grain size and observed values of the exponent q for first load and reload 

Average 
1 

gram slze, mm Reload 
Load, First load, 

kg/cn12 Side 1 Side 2 t = 300 ~ n i n  t = 0.3 ~ n i n  t = 300 ~ n i n  

0. SO* 
0. SS* 
0.60* 
0.57 
0. SO* 
0.69 
0.63* 
0. S5* 
0.62 
0.51* 
0.48 
1.25 (tertiary creep) 
0.73* 

0.53 0.65 
(2nd reload) 0.60 

0.52* 
0.56 0.46 
0.78* 

"For first load, value for q still decreasing. 
For reload, value for q still increasing. 

With continued reload and deformation, the deformation behavior developed 
the reproducible characteristics usually associated with normal creep behavior. 
These observations are in agrcemcnt with those made on ice beains by Krausz 
(1963). 

Figure 4 is a log-log plot shoiving typical exainples of the dcforination 
behavior observed for longer periods of first load and reload. When first loaded, 
the specimens did not exhibit a consistent pattern of deformation behavior 
for creep strain less than about 0.01%. Between 0.01% and 0.25% creep 
strain the creep rate did not decrease continuously in the way associated with 
normal transient creep behavior; with some speciinens it appeared to go through 
a minimum and subsequently a maximum, while in others it exhibited a 
temporary leveling off (Fig. 3). The  consequence of this behavior was an 
inflection in the log creep strain - log time curves for first load (Fig. 4). For 
creep strain greater than about 0.25% the observations sho~\~ed that creep 
strain tended to  a power-law dependence on time of the form 

where e is the creep strain, t is the time, and k and q are constant for a given 
stress. 

On reload after the recovery tiines used in this study (usually 20 hours or 
more), the initial creep rate was considerably greater than that  associated 
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FIG. 4. Time-dependence of creep of multigrained, colu~nnar ice during first load and reload. 

with first load. Up to about 0.025% creep strain, the creep appeared to have 
a power-law dependence on stress with values of q about the same as those 
for strain beyond 0.25% during the first load, the log creep strain - log time 
curves again exhibiting an inflection point, but in a sense opposite that ob- 
served for first load. For each specimen the creep strain - tinlc curve for 
reload crossed the corresponding curve for first load, indicating a higher 
resistance to deformation for reload than occurred a t  the same time during 
first load. The crossover occurred a t  about 0.2% strain. When the creep strain 
exceeded about 0.3% it again tended to stress, 
the value of q again being about equal to greater 
than 10 kg/c1n2 the observations were sonletimes coinplicated by the onset of 
tertiary creep. Values of q for time equal to 300 minutes for first load and 0.3 
and 300 minutes for reload are given in Table I. An asterisk beside a value 
indicates that the linear dependence of log creep strain on log time had not yet 
been established; for first load q was still decreasing and for reload, increasing. 

STRUCTURAL CHANGES 

Thermal etching gave definite evidence of the forination of small-angle 
boundaries during deformation ; examples are shown in Fig. 5 .  Etching observa- 
tions on 58 specimens subjected to constant coinpressive stress between 3 and 
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15 kg/cm2 indicated that  these boundaries did not form until the strain ex- 
ceeded about 0.1%. The  degree of small-angle boundary development generally 
increased with increasing deformation. In even the most severely deformed 
specimens, however, there were soine grains in which the etching process 
showed that  small-angle boundaries had apparently not formed. 

Two types of small-angle boundaries were observed; one that  etched as  a 
sharp line (Fig. 5(a)) and one that  etched as a band (Fig. 5(b)). The  band-type 
feature was observed to  be broad and shallow. Sometimes a line indicating a 
more sharply defined boundary was observed a t  the bottom of the band. The  
bands appeared to  be associated with grains with a crystallographic prismatic 
plane parallel to the grain surface, whereas the more sharply defined boundaries 
appeared to  occur in grains in which the crystallographic c axis is not parallel 
to  the surface. The surfaces upon which the band features occurred were 
generally rough (Fig. 5(b)), whereas those associated with sharp boundaries 
were smooth. The  small-angle boundaries appeared t o  be parallel or very 
nearly parallel to  the plane containing the crystallographic c axis. They were 
sometimes continuous from one grain to  the next (Fig. 5(a)), the boundary 
changing direction abruptly a t  the grain boundary. 

In addition to  small-angle boundary formation, internal crack formation 
occurred during deformation. These cracks formed during about the first hour 
after application of the load, and their rate of formation was dependent on the 
applied stress (Gold 1960). Small-angle boundaries were associated with the 
cracks (Fig. 5(c)). They were usually perpendicular to  the crack, indicating 
that  it was parallel to  the basal plane. When a crack terminated within a grain, 
the tip was associated with a small-angle boundary on one side of the craclc 
only (Fig. 5(c)). 

DISCUSSION 

The  ice froill which the specimens were cut  was a t  least 3 cin below the 
original ice-air interface. The  average rate of growth of this ice was about 

inm/hour and the temperature gradient a t  the ice-water interface de- 
creased progressively from about 1/3 OC/inm to  about 1/10 OC/mm. The ice 
was annealed for several days a t  -10 OC before the specimens were machined 
and stored in kerosene for a t  least four days a t  the same temperature before 
the first load was applied. The  ice was therefore subjected to very little thermal 
stress during and subsequent to  its formation. Thermal etching of the unde- 
formed ice showed that  no small-angle boundaries were present. 

For ice a t  -10 OC, the basal plane is the plane upon which slip occurs inost 
readily (Glen 1958). In the present experiments the basal plane tended to be 
parallel to  the long direction of the grains. I t  would be expected that  resistance 
to  deformation of such columnar-grained material, with each grain initially 
having only one easy inode of deformation, would increase rapidly under the 
constraints imposed by grains upon their neighbors. Stress would build up a t  
grain boundaries and initiate new modes of deformation. This appears to  have 
occurred in the present experiments. The  observations indicate that  previously 
undeformed colun~nar ice of average grain size between 1 and 5 mm perpendicu- 



I 5. (a )  Small-angle boundary formation i n  columnar-grained ice. ( 6 )  Band-type small- 
angle boundary formation. 



FIG. 5. (c )  Small-angle boundaries associated \\.it11 crack formation 
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lar to the long axis of the grains can undergo only about 0.1% creep strain before 
small-angle boundaries are induced in the grains. If the stress is sufficiently 
high, crack: formation occurs as well. As the small-angle boundaries appear to  
be almost perpendicular to  the basal plane, the plane of easy slip, they probably 
form in the same manner as do the small-angle boundaries observed by Orowan 
(1942), Gervais et al. (1953), and Gilman (1954). The changing deformation 
behavior shown in Fig. 3 suggests that  the processes responsible for the struc- 
tural changes were probably initiated for creep strain as small as O.O1yo. 

Many of the structural changes induced in grains during first load were 
essentially irreversible, although there was probably soine modification of them 
during recovery after the load was removed. On reload, the modes of deforma- 
tion developed in association with the structural changes appeared to partici- 
pate in~n~ediately in the creep process and the ice exhibited initially a lower 
resistance to  deforillation than when first loaded. This stage was confined t o  
creep strain less than 0.2y0, about the ainount of strain observed during 
recovery. Thereafter the creep behavior appeared to approach that  of the final 
period of first load, a state that  was achieved in less total creep strain than 
was required for first load. 

The  dependence of the deformation behavior of ice on its past history of 
deformation has interesting consequences for some problems encountered with 
natural ice formations. Natural ice inay be subjected in its lifetime to  total 
creep of a fraction of a percent, as  with some ice covers on lakes, to  several 
hundred percent as  in glaciers and ice caps. The results of the present worlc 
are pertinent to  the deformation of short-lived ice such as  that  on frozen lakes 
or rivers. The  present observations indicate that  previous deforination will 
introduce an ambiguity into calculations of stresses or deflections for natural 
ice covers because there is no convenient method of determining what that  
deformation has been. This ambiguity lvould apply during about the first 
0.25y0 creep strain, the range of particular interest for many practical problems 
associated with natural ice covers. I t  would be expected, however, that during 
the first part of the winter the characteristics of the deforillation behavior 
n~ould approximate those for first load. As the winter progresses, and depending 
on the stress to  which the ice is subjected (e.g. vehicle movement, temperature 
cycles), the characteristics would tend to those associated with reload. 

The present experiments do provide sonle inforn~ation that  can be applied to 
such problems. In Part I1 of this paper the observations are further analyzed 
to  put this inforination into a convenient form for calculations. The  results of 
the analyses are then applied to  some of the results obtained by Krausz (1963) 
from his experiilleilts on ice beams. 

CONCLUSIONS 

Previously undeforined columnar-grained ice a t  - 10 OC sho'ivs a relatively 
high resistance to  deforination when loaded in simple colnpression perpendicular 
to  the long axis of the grains. In the creep strain range 0.01 to  0.25y0 irreversible 
changes occur in the structure of the ice, two of these changes being the 
developinent of small-angle boundaries and the fornlation of internal cracks. 
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For creep strain beyond 0.2570 the creep for a given stress tends to a power-laiv 
dependence on time. 

On reload, the columnar-grained ice has a relatively much lower resistance to 
creep initially than it has during first load. This resistance increases niith 
continued deforination so that reload creep curves cross their respective first- 
load curves a t  about 0.2% creep strain. For reload and for creep strain less 
than 0.025%, or exceeding 0.2%, the creep for a given stress tends to a po\ver- 
law dependence on time. 

The author gratefully acknowledges the assistance of D. Dunlop and F. Fyfe 
in malting the observations and in their analyses. 

This paper is a contribution from the Divisioil of Building Research, National 
Research Council, and is submitted with the approval of the Director of the 
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ABSTRACT 

Observations on the initial creep behavior of columnar-grained ice are ana- 
lyzed by assuming that the creep strain a t  a given time has a power-law depend- 
ence on the applied constant co~npressive stress. The exponent for the stress was 
time-dependent during transient creep. For first load it started a t  a low value, 
increased to a masimum of about 2.2s approximately 75 minutes after the 
application of the load, and decreased thereafter. For reload it started a t  a high 
value and decreased continuously to a constant value of 1.46 by 100 ~nlnutes 
after the application of the load. Creep rates a t  a given time, calculated from the 
observed power-law dependence of the creep strain 011 stress, also had a power- 
law dependence 011 stress for time greater than about 25 minutes after the 
application of the load. The observations are shown to be in agreement with 
observations by Icrausz (1963) on the dellection rate of ice beams and by Steine- 
mann (1954) and Glen (1958) on the stress-dependence of the minimum creep rate 
during secondary creep. The observations indicate that the creep rate during 
secondary creep varies approximately as 1P.5. 

Part I (Gold 1965) presented information on the difference in creep behavior, 
due to constant compressive load, between columnar-grained ice previously 
undeformed and the same ice after it has been subjected to deforination. I t  
\vas sho\vn that structural changes occurred in the ice during first load in 
association with an unusual behavior of the creep rate during transient creep. 
Evidence of the forination of small-angle boundaries after the creep strain 
exceeded about 0.1% was obtained by therillal etching. The forination of 
internal craclcs during the transient creep stage was visually evident. 

In the present paper the observations are analyzed by assuilling a power-law 
dependence of creep on stress. From the empirical relationships obtained, 
the relationship between creep rate and stress and its change with time is 
determined. This relationship is used to interpret the creep behavior of ice 
beains reported by Icrausz (1963). The results of the present observations are 
compared wit11 observations by Steineinann (1954) and Glen (1958) on the 
stress-dependence of the minimum creep rate of ice during secondary creep. 

STIIESS-DEPENDENCE OF T H E  CREEP 

In Fig. 1 (a) log creep strain for first load is plotted against log stress for 
times t = 1 minute, 100 minutes, and 350 minutes. The corresponding obser- 
vations for reload are given in Fig. 1 (b) for times t = 1 minute, 100 minutes, 
and 300 minutes. From these figures it is apparent that  the relationship between 
the creep strain and the stress a t  a given time is given approximately by an 
equation of the form 

(1)  (e) = A (t)dL(l) ,  
'Issued as N.R.C. No. 84'75. 
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FIG. I(a). Dependence of creep on constant compressive stress for first loading (time = 1, 
100, and 350 minutes; temp. = -9.5 f 0.5 "C). (b) Dependence of creep on constant com- 
pressive stress for reloading (time = 1, 100, and 300 minutes; temp. = -9.5 f 0.5 OC). 

where (e) , is the creep strain a t  time t, u is the constant compressive stress, and 
A (t) and n (t) are constants for given time t. For first load there is considerable 
scatter for time t = 1 minute, due in part to the erratic initial creep behavior 
of ice, as was mentioned in Part I. The relative scatter was reduced appreciably 
by t = 10 minutes. For reload, creep observed for high stresses ( ~ 1 4 k g / c m ~ )  
appears to deviate from a power-law dependence on stress, being less than 
expected for t less than 100 minutes and greater than expected for t greater 
than 100 minutes as may be seen in Fig. 1 (b). 

The least-squares fit for given times was calculated for first load using stress 
as the independent variable, and values for n were obtained. Although only 
eight reload tests were carried out, it was decided to analyze these along with 
the first-load tests to show the marked difference in deformation behavior 
between the two loading situations. The line through reload observations was 
located by eye. Calculated values for n for first load and reload are plotted 
against time in Fig. 2 ;  subscript 1 refers to first load and 2 to reload. 

The marked difference in the characteristics of deformation for first load 
and reload is clearly evident. For example, the initial value of n for the first 
load is quite small, increases to a maximum a t  t equal to approximately 75 
minutes, then gradually decreases. Unfortunately, the load times were not 
long enough to establisl~ the existence of constant nl. For reload, the value for 
n is relatively large initially and decreases continuously to a constant value of 
1.46 for t greater than 100 minutes. 
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FIG. 2. Time-dependence of st1 (first load) and n2 (reload). 

STRESS-DEPENDENCE OF CREEP RATE 

The dependence of creep rate on stress a t  given times can be determined 
from the results of the foregoing analysis. Before proceeding with the calcula- 
tions, however, i t  will be useful to modify equation (1). For given time 

where eo is the creep strain a t  time t due to  stress go. Substituting this expression 
into equation (I) gives 

an  equation tha t  is more satisfactory dimensionally, particularly under con- 
ditions of varying n. Differentiating this expression with respect to time gives 

In Fig. 3, log e, obtained from the least-squares fit to  the first-load observa- 
tions, is plotted against log t for various values of u. I t  inay be seen that  
because the value of nl is time-dependent, the shape of the log e vs. log t curve 
is not independent of stress, as i t  niould be if n were constant. I t  is of interest 
that  extrapolation of the experimental results to  u = 1.3 kg/cm2 gives e equal 
to  a constant for about the first 10 minutes of loading. Extrapolation of the 
observations to loads greater than 25 k g / c m ~ i v e s  e for times greater 
than 100 minutes after application of the load. 

I t  was possible, for given time periods and stress, u, to  determine simple 
functions giving the time-dependence of n and e. The derivatives of n and eo 
with respect to time were determined from these functions and de/dt calculated 
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FIG. 3. Creep curves for given stresses obtained fro111 least-squares iit to  first-load observa- 
tions (temp. = -0.5 i 0.5 "C). 

for given times and u = 4, 6, 8, 10, 12, and 14 kg/cm" by the use of equation 
(3). Calculated values are given in Table I .  The values for u = 4 and 14 kg/cm2 
are plotted against time in Fig. 4. I t  Inay be seen that for first load the creep 
rate has a high value initially, decreases to a minimum within the first 10 
minutes of loading, then rises to a maximum for t between 10 to 20 minutes. 
There is evidence of a plateau in the creep rate between 20 to 40 minutes after 
the applicatioil of the load, following a fairly rapid decrease from the maximum. 
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TABLE I 
Calculaled creep rate for given tirne and load (in Icg/cni2) for first load 

(temp. -9.5 A 0.5 'C) 
-- 

Creep rate (%/min X 10') for a load of: 
Time 
(min) 4 6 8 10 12 14 

TIME,  hl lN 

FIG. 4. Time-depertderlce of creep rate for first load and reload (temp. = -9.5 0.5 OC). 
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Thereafter the creep rate decreases smoothly and continuously. Creep rates 
calculated directly from observations show the same features; two examples 
are presented in Fig. 4. 

Creep rates were determined also from the reload observations. The calcu- 
lated values for stress equal to 4 and 14 kg/cm2 are shown in Fig. 4. In con- 
trast with first load, the creep rate has a high initial value and decreases 
continuously with time, most of the decrease occurring within the first 50 
minutes. 

The logarithm of the calculated creep rate a t  given times is plotted against 
the logarithm of the stress for first load in Fig. 5(a) and reload in Fig. 5 ( b ) .  
For t greater than about 25 minutes the dependence of creep rate on stress 
for both first load and reload is closely approximated by 

STRESS 6 KG/CM'  

FIG. 5(a). Stress-dependence of creep rate a t  given times for first load (temp. = -9.5 f 
0.5 "C). (b) Stress-dependence of creep rate a t  given times (temp. = -9.5 f 0.5 "C). 

where B and m are constants for given t. For time less than 25 minutes the 
plot of logarithm of the creep rate against logarithm of the stress was not 
linear, as  would be anticipated from equation (3) in view of the dependence 
of n on time. 

Values of m and B were determined for t greater than 20 minutes and 
plotted against time in Figs. 6 and 7, respectively. From equations (2) and 
(3) i t  may be seen that  m should equal n if n is constant, as i t  was for reload 
for t greater than about 150 minutes. For first load, nl was still changing a t  the 
time the load was removed; correspondingly, ml also was still decreasing. 

Figure 7 shows that  for 100 < t < 350 minutes, B2 has a pdwer dependence 
on time. The exponent of this dependence was found to be equal to -0.53, in 
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T I M E ,  M I N  

FIG. 6. Time-dependence of nzl (first load) and ?it2 (reload). 

50 100 

TIME. M I N  

FIG. 7 .  Time-dependence of BI  (first load) and Bz (reload). 

good agreement with the exponent for the time-dependence of the creep for t 
equal to 300 minutes given in Table I ,  Part  I. For 150 < t < 350 minutes, 
therefore, the analysis gives for the creep rate for reload 

(5) ae(a, t ) / a t  = 5.6 X 10-4t-0.53u1.460/0 per minute. 

An empirical equation can be obtained as well for first load for 150 < t < 350 
minutes, namely, 

&(a, t ) / &  = 2.13 X 10-5~2.04-4.5~10-~t; 
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but this equation is not in a form that can be readily related to creep theory 
as is equation (5). I t  is of interest that if the time betureen first load ailcl reload 
(about 20 hours) is substituted in the above equation, the exponent obtained 
for the stress is about equal to that  observed for the reload tests. 

COWIPXRISON \\TITI< PREVIOUS \VORI< 

Steinemann (1934) and Glen (1938) have presented information on the 
stress-dependence of the minimum creep rate of granular ice in the secoildary 
creep stage. The present investigations were not continued until that creep 
rate was attained. Furthermore, the stress-dependence was established for 
given time, \\-hereas the coildition of minimum creep rate used by Glen and 
Steinemann ~vould be more closely associated 11-it11 given creep strain. The 
dependence of the creep rate on stress and creep strain can be calculated froin 
equatioil (I).  Assuming that 72 is constant and A = Dtp (D and p constants), 

Differentiating with respect to time, 

(7) de(u, t)/dt = pDtp-1~7L. 
Solving for t in equation (6) and substituting in equation (7) gives 

(8) de (a, e) / dt = pD JI'e"-l 11'~'"". 

Assuming that  \\,it11 time the values for p and n for first load approach those 
for reload, i.e. p = 0.47, n = 1.46, 

ae(a, e)/dt = pD1JPe-1.13~3.11. 

The exponent for the stress, 3.11, is in good agreement \\-it11 that  obtained 
by Glen (1958) (3.17 f 0.1 for a temperature of -1.5 "C). Steinemann (1954) 
did not obtain a linear dependence of log creep rate on log stress, but found 
that  the exponent increased from about 1.80 a t  a = 1 l;g/cin2 to about 4.16 
a t  u = 14 kg/cm" being equal to about 3.0 for 4 < u < 8 kg/cm2. If the 
creep rate of ice is, in fact, approximately inversely proportional to the creep 
strain, as indicated by equation (8), a possible explailation for the curvature 
in the dependence of log creep rate on log stress obtained by Steinemann is 
that  the minimunl creep rates occur for different anlounts of creep strain for 
the stresses used in his experiments. Steinenlanil's observations did iilclicate a 
tendency for the oilset of tertiary creep to occur a t  a smaller creep strain for 
large loads (15 kg/cm2) than for small loads (4 kg/cm2). A siinilar effect may 
exist for the mi~limum creep rate. Glen's observations were for loads less than 
10 l;g/cm2. 

Glen (1958) found that  for granular ice near the melting point the observed 
creep strain could be approxinlated reasonably \\-ell by the Andrade law: 

e = fit: + kt. 

Applicatioil of the Andrade law to the present observations yielded poor fit 
for first load and only fair fit for reload. No attempt \vas made to fit the 
observations with polynoillials containing pou-ers of t other than + and 1. 
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As the dependence of creep strain on stress n-as usefully approximatecl by 
a po~irer-law function, it may be of interest to point out certain features of the 
exponent, 72. The value of n was found to be primarily dependent on time and 
independent of stress or the amount of deformation a t  a given time. Taking 
into consideration the evidence of formation of small-angle boundaries and 
internal cracks, and the consequences of recovery, i t  ~vould appear that n is 
in some way related to the formation and rate of operation of the ~nicroscopic 
elements responsible for creep. The characteristics of these elements to n.hich 
n is related must, however, be dependent primarily on time and 0111~7  to a 
minor degree, if a t  all, on applied stress. I t  may be of interest that for first 
load and t between 1 and 20 minutes n was proportional to In t .  For first load 
and t between 150 and 350 minutes, and reload and t betn;een 0.5 and 100 
minutes, n appears to be proportional to -In t .  I t  is unfortunate that  the 
first-load observations were not continued long enough to establish whether, 
with continued deformation, the value for nl approaches the constant value 
observed for 722. 

Readey and Kingery (1964) observed for single crystals of ice deformed in 
tension (under conditions of constant strain rate) a power-law dependence of 
the creep rate on stress. They found that  the exponent .n decreased ~vith strain 
froin about 2.5 to about 1.5. The range in creep strain over which they ob- 
served this change was much greater than that in the present experiments. 
Migashi, Icoinuma, and Mae (1964) made observations on single crystals of 
ice siinilar to those of Readey and Kingery, giving particular attention to a 
"yield drop" phenomenon that  occurs for creep strain about 1%. They ob- 
served a power-law relationship between the applied constant strain rate and 
the maximum stress that occurred, the exponent for the stress being 1.53. The 
strain rates applied were such that  the maximum stress did not exceed about 
4..5 l;g/cm2. These observations suggest that the influence of stress on the 
creep rate of ice may be basically the same for both single crystals and 
polycrpstals. 

APPLICATION O F  RESULTS TO REAM EXPERIMENTS 

Krausz (1963) conducted first-load and reload experiments on ice beanls 
made froin columnar-grained ice, and observed deformation behavior similar 
to  that recorded in the present u-orlc. The ice beams were subjected to a con- 
stant bending nloment of 11.4 kg-cm/cm (25 in.-lb/in.). The  long axis of the 
colun~nar grains mas perpendicular to the face to I\-hich the load n-as applied, 
so that the principal stresses had the same orientation ~ ~ ~ i t h  respect to the 
grain boundaries as in the coinpression tests. 

The load distribution associated with the applied bending moment, i f  we 
assume that the beam deforms elastically, is shown in Fig. 8 for a beam 2.54 c n ~  
thick. As the ice creeps, i t  ~vould be expected that the load distribution n-ould 
change. I t  was assumed that after a sufficient length of time following the 
application of the load the creep rate perpendicular to the plane upon which 
the b e n d i r ~  inoment acts would be linearly proportional to the perpendicular 
distance froin the neutral plane. Krausz's observations indicated that  the 
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FIG. 8. Creep rate and stress associated with constant bending moment of 11.4 kg-cm/cm 
(temp. = -9.5 & 0.5 "C). 

neutral plane remained a t  the center of the beam throughout deformation. By 
the use of the above assumption, creep rates were determined from observed 
deflection rates of a beam 2.54 cm thick a t  times t equal to 60, 100, and 250 
minutes. From these creep rates, stresses were determined by using the de- 
pendence of creep rate on stress for first load obtained from the simple com- 
pression experiments. 

Assumed creep rates and resulting load distribution through the beams for 
t equal to 100 and 250 minutes are given in Fig. 8. The  calculation indicates 
that  the stress near the surface of the beam has relaxed considerably and that  
near the center i t  has increased from the initial elastic distribution; but there 
is very little difference between the distributions obtained for either time. The 
stress calculated for t = 60 minutes was a little less than that  for t = 100 
minutes within 0.63 cm of the surface, and a little greater over the remaining 
center section of the beam. The bending moment calculated graphically from 
the mean of the stress distributions for t equal to 100 minutes and 250 minutes 
was found to  be 10.5 kg-cm/cin2 (23 in.-lb/in.), within 10% of tha t  applied. 
For t = 60 minutes the bending moment was somewhat less. 

Maximuin deflection rate in the above beam test occurred a t  t between 60 
and 100 minutes after the application of the constant bending moment. 
Analyses of the deflection rates for a second beam 3.05 cm thick showed similar 
agreement between calculated and applied bending moments for time equal to 
or greater than that  associated with the maximum deflection rate. For times 
less than that  a t  which the maxiinum deflection rate occurred, the bending 
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inoments calculated according to the foregoing assumption were smaller than 
that applied. These observations indicate that during first load of columnar- 
grained ice beains not only does the unusual creep behavior affect the deforma- 
tion, but there is also an influence associated with the transition from the 
initial elastic to the final plastic condition. I t  would be expected that when the 
load is first applied the stress distribution would tend to be that associated 
with elastic deformation. According to the results of the compression tests, 
therefore, the creep rate near the surface would be considerably larger than 
the linear assumption would predict from the observed deflection rates. 

The observed deflection rates indicate that the middle section of the beam, 
where the stresses initially are less than for the fully plastic condition, largely 
determines its initial deformation behavior. As the stress near the surface 
relaxes, the center section of the beam must carry more of the load. Because 
of the characteristics of the dependence of creep rate on stress for first load, 
the increase in stress over the middle section results in an increased creep rate 
and associated deflection rate. On the basis of this interpretation, Krausz's 
observations indicate that transition from the elastic to the plastic behavior 
requires from 1 to 5 hours for ice loaded under the conditions of the experi- 
ments. The transition for the reload condition appears to take place in less 
time and without a maximum in the deflection rate, although an inflection 
might be present (see Krausz 1963, Fig. 3). 

I<rausz's observations were made on beams between 2.28 and 3.05 cm thick. 
The deflectioil rate was very sensitive to beam thicltness. Two beams could 
not be considered geometrically equivalent unless they were machined to a 
given thicltness to a tolerance smaller than f 0.5%. Beams 2.29 cm thick failed 
within half an hour of the application of the load. 

The reason for the very sensitive dependence of deflection rate on thickness 
for beains about 2.54 cin thick subjected to a bending moment of 11.4 kg-cm/cm 
becomes clear when the power-law dependence of creep rate on stress is talcen 
into consideration. The stress a t  the surface of a beam for a given bending 
inoinent varies inversely as  the square of the beam thickness. For beains 2.29 
to 3.05 cin thick subjected to a bending moinent of 11.4 kg-cm/cm, the range 
in maxiinuill stress a t  the surface is about 6 kg/cm2 to 11 kg/cm2. The cor- 
responding creep rates for first load and t = 100 minutes are 8.7 X lop4 and 
3.7 X 10-3%/n~in, a 25% reduction in beam thicltness causing an  increase of 
over 300y0 in the creep rate a t  the surface. Failure of the beam 2.29 cm thick 
\\;ithill half an hour of the application of the load is to be expected from the 
results of investigations now in progress on the stress-dependence of the time 
to forination of internal craclts in ice. 

CONCLUSIONS 

Analysis of creep observations for columnar-grained ice subject to com- 
pressive stress between 4 and 14 lcg/cm2 perpendicular to the long axis of the 
grains showed that the stress-dependence of the creep a t  a given time for first 
load and reload can be usefully approximated by a power-law function between 
t equal to 1 and 360 minutes. The value for the exponent of the stress varies 
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continuously with time during transient creep. For reload it tends to a constant 
value of 1.46 for t greater than 100 minutes. The stress-dependence of the 
creep rate a t  a given time can be usefully approximated by a po~ver-la\\- function 
only for t greater than about 23 minutes. The flow law obtained for first load 
agrees \\-it11 observations on the deflection rate of beains for times greater thail 
that  associated \\-it11 the maximum deflection rate, i f  it is assumed that the 
creep rate of tlle bean1 varies linearly \\-it11 perpendicular distance froin the 
neutral plane. Extrapolation of the present results to  give creep rates for a 
given anlount of creep yields an exponent for the stress in the flo\\r la\\- in good 
agreement 11-ith tlle values obtained by Steinernann (1934) and Glen (1958). 
Observations during reload indicate that the creep rate during secondarj. creep 
is approximately proportional to tFo. j .  
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