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LA DETERMINATION DIRECTE DE LA RESISTANCE 

D'UN PANNEAU VIBRANT AU RAYONNEMENT 

SOMMAIRE 

L'auteur se sert de la forinule de rayonnement de Rayleigh afin de determiner la 
resistance d'un panneau vibrant au rayonnement. On compare les resultats A ceux 
qu'ont obtenus d'autres auteurs en utilisant des analyses differentes, A savoir une 
methode de transformation et une methode d'oscillateur accouple. 
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Rayleigh's radiation formula is used to derive the radiation resistance of a vibrating 
panel. The result is compared to those obtained by other authors using different analyses: 
viz., a transform method and a coupled oscillator method. 

1. INTRODUCTION 

This paper presents a direct derivation of the radiation resistance of a vibrating plate, by use 

of Rayleigh's radiation formula. Two earlier studies, one by Maidanik [ l ]  and the other by 

Lyon and Maidanik [2] have obtained the radiation resistance, in one case by a transform 

method and in the other by a coupled oscillator approach. Both these techniques agree in the 

final general form of the expression for the radiation resistance, but differ by a factor of eight. 

I t  is found that the direct method to be described agrees with the transform technique. 

Further examination of the coupled oscillator method indicates two apparent errors and 

when these are corrected all three methods agree. 

In  the present paper the direct derivation is first described, and subsequently the relations 

between the three methods are discussed. 

2. DIRECT DERIVATION 

Consider the far field velocity potential A Vproduced by two elements at  x, and x, vibrating 

with velocities t[(x,) and u(x,), respectively, in a n  infinite baffle: 

A V = u(x,) A(x,) (2nr,)-' exp(-jkr,) + u(x,) A(x,) (2nr2)-I exp(-jkr,), (1 )  

where r, and r, are the distances of the two elements from the observation point (R, 6, cp,) and 

k is the wave number in the medium. The coordinates R, 6 and cp, are the vsual spherical 

coordinates where 6 is measured from the normal to the vibrating surface (Figure 1). 

The corresponding equation for the pressure Ap is given by 

Ap = jwp A V. (2) 

Throughout it will be assumed that the vibration of the plate is either modal or  reverberant: 

i.e., the instantaneous or statistically expected product of the velocity terms is real. Thus 



where the summation is carried out over the vibrating surface. Equation (3) simplifies to 

where r, and r, have been replaced by R in the divergence term and the summation has been 

replaced by an integration. Since only the far field case is being considered (r, - r,) may be 

replaced by 

[w, cos(ql - qo) sin d - w, cos(q, - qO) sin dl, 

where w = 1x1. Then the power W radiated over a half space will be given by 

O=nl2 rp=2n 

= ( )  1 1 u(x,) u(x2) sin d dd dqo  cos{k[wl cos(ql - qO) - w, cos(q, - 

S o=o qJ-0 

- qO)] sin 0) dx, dx,, (5) 

where R is a solid angle. 

Figure 1. Coordinate system. 

The cosine factor in the integrand of equation (5) can be written as 

m 

= Re 2 E, E,, i'"-"cos 177(q1 - qO) cos n(q2 - qo)Jn,(kwlsin d) J,,(kw, sin O), (6) 
nl. n=O 

where E,, = 2 for m f 0 and E,,, = 1 for 111 = 0. Substituting equation (6) into equation (5) and 

calculating the integral, I ,  of equation (5) with respect to q 0  yields, for m = n, 

I = n cos m(ql - q,), m f 0 

= 2Tt, m = 0. 

When m f n, I = 0. In other words 

IE,, E,, = 4n cos m(ql - qz) for m f 0, 

= 2n for m = 0, 
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or 

IE,,, E, = E,,, 2n cos m(ql - q2), 

From Neumann's addition theorem, 

J0(kw1 sin 0) = 2 E, J,,,(kn~, sin 0) J,,(kw2 sin 0) cos m(q, - q,), 
,n 

and so 

pck2 n1.2 

W  = - 11 u(x,) u(x2) 2nJo(kw1 sin 0) sin 0 dB dx, dx2, 
8n 

0 
S 

where 

w' = [w: + w: - 2n11 w2c0s(q1 - q2)]l12 

Substituting ksin8 = z gives 

z dz 

k v ' m  
dx, dx2 

S 

-. 
sin kw' 

dx, dx,. 

S 

The radiation resistance R,,, is defined by W =  Rrad(v2), where (v2) is the mean squared 
velocity of the surface with respect to space and time. If u(x) is expressed in modal form 

(e.g., uosinko,xsinkoyy), then (v2) = 2138 (provided that ko,,kOy # 0) and 

where @(xl, x,) is the modal vibration pattern and Y(xl, x,) is the cross correlation coefficient 

of a three-dimensional random pressure field. If the panel is radiating energy from both 
sides, then 

4pck2 
rad n 

S 

By returning to equation (9), the two cases of small and very large vibrator dimensions 

compared to the wavelength can be considered. Thus, for a small vibrator, 

and 

Similarly, when the surface is very large, and the points on the surface are vibrating in unison, 
then it acts as a piston and equation (9) reduces to 

pck2 sin kz 
2nz dz 2nr dr, 

S 

where, for simplicity, circular symmetry is assumed. In this case 

R,,, = pcS. 
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It is of interest to calculate the radiation resistance for a reverberant field in the plate. Such 

a field would be produced by a point noise source acting in or on the plate. The plate is 

assumed to be large and the expected value of the product u(xl)u(x2) is substituted into 

equation (9). In this case equation (9) can be written as 

sin k, r 
pck' 11 J,(k, r )  - Rrad =- 2nr dr 2 ~ t R  dR 
2n k, r 

s 

PCS 
=- 

cos cp ' 

where coscp = (ki - k,2)11'/k, and where the velocity product is replaced by the two-dimen- 

sional correlation coefficient. In equation (9a), k, is the wave number in the plate and k, that 

in the surrounding medium. 

3. TRANSFORM METHOD 

Equation (9) can now be compared with the form derived by Maidanik [I] using a transform 

method. Maidanik gives as the radiated power, W, 

where 

and 

Substituting equation (16) into equation (14) and considering only the integration I with 

respect to k gives 

I = Re exp[ik(xl - x,)] dkl(k2 - k2)lI2. 
-m 

(17) 

Equation (17) is a version of the Sommerfeld integral and may be written as 

sink, w' 
I = 2nk,- 

k, w' 

Substituting from equations (18) and (16) into equation (14) yields equation (9) again. 

4. COUPLED OSCILLATOR METHOD 

Although the radiation method and the transform method give the same result for the 
radiation resistance they seem to differ from the coupled oscillator approach used by Lyon 

and Maidanik [2]. The radiation resistance by this method is said to be 

which is eight times the value given by equation (10). 
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There seem to be two errors in the paper of Lyon and Maidanik, however, which account 

for this factor of eight. The following gives a brief outline of the relevant part of their paper 

and locates the suspected errors. The notation and equation  umber (prefixed by A) are 
those of the authors. The modal equations for the vibration surface(s) and the coupled 

ambience (g) are given as 

The power flow from the mth mode of the plate vibration to the rth mode of vibration of the 

surrounding medium is given by 

where OA, 8: are equivalent "temperatures" given by 

and g,,, is given by 

gmr = B$r(Pmw? + Pro:) + [(a: - + (Dm + Pr) (Dm of + Pr a:)], (A9.11) 

where 

M,,, is the modal mass; mr and Y,,, are the eigenfunctions for the plate and the surrounding 

medium such that 

where E, = 118 if all indices of (r) are non zero, E, = 114 if two indices of (r) are non zero, and r 

stands for three eigennumbers. 

As only the field modes lying in a narrow band about om need be considered, equation 

(A9.11) may be integrated to obtain 

where n(o) is the spectral density of field modes. Thus, equation (20) differs from that 

obtained by integrating equation (A9.17) of Lyon and Maidanik which is 

2 gmr = BlZnr nn(o). 
r 

Now, as 

Rrad = 2 gmr 
r 

where 
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is the ratio of modal to  total mass (E, = 114 for two dimensional vibration), thus 

R.,. = (~TCE~E,) - '  pck2 I dx, dx2 Y(x,, x,) i ( x l ,  x,). (22) 
S 

Y(x,,x,) is defined as the product of cosine terms and its average value over the surface for 

x, = x, is 114. Thus Y(x,,x,) should be written as sinkR14kR and not sinkRlkR, where 

R = Ix, - x,l, in equation (A7.16). Whence 

R -= - 
rad 

7t 

which is now the same as equation (10). 

5. SUMMARY 

Use of Rayleigh's radiation formula gives results in agreement with the known radiation 

resistance for very small sources acting in infinite baffles and for very large pistons where all 
the points on the vibrating surface are in phase. The results agree with those derived by 

Maidanik's transform method, but not those as quoted by Lyon and Maidanik using a 

coupled oscillator technique. By making two corrections to the coupled oscillation technique 

their results are brought into agreement with those obtained by the radiation formula and 

with those obtained by using a transform method of analysis. 

ACKNOWLEDGMENT 

This paper is a contribution from the Division of Building Research, National Research 

Council of Canada, and is published with the approval of the Director of the Division. 

REFERENCES 

1. G. MAIDANIK 1962 Jozrrnal of the Acoustical Society of America 34, 809-826. Response of ribbed 
panels to reverberant acoustic fields. 

2. R. H. LYON and G. MA~DANIK 1962 Journal of the Acoustical Society of America 34, 623-639. 
Power flow between linearly coupled oscillators. 



This publication is being distributed by the Division of Building Research of 
the National Research Council of Canada. It should not be reproduced in 
whole or in part without permission of the original publisher. The Division 
would be glad to be of assistance in obtaining such permission. 

Publications of the Division may be obtained by mailing the appropriate 
remittance (a Bank, Express, or Post Office Money Order, or a cheque, made 
payable to the Receiver General of Canada, credit NRC) to the National 
Research Council of Canada, Ottawa KIA 0R6. Stamps are not acceptable. 

A list of all publications of the Divisioil is available and may be obtained 
from the Publications Section, Division of Building Research, National 
Research Council of Canada, Ottawa K IA  0R6. 


