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RESUME

Les essais in situ sur une poutre en porte-d-faux, qui sont
fréquemment utilis&s pour déterminer la résistance 3 la flexion
d'une couverture de glace, sont considérablement modifi&s par
la concentration des contraintes 3 la base de la poutre. Une
technique simple par laquelle la concentration des contraintes
est libérée par des trous pré-perforés a &té proposée, mise 3
l'essal in situ et analysée de fagon mathématique. Ce document
décrit une &tude photo-8lastique et par &léments finis de
1'approche suggérfe. Les résultats concordaient bien, ce qui
indique que 1les concentrations de contraintes peuvent &tre

efficacement libérées en portant attention 3 la géométrie du
trou et de la poutre.
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ABSTRACT

In situ cantilever beam tests, which are frequently
used to determine the flexural strength of an ice
cover, are significantly influenced by the stress con-
centration around the beam root. A simple technique
whereby the stress concentration is relieved by pre-
drilled holes has been proposed, tested in situ and
analyzed theoretically. This paper describes a photo-
elastic and finite element study of the suggested ap-
proach. The photoelastic and finite element results
agreed well with each other, indicating that stress
concentrations can be relieved successfully by atten-
tion to the geometry of the hole and beam.

INTRODUCTION

The present paper is a continuation of earlier work
by Svec and Frederking (1981); therefore only a
short description of the problem is given here.

A realistic estimate of the bending strength of an
ice cover is a very important factor for many en-
gineering problems occurring in Arctic operations,
or in the utilization of ice covers in general. Usually
very simple tests are performed for measuring the
strength, mostly using cantilever beams or plates cut
out of a continuous ice cover. When cantilever
beams are used, they are loaded to failure, at a
sufficient rate to eliminate creep. Loads and deforma-
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tions are recorded, and the ice strength, or Young’s
modulus, is calculated. However, since the simple
solution for a clamped cantilever is usually employed,
many factors influence these results (Svec and Freder-
king, 1981). For example, the common assumption
of a solidly clamped cantilever beam does not rep-
resent the conditions that actually exist during the
test. On the contrary, the in situ test beam is fixed
elastically to the surrounding ice plate. Another
very important factor is the effect of the stress con-
centrations at the end of the cuts (root of the canti-
lever). This paper presents a quantitative analysis
of the stress concentrations at the root of cantilever
beams using photoelastic and finite element tech-
niques. A second paper will deal with experiences
from full-scale in situ tests performed on a test
pond ice cover and compare these tests to numer-
ical results. This, in turn, will lead to a proposal for
a new standard in situ bending strength test of an
ice cover.

METHODS

The following analysis addresses questions related
to the stress field near the connection of a cantilever
beam to a surrounding plate, such as magnitude of
the stress concentration factor and effect on stress
distribution of decreasing the width of the beam.
An important factor in the latter problem, in partic-
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ular, is the location of maximum stress and thus the
location if the initial crack leading to failure.

Two independent methods were selected for this
purpose: experimental photoelasticity and numerical
finite element analysis. The experimental program
has been described in detail (Thompson, 1983)
and only a short summary will be given here.

The experimental program (performed at the Uni-
versity of Waterloo) had the following objectives:

(a) to determine the stress concentration factor
at the end of the cut (cantilever root) under condi-
tions approaching those obtained in field tests, and
to compare to the clamped cantilever conditions
normally assumed;

(b) to demonstrate stress relief in the root region
by pre-drilled holes;

(c) to determine the influence of hole size and
location (concentric, offset) on the stress relief;

(d) to determine the influence of beam width on
the stress concentration while keeping the size of
the relief hole constant;

(e) to serve as a base for computer program val-
idation,

Experimental set-up

A 25 cm by 25 cm sheet of approximately 2 mm
thick epoxy with a reflective coating on one side
was bonded to a plexiglas sheet having a nominal
thickness of 10 mm.

A 5 cm wide cantilever, centred along one side of
the sheet, was made by cutting from the free edge
into holes drilled previously with a 0.040 ¢cm diam-
eter drill (Fig. 1). The residual stresses induced by
cutting the edges of the cantilever were small enough
that they would not affect subsequent test stress
values.

Two positions of stress relief holes at the root
of the cantilever were studied: concentric and offset.
These holes were approximately 0.516, 1.032,
1.468 and 2.223 c¢m.

In order to test the model, it was first mounted on
steel rods representing simple supports. At each
corner where the lines of these supports crossed,
the model and the supported steel plate were lightly
bolted together. This kept the corners from lifting
off and thus duplicated the simple support boundary
conditions assumed for the finite element model
analysis.
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Fig. 1. Photoelastic model of a cantilever beam (from Thomp-
son, 1983).

The model, including the rod-and-steel plate unit,
was then mounted on a rigid supportive stand and
loaded with dead weights. Photographs of the photo-
elastic pattern were taken, using both white and
monochromatic light.

Finite element approach

Two confirming triangular-plate bending elements
(Svec and Gladwell, 1973) developed by using 5Sth-
and 7th-degree polynominals, were used in this
work. Both of these elements have vertical displace-
ments (w), slopes (wx, wy) and curvatures (wxx,
Wxy, Wyy) as degrees of freedom (D.O.F.) in their
vertices. The higher degree element has two addi-
tional nodal points per side with w and wy (where n
indicates normal direction) D.O.F. and the centroid
point with w, wy and wy, D.O.F.

The computer program developed by Svec com-
putes deflections, slopes, curvatures, moments,
stresses, strains, principal stresses, and their direc-




tions, as well as difference in principal stresses 6, — 0,.
The last quantity is proportional to the photoelastic
fringe at any point of the stress field. Therefore the
plot of normalized 0, — ¢, contours represents an
important comparison between finite element and
photoelastic methods.

All the above characteristics of a plate deforma-
tion are calculated not only at nodal points but also
at a large number of points of an internal element
mesh. These points are generated automatically
and are controlled by only one parameter. The con-
tours of desired quantity, as for example deflections,
moments or “corresponding photoelastic fringes”
are all computed using this internal element mesh.

DISCUSSION OF EXPERIMENTAL STRESS
ANALYSIS

The main results of an entire set of individual
tests are summarized in Table 1. These results show
that:

(a) As the diameter of the stress relief hole is in-
creased, the peak stress (as measured by the max-
imum fringe number) decreases monotonically. Even
a small hole dramatically decreases the stress concen-
tration caused by an unmodified saw cut.

_ (b) The stress concentration is lower and the stress
“flow” from the beam into the plate is much smooth-
er around an offset hole than a concentric hole of
the same diameter.

TABLE 1

Stress concentrations @
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(c) For both hole types, the location of maximum
stress for small-diameter holes occurred on the back
side, approximately 90° from the portion of min-
imum beam width. For larger hole sizes, i.e.,d/fr> 1,
(d = hole diameter, r = plate thickness) the maximum
stress point was at or near the position of the min-
imum beam width. Moreover, the edge stress, up
to the hole is, for all practical purposes, identical
to the centreline value,

(d) For small-diameter offset holes (d/tr < 0.8),
the stress has a double maximum, one occurring
in the beam near the edge of the hole, and the second
on the back side of the hole. Both stresses exceed the
centreline value at the corresponding position. For
the limiting case of no stress relief hole of either
type, the peak in stress just ahead of the end of the
cut is clearly apparent from the photoelastic pattern.
This can perhaps explain why ice beams with no
relief holes often break in front of the end of the cut.

(e) An additional experimental study (Figs. 2 and 3)
investigated the influence of beam width on stress
distribution. This study clearly demonstrates that
the offset stress relief hole configuration leads to a
stress field with a minimal stress concentration. This
leads to the following conclusions:

(i) a numerical model based upon flexural
theory should adequately predict the stresses in
any parametric study of the effects of buoyancy,
ice thickness, beam width, hole size, etc.;

(ii) the use of elementary flexural theory to
interpret the field measurements of maximum

Offset hole

Hole Load Concentric hole
diameter position
mm (in.) cm 5cm? 7cemb

9em¢ S5cm® 7cmb 9cm¢©

0.39 (1/64)  0.040 >4.5 >7.0

5.16 (13/64) 0.516 2.5 3.8
10.32 (26/64) 1.032 2.4 3.4
14.67 (37/64) 1.468 2.0 3.2
22.23 (56/64) 2.223 2.0 3.3

>9.0 = = -
410 2.1 2.5 3.44
3.64 2.1 2.8 3.3b
341 19 2.6 3.3b
336 1.9 2.7 33b

a As measured by maximum fringe order, no adjustment made for reduced beam width or

torsional loading effects.

b Estimated from photographs and/or negatives.
C Determined by compensation techniques except when indicated otherwise.
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Fig. 2. Photoelastic results for offset hole, b = 3.

deflection and breaking strength should give
very reliable predictions of the ice cover stiffness
and maximum tensile stress, particularly for nar-
row beams ratio of beam width-to-thickness,

y=1).

FINITE ELEMENT RESULTS

While assessing the finite element analysis, two
facts have to be borne in mind:

(a) Even for the case of a conforming, high preci-
sion, bending triangular element, as used in this
study, only continuity of deflection and its normal
slope between two adjacent elements is satisfied.
Second derivatives and therefore stresses and moments
could become discontinuous along these element
boundary lines.

(b) The finite element analysis is based on the

FULL
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.
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Fig. 3. Photoelastic results for offset hole, b = 1.

principle of minimum potential energy leading to a
“deformation model’’, where boundary conditions
are satisfied only in terms of the deformation re-
quirements.

The consequence of the first shortcoming is two-
fold: first the stress concentration cannot be seen in
great detail in areas close to critical points, where
contours of g; — 0, may become discontinuous
along element boundaries, and secondly, the analysis
accuracy can decrease with increase of the stress
concentration. That also means that normalized
0, — 04 contours (or fringe lines) can be compared
to photoelastic results successfully everywhere ex-
cept very close to the positions of high stress con-
centration.

The second shortcoming is related to boundary
conditions along the free edge of the beam. The
Love—Kirchhoff fourth-order plate theory (on which
our plate finite elements are based) is able to satisfy




only two conditions along a free edge in the field of
three functions; namely the transverse shear force,
moment normal to the edge and the shear moment on
the edge face. This deficiency might cause difficulties
when the beam width-to-thickness ratio (y) ap-
proaches 1.0. Kirchhoff developed a device known as
“effective” transverse shear force, combining twisting
moment with the transverse shear force, namely:
FPw ?°

gy—s' + 202 —v)

ox20y

Supporters of this practice argue that by Saint-
Venant’s principle, any error introduced by using
the effective shear force is important only in a narrow
edge zone of width equal to the thickness (#). In the
deformation finite element analysis, the free edge is
usually not treated by any boundary constraints,
which in the case of narrow beams, might lead to
some discrepancy with Kirchhoff’s theory.

In spite of shortcomings and difficulties associated
with Kirchhoff’s mathematical model of a free edge
plate in bending, its finite element solution gives
very clear insight into the stress deformation behav-
iour.

The computer program was successfully validated
against simple examples for which exact solutions
are known (fractions of % error) (Svec and Freder-
king, 1981). Examples of finite element meshes used
are shown in Fig. 4. For the problems under consid-
eration, comparisons between experimental photo-
elastic and numerical finite element methods were
performed as shown in Figs. 5 and 6. The numer-
ical fringe contours (equivalent to photoelastic
fringe lines) were obtained by normalizing absolute
values of ¢, — 0, by the stress level in the location
of the experimental first fringe. The numerical results
compare very well to the experimental behaviour,
reproducing even some details of the stress distribu-
tion.

The influence of width of the beam as well as in-
fluence of stress relief holes is shown in Figs. 7, 8
and 9. Combination of the bending momen (M)
and the shear moment (Myy) across the root of
two types of beams is apparent in Fig. 7. Solid lines
represent results for beams with relief holes, while
dashed lines are for beams formed by simple cuts
only.
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Fig. 4. Samples of finite element meshes.

All the curves for bending moments have the same
characteristics: high peaks at the edge and lowest
values in the centre of the beam. There is a remark-
able difference between the results for beams with
relief holes and those without. The bending moment
(My) is more than twice as high at the edge for beams
without relief holes, while in the centre there is
little difference between the value of the moments
for both geometries. The difference in twisting
moments is even more pronounced. Its value at the
edge of the beam is many times higher for beams
formed by single cuts than for beams with relief
holes. Influence of a relief hole is also shown in
Table 2, where displacements, stresses and stress
concentration factors are tabulated as functions of
beam width. Results of the plate finite element
(F.E.) analysis modelling the beam with and without
relief hole (referred to a HOLE and SLOT, respec-
tively) are compared to results of the simple beam
theory. For y = 1, displacements at the tip of the
beam compare well in all three cases; beam—analyt-
ical, F.E.—HOLE and F.E.—SLOT. There is a large
difference between the HOLE and SLOT cases in
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stress concentration factors k; = 0,(F.E.)/o(beam)
and k, = o0,(F.E.)/a(beam) as well as in the prin-
cipal stress direction (¢) at the edge of the beam
root. The principal stress direction clearly demon-
strates, in particular, that in the beam with a relief
hole, stress flows much more smoothly into the
plate (see Fig. 13. The finite element analysis also
shows the normal component of the stress tensor
along the edge of the hole to be zero, as expected.
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a cantilever.

As the width of the beam increases (y = 2, 3, 4, 5),
the displacement at the tip of the beam connected
to the plate differs increasingly from the displace-
ment of the clamped cantilever. This difference is
due to the “beam” behaving more like a plate as 7y
increases. Therefore future standard tests should
include correction factors related to the beam geo-
metry. The influence of increasing v is also described

strength with increasing beam width was obtained
in full-scale experiments. A similar effect was found




TABLE 2

Displacements, stresses, stress concentration factors (£ = 334,000 kg/cm?, v = 0.4, 2 = 1.0 cm, load = 5.92 kg)

Beam--analytical

Finite element—hole

Finite element—slot

b wX10 o wX10 %A oy k, a, k, o] wx10 %A oy k, g, k, o

(cm) (cm) (kg/cm?) (cm) (kg/cm?) (kg/cm?) (deg) (cm) (kg/em?) (kg/cm?) (deg)
1 0.5168 319 0.5660 3.7 330 1.02 330 1.02 89.1 0.552 6.8 386 1.21 524 1.64 62.0
2 0.2584 160 0.3444 33.3 164 1.03 164 1.03 88.2 0.321 24,2 282 1.76 391 2.44 60.3
3 0.1723 106 0.2663 54.6 127 1.20 127 1.20 87.6 0.244 41.6 239 2.25 338 3.18 59.5
4 0.1292 80 0.2188 69.3 100 1.25 101 1.25 83.5 0.184 424 208 2.60 301 3.76 58.6
5 0.1034 64 0.1889 82.7 86 1.34 87 1.36 83.0 0.169 634 184 2.87 270 4.22 58.0

0L




in small-scale tests in freshwater ice (Frederking
and Timco, 1983). According to Table 2, the de-
crease is caused not only by a two-dimensional

also by a dramatic increase of the stress concentration.
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Fig. 9. 6, — o, distribution around an offset hole for dif-
ferent beam widths.

To emphasize the advantage of using relief holes
at the root of a cantilever beam, distribution of
moments, shear and principal stresses are shown in
Figs. 10, 11, 12 and 13. The first two graphs illus-
trate in three-dimensional space what was described
earlier, while the other two show the smooth stress
flow from the beam into the plate when a relief hole
is present.

Another interesting behaviour of the stress-mo-
ment field in the vicinity of the slot can be observed
in Fig. 10 and in our previous work (Svec and Freder-
king, 1981). If the end of the slot has some definite
width, then the momen (M) sharply changes sign
across this width. This can also be observed, but in
a much smoother fashion, along the edge of the relief
hole. If, however, the width of the end of the slot is
decreasing and eventually reaches zero, i.e., the slot
ends in a point, then the M, moment function along
the slot has two peaks, before and after the slot end,
with a slightly negative value right at the root of the
slot.

In all previous discussions, attention has been
focused mainly on the stress distribution. It is also
interesting to observe deformations which relate to
Young’s modulus; this is usually calculated from
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Fig. 10. Bending moment (My) in 3-D space near the end
of the SLOT.

\ %
k" bM2=lsem 5
- M, MOMENT IN 3D
y
- BEAM WIDTH =3 cm N

\

ey

._ﬁ"

Fig. 11. Bending moment (My) in 3-D space near a relief
hole.
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Fig. 12. Maximum shear (7) in 3-D space near a relief hole.
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Fig. 13. (a) Principal stresses o, and o, in 3-D space around a relief hole. (b) Principal stress directions around a relief hole.

simple beam theory, namely, w = 4 P @3/E h3b
since w (beam free-end displacement), load (P) and
the beam geometry (b, h, R) are experimentally
measured. A summary of results is presented in Table
2. As the beam width is increased, the deformation
obtained from a plate model departs rapidly from
a simple beam solution. The finite element model
with relief holes shows slightly higher displacements
than the beam without holes, as the beam-to-plate
connection is smoother and appears more flexible.
This could lead to a false conclusion that the deflec-
tion for the SLOT case is closer to the analytical
solution of a simple cantilever and thus more accurate.
However, the stress concentration factor, also shown
in Table 2, is much higher for the beam without
relief holes, which means earlier crack initiation in
an ice beam; this indicates that the use of relief
holes is far superior for determining the flexural
strength.

CONCLUSIONS

Two independent stress analyses were performed
to investigate techniques to relieve stress concentra-
tion at the root of cantilever beams. In general, the
use of relief holes has proven to be far superior to
the use of simple cuts only. Good agreement between
experimental photoelastic and numerical finite
element methods has been achieved. The finite ele-
ment method might lead to some problems due to
the free edge boundary conditions.

According to Saint-Venant’s principle, the edge
zone equal to the beam thickness is affected by
shortcomings in Kirchhoff’s theory. Therefore, if
¥ < 1 the use of thin plate theory could lead to a
loss of accuracy. The proper choice of finite element
mesh in such a case is important. The stress distribu-
tion in the vicinity of the root of a narrow beam
without a relief hole becomes three dimensional and




should be treated as such. Moreover, if ¥ < 1, then
the beam should be analyzed using beam theory or
plane stress theory. However, the ice cover suffi-
ciently far away from the beam root still behaves
as a plate. Perhaps a special mathematical model
could be designed using substructures, where differ-
ent regions are represented by different models.
Since the computational errors in the present anal-
ysis are much smaller than the variation that occurs in
full-scale ice tests, such refinement could become an
academic exercise. Moreover, if stress relief holes are
used, the problem of stress concentration is almost
completely removed and the use of simple flexural
theory is fully justified.

It can be concluded that: (a) test beams should
have a width-to-thickness ratio of about one, (b)
the root should definitely be terminated in a stress
relief hole, and (c) under the above conditions
elementary flexural theory should be suitable for the
calculation of strength and modulus of elasticity.

This work has application to the establishment
of a standard cantilever beam test for determining
the flexural properties of ice covers.
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