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Topics for the talk

Part1 Background notions
* Rietveld least-squares refinement
« Singular value decomposition of the least-squares matrix

Part2 Rietveld refinement of apatite-type structures
* Crystal-chemical parameterization
* Numerical stability of Rietveld least-squares refinement
» Complementarity of ab initio modeling with
Rietveld crystal-chemical structure determination

Part 3 Rietveld refinement of battery materials
* Transition-metal site occupancies and anisotropic broadening
in a refinement with a large number of fitted parameters

Part4 Concluding remarks
* Troubleshooting ill-conditioned refinements with SVDdiagnostics
* Increased precision and accuracy with appropriately
parameterized Rietveld models



Calculation and derivatives of Rietveld profiles
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For each step i, we compare the counts Yo(i) with a calculated diffraction profile Yc(i)

thermal prof_ile
correction ~ multiplicity function

factor Gauss,
* ‘ ‘ ‘ Lorentz etc.

Yc(i) = Yb(i)) + S AL(i) T(i) 2, m, |F,?2 P(i,h) O(h)

t Tt

geometrical

scale

background  Absorption/ reflection preferred
structure . .
polynomials ) , factor March-Dollase
polarization spherical harmonics

PO is the collection of parameters in all the terms of the expression of Yc(i).
For each parameter p in PO, we can write:

aYc(i)op = (Yc(i, PO+Ap) - Yc(i,P0)) / Ap == numerically calculable with small Ap
First two terms of the Taylor series expansion at PO of Yc(i,P) :

Vof, P-PO+ Ap) = Yo(LPO) + 8p : ¥t

vector The ¢ indicates a dot product




Least-squares Rietveld refinement

For each step i in the Rietveld profile, we have a weighted equation
w(i) [Yo(i) - Yc(i,P)] = w(i) A(i)
We look for the model P that will minimize Z, w(i) [A(i)]?> knowing that

Yc(i, P=P0+Ap) = Yc(i,PO) + Ap * aYc(i)/dp

This gives the linear system of equations:
w(i) (Ap * aYc(i)/op) = w(i) [Yo(i) - Yc(i,PO)]
where the unknowns are the changes Ap to bring to the current model PO
that we symbolize as A « X = B, with as many equations as there are steps in the profile.

From this, we create the normal system of equations,
with dimension equal in number to the much smaller number of parameters in the model:

ATeAX=AT-B

and solve it by e.g. matrix inversion as:

X = [AT « A]'1 « AT+ B



Numerical stability of Rietveld refinements

J. Appl. Cryst. 39: 458-465

Singular-value decomposition (SVD)

LS normal

matrix diagonal

! !

Singular_’ [ATA] =[R] - [D] - [R]"

e \

orthonormal

Trouble-making linear combinations of

variables are read off columns of [R]
corresponding to tiny elements of [D]

SVDdiagnostic ") cure of Rietveld LS model

¥

Software program freely distributed at www.tothcanada.com
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Part 2

Rietveld refinement of apatite-type structures



Crystal Chemistry of Apatite

Teeth and bones made of apatite Cas(PO,);(OH,F,ClI) AI4 AHG (BO4) 6 X2

A : larger divalent (Ca?+, Sr2+, Pb?+, Cd?+, Zn?",
Ba2*, etc.), monovalent (Cs+ Na*, Li*, etc)
and trivalent (Las+, Y3+, Ces+, Nd3+, Sm3+,
Dy3+, etc.) cations

B : smaller 3+, 4+, 5+, 6+, and 7+ metals and
metalloids (P>, As®*, >+, Si%+, S8+, etc.)

X : halides (F-, ClI-, Br, I'), hydroxyl (OH)-, or
oxygen lons O%

Space groups: P6s/m, P65, P2,/m, P112,/b, etc.
\ J

e

distortions in subgroups

most widespread

MATERIALS APPLICATIONS I

geochronology

“ECO-APATITES” catalysis

. _ o - environmental remediation
toyillc.rr;etal %rr;mobl!lz.atlon ffrom 1}111.01l1:elrat0f sl ot
ash, industrial or mining refuses, high-leve

’ & > Mg bone replacement

radioactive nuclear waste :
dentistry
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Acta Cryst. B 61: 635-655

Four geometric constraints

a = 3Y2{ drroi? — (1/4)[0k-0SIN(T'0.8-0/2) + Aan0sSIN(Po3-a1-03/2)]? }1/2-COS[(/6) — Sa1 — Ctal]
+ 3"2{(Aaro1+Aar0)? = (1/4)[d5.0SIN(T' 0.5.0/2) + Oan.038IN($03-An-08/2)]? }1/2-COS [(1/6)—
Oar+OtAl]
+2 (31/2) Og.o SN (TO-B-O / 2) COS(@)

where:
sin(0) = {{ dao1? — (1/4)[da.0SIN(T'0-8-0/2)+Aan-038IN(Po3-Am-05/2)]? }72-siN [(1/6)—ar—0tal]
— {(daro1+Aa10)?—(1/4)-[05-0SIN(T 0.5.0/2) +Aan-03SIN($os-am-03/2)]? }"2-sin [(n/6)—
Oar+oal }
/ [2 dB—O sin (TO—B—O / 2)]

2:[ dgo sin(to.s-o/ 2) + Aan-03 SIN(Poz-a-03/ 2)]

[05.0 SiN(T'08.0/ 2) + a0z SIN(Poz-am-03/ 2)] / [2* Oaro1]

z(A) = 0 (i.e., cation-centered AlO6 polyhedra)



crystal structure of P6,/m apatite

crystal-chemical gy " standard
refinement refinement

) . initial , —
Geometrical Parameterization extraction o Crystallographic Description

10 crystal-chemical parameters: 14 crystallographic parameters:

darot> Aaros Oa1 %ar 9.0 T0-B-0; a, ¢, 12 atom coordinates
Pan OF A x> Aat 03> Po3-AmL03> Al

4 geometric constraints

Numerical equivalence to within 14-digit double-precision accuracy



| Experimental data used 1n the study

Acta Cryst. B 61: 635-655

Literature crystallographic
results for 18 end-member < single-crystal refn’t with R>4%

chemical compositions

f

single-crystal refn’t with R<4%

\Rietveld refn’t of powder data

Rough model

QFT ab initio softwa@

1
VASP
ABINIT

SIESTA

black-box

Ab initio modeling of materials

time-independent
Schrédinger’s equation
for triperiodic models

T

HY=EY

<=

Forces

(1985)

Phys. Rev. Lett.

55, 2471

Stresses on

] I
on nuclei | | | | cell faces
Car & Parrinello _<

for ground state

Better crystallographic
description and energy




Predictions of ¢

from crystal-chemical parameters , ,
- c/a axial ratio
Predictions using: Predictions using: . 8.0J

Predictions of a from crystal-chemical parameters
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Direct least-squares refinement of J. Appl. Cryst. 39: 369-375

crystal-chemical parameters for P6,/m apatite J. Appl. Cryst. 39: 458-465

# Performed both types of refinement

Creation of a TOPAS script on a top-quality XRD powder pattern:
for crystal-chemical refinement - numerical stability
-- addition of random noise

to experimental data

standard

-chemical i
crystal-chemica refinement

refinement

crystal structure of P6;/m apatite

Crystallographic Description

Geometrical Parameterization |




Crystal-chemical refinement with TOPAS; Rwp = 9.231, GOF = 1.650

UNPROCESSED normal matrix

Condition pumber for matrix of nermal eguations = O0.790F+13 CN =0.790E+1 3

Error propagation is likely to spoil 13 erailing decimal digits ocut of probably 14.

Problem is ill-conditioned for double-precision matrix inversicn unless error propagaticn is well taken care of.
Uae elgenvectors for amall elgenvalues below te diagnose gquasl eingularicy.

Eigenvectors for chll.out ranked according to sigenvalues are printed as coluane below

Eigenvector # #: 1.. 17 18 13 20 21 22 23 24 25 28 27 28
dalnDl 1z o000 .. a.and a.6a0 o.pao 0.o0d a.a0d 0. 000 ] 0.000 0.apd a.000 0. 030 0. o0d
DaltahlO 22 G000 .. -0.001 -0.001 0.pa0 0,000 0.000 a.000 0. 000 0.0o0 0.00d a.000 0. 000 0.000
daltaAl 31 N T o.az2? =0.143 o.0an 0,003 =0.006 0. 008 0. 008 =0,003 =0, 004 =g .001 0. nan 0. ono
alphahl 4z gD .. 0.00% 0083 0,001 0.o0l -0.001 o.0o4 0003 -0.001 0.a0d a.000 O 0ao 0,000
1220 51 p.ocoo .. Q.a0g 0.002 ©.0o0 0.000 Q.00 o.oon 0.oon 0.000 Q.o a.000 0. 000 0.000
taubBo 3 o.ooo .. 0.4a0% a.278 0.0a1 o.an7 0.004 0017 0.003 0.001 0.003 a.0al 0. 031 0. ood
rhoh2 T1 .ooD .. 0.001 0.005 0.000 0.000 0.000 -0.001 0.09D 0.0%0 Q.00d d.000 0. 000 0.000
alphah2 i o.oon .. =0.007 =0.012 =0.0032 =0.,008 =0.001 =0. 001 b.ooz 0.0o0 o.003 a.000 0. 03D 0. o000
aRz03 : gD .. 0.00d -0 008 0.000 0,000 Q.00 o, 000 ] 0.000 0.aopd a.000 0. 030 0,000
phi03Inz03 10 p.ocoo .. -0.018 0.945 -0.012 0.001 0.005 -0.022 -0.017 0.009 a.a0d -0.003 0.001 -0.002
EAED_@Tror 1l: o.ooo .. a.and a.600 o.0ao 0.o0d a.a0d 0.000 ] 0.000 0.apd a.000 0. 030 0. o0d
divalie 124 0000 .. 0.001 0.000 -0.002 0,000 0,001 -0.001 0.09L 0.001 0.001 0.000 0. 000 -0.002
bkgaD5TATS20 13z p.ooo .. =0.017 q.002 0.650 0,170 =0.488 =0.123 =0.344 =0,011 =0.335 0082 0,228 =0.,032
bkgd05T787521 14: oD .. -0.008 -0.014 -0.033 0,083 -0.058 -0.347 -0.143 0.481 0.151 0.615 -0.480 -0.008
bEgADSTATE2Z 151 poooo .. 0.020 -0.016 -0. 544 -0.188 0.076 ~-0.108 -0.328 0.125 -0.526 0.225 D.44B 0,020
bkgdD5787523 16z G.ooo .. 0,434 a.617 0.D59 0,363 a.d18 0.617 0. 265 0.321 0.1394 0,311 0.417 0.01%
bkga05TaTE2L 17 O.gon .. 0,024 0.015 0,401 0,000 0.495 0.305 0.335 0.278 -0.045 d.401 0.38E5 0.017
bkgaD5TATS25 183 p.ooo .. Q.an3 a.002 =0.033 0. 607 0.3z8 =0.140 0.155 =0,313 =0.522 0.064 =0.317 =0,003
bkg805T4T52€ 19 booon .. -0.008 0.015 -0.287 0,387 -0.481 0,226 0.281 -0.288 0.237 0,455 0.288 0,000
bEgAD5TATE2T 201 poooo .. 0.006 0.013 -0.002 -0.377 -0.371 -0.0395 0679 0.158 -0.442 -0.034 -0.169 -0.003
bkgaD5T8T52E 21: G.ooo .. a.and 0.008 0.159 0,392 0.171 0545 VN ] 0.603 0.145 a.298 0.117 0.o01
Pl5CALE Ay Lodon .. uLond O ol .o [T [SEEL] ool [T [ u.ood d.aul Lo
p1ca 23 0.oon .. =0.001 =1.0032 =0. 035 =0,007 0,024 =000z 0013 0.013 a.ana =0.002 0.022 I =0, 393 I

beghl 24 boooD .. 0.014 -0.015 o.poa 0.008 -0.011 -0. 005 -0. 007 o.oce -0.002 a.gos -0. 001 -0.001
baghz 251 p.ooo .. 0.o03 q.002 0.007 0,006 -0.90% -0.013 -0.002 0.008 0.001 0.003 0. 0o0 0.000
hagD 28z G.ooo .. 0.a04 a.004 0.paz 0.0z0 a.a13 0,009 0.0as 0.004 0.003 a.002 0.0a1 0.001
bagB 27 boooD .. o.o04 0.010 0.016 0.008 -0.007 -0.017 -0. 004 .01l 0.00d a.001 0. 000 -0.001
begX 283 p.oon .. o, @98 a.032 o.009 0.023 =0.022 =0. 021 =0, 003 0,008 a.a17 =0.016 0. man =0.,002

Rigenvaluea B 1.34B+12 . . Z.BEE+0Z 1.36B+02 4.32B+01 3.EaR+01 1.03E+01 2. 33E+01 4.12B+01 1.45E+01 &. TaB+00 5.15E+400 1.16B+00 . 33R-D1




Standard crystallographic refinement with TOPAS; Rwp = 8.673, GOF = 1.550

UNFROCESEED normal matrix

Condition number for matrix of normal equationp = O.T7A58+13 CN =0-785E+1 3

Error propagacion is likely to spoil 13 btrailing decimal digits ocut of probably 14.

Froblem is ill-conditioned for double-precision matrix inversion unless error propagation is well taken care of
tUne eigenvectors for small eigenvalues below to diagnose quasi singularity.

Eigenweators for orli.eut ranked according to elgemraloes are printed as columma below

Bigenvector #: P a1 23 23 24 258 26 27 28 a9 e 11 1z
Earo_ercor 1 0.000. . a.000 o400 a.0a0 0.0o0 a.000 o.000 o000 o.000 a.a6a 0.o00 0. o0a 0.000
divalit 2 0.000. . -0.001 0.001 -0. 002 0. 000 -0.041 0.001 -0, 001 0.001 -0 .001 0. 000 0. 0040 -0.002
bikglod01e32an 3. o000, . g.028 -p.01@ 0.658 b.1m3 0478 o.4498 0.374 -0.008 o334 0.67% p.228 | -0.011
bglodd1e3zdl  4: O 000, - 0.010 -0.o08 -0.03z o.0E3 0.084 0.3az2 0.163 0.483 -4.1%0 0.818 - 453 -0. 007
blkgl040163202 E: 0000, . -0.014 0.019 -0_5%5 -Do1E7 -0.075 0.093 o328 0.123 9.528 0.221 0.4a4d a.021
bkgl040163203 : G000, . -0.012 0.033 0.034 -b. 380 0.026 -0.634 0,238 -0.320 @.187 0.313 -0.417 | -0.020
bkgl040163204 T o000, . a.001 0.0Z3 a.d01 -0.02%  -0.487 -0.280 -0 3KR 0.278 0.083 0.408 1L a.018
bkglO40163205 B: 0.000. . 0.00& o000 -0. 002 0.538 -0.337 0.181 -8.148 -0.323 0.523 0.087 -4k 313 -0.008
bRkglOd0163206 9 0000, . 0.004 -0 007 -0.276 b.391 0.482 -0.201 -0.289 -0.288 -0.338 0.45% 0.266 0.000
bEgl040163207 10: 0.000. . -0.008 B.ooa -0. 003 -0.372 0.351 0.138 -0 BE2 0.180 0. 448 -0.032 -0.170 -0.003
blkgiod8163208 11: o_ann. . -0.003 b.ao8 a.148 -0 404 -0.183 0. 844 -t a4z -0.604 -6.181 o.zea B.119 o061
PlECALE 12: 1.000. . Q.00 0.00d 0000 o000 a.000 a.eod o.0400 0. 004 0. 000 0. 00 VIR i Jeli ] 4. 000
Cryatall iteSizll, o000, 0.0006 -0.001 @ -0.0326 -0, DOs -0.024 o.803 -0.014 0.012 -0, 067 -0. 042 b.02y | -0.99%
alar 14: o.o00. . o.00n o.000 a.oon o. 000 a.0a0 o.eoo o.000 o.oo0o 0.000 0. o0 0. 000 a.000
alat 18 b.00d. . a.000 o.o00 a.o06 b. oo a.000 o.800 o.000 a.oon . 060 0.0 b.ooa a.060
Alz 1E: ¢.000. . a.000 o000 a.000 O.o00 a.0a0 o.go0 4.000 o.pag o.000 0.0k 0. rod a.000
beghi 1% 0000, . -0.088 b.811 a.08% b.oo% a.011 o.808 o607 0.0a%Y 0.002 0.64% 4. 608 -0.001
Aax 18: G000, . a.000 0.000 a.000 0.000 0.000 0.000 &.000 0.000 4.000 0.000 0. 000 0,000
Aoy 192 G800, . . 000 0. 800 0.000 0. 000 0,080 o.a0 @000 0. 000 &.000 0,086 0. 00 a.080
begh2 20 o.000. . -0.06L1 0.005 0.007 0. 007 o008 0.013 0.003 0.0086 -0. 001 0.003 0.000 0.000
becgh a1 0000, . 0.061 [ER T a.017 b o7 . 087 6,817 &.007 0.011 0.001 6,601 b.o0f  -0.001
Bx 22 0000, . 0.000 0. 009 a.000 0. 000 . 000 6.4000 @.000 0.000 4.000 0.000 0. 000 0.000
By 23 o.80d. . a.000 o.00d a.ado0 G.ood 4.a00 o.6od o000 o.oo00 o.000 a.o00 o.ood a.a80
beqgl 241 0000, . -0.992 0. 016 a.0a4 0.0zl 0.011 0.0140 4.008 0.004 -0. 003 0.ma2 g.001 -0.001
Olx 181 0.000. . a. 00 el a.000 0. 000 a.000 0.o00 @000 0.000 4. 000 0.60n . 00 a.000
a1y 261 G000, . 0.000 0. 000 0.000 0. 000 a.000 0.000 @000 0.000 4.000 0,006 0. 000 a.000
Odx 2T C.00g, . -0.002 e el 0000 el Q000 [EE e Q.000 =B G000 0.0 P el 0000
a2y 281 T.000. . -0.00L 0.000 0,000 0. 000 0.000 0.400 @000 0.000 o000 0.000 0. 00 0.000
Ol a9: 0.000. . 9,001 e el a.000 b.ood & 000 a.e0d &. 000 0.00d 0. 000 0. 00 0. o 0.000
a3y 0y TG00, . 0.001 e ] a.000 0.000 G000 0.0 @000 o.000 G.000 0,000 0000 a.000
o3z a1 G.001. . Q.00 0000 0,000 0. 000 Q.00 o.ooo 0.000 0. 000 0. 000 0. 00 G0l 0000
haqgF a2 0.000. . a.018 0.8599 a.008 0.027 0.022 0.024 #.005 o.087 -0.016 -0.017 b oo -0.001

Elgenval uss 1 1.78E+13.. L.57E+03 2. 68E+02 4 . 16E+01 3. 56E+01 3. 01E+01 2.30E+01 2. 08E+01 1.44E+01 &.69E+00 5. 11E+0G 1. 15E+00 2. 26E-01




Standard crystallographic refinement with TOPAS; Rwp = 8.695, GOF = 1.553

UNEROCESSED

Conditien number for matrix of normal edquations
Error propagation is likely to spoil 10 trailling decimal digits out of probably 14.

Problem pocorly conditicned for double-precision matrix inwversion unless error propagation is well taken care of.

matrix

0.653E+10

Use elgenvecters for small eigenvalues below teo diagnose quasi singularity.

CN =0.659E+10

Eigenvectors for crl0.out ranked according to eigenvalues are printed as columns below

Eigenvector

ZEro_error
P1SCALE
alat
clat
alz
begAl
A2x
A2y
begn2
begB
Bx
By
begC
01x
Oly
02x
ozy
03x
03y
03z
begF

Eigenvalues

@ -1 oA W
ar ar ee aear mr oas

(=1
[=T -]
P

11:
12:
13:
14:
15:
lé:
17:
18:
19:
20:
21:

000
000
L000
.000
-000
-000
.000
000
000
000
.000
-000
-0o00
-000
.000
.Q00
-000
. 000
.000
-001
0.000

oo oo oo oo oo Do oo oo o oo

1.80E+12

0.159

0.000
-0.834
-0.529

0.000
0.000
g.o00
0.003
0.000
0.000
0.001
0.001
0.000
0.000
0.000
0.000
0.000
0.001
0.001
0.000
0.000

7.04E+09

3 4
-0.015 0.004
0.000 0.000
-0.538 -0.001
0.843 -0.001
0.000 -0.008
0.000 0.000
-0.001 0.583
-0.001 -0.808
0.000 0.000
0.000 0.000
0.004 -0.022
0.005 0.030
0.000 0.000
0.000 0.004
-0.001 0.012
0.001 0.020
0.000 -0.070
0.001 =0.007
=0.001 =0.017
0.001 -0.005
0.000 0.000

2.62E+09 3.69E+08

-0.010
0.000
-0.001
0.000
-0.075
-0.001
-0.001
-0.036
0.000
0.001
0.693
-0.701
0.000
-0.002
0.049
0.01&
-0.071
0.068
-0.085
0.045
0.000

Z2.17E+08

6 17
0.007 .. 0.000
0.000 .. 0.000
0.001 .. 0.000
0.005 .. 0.000

-0.008 .. 0.000
0.000 .. -0.313
0.6863 .. 0.001
0.4867 .. 0.000
0.001 .. -0.927
Q.000 .. =0.185

-0.180 .. 0.000

-0.282 .. 0.001
0.000 .. 0.073
0.057 .. 0.000

-0.074 .. -0.001
0.0l8 .. -0.001
0.019 .. -0.001

=0.342 .. 0.000
0.321 .. 0.000

-0.024 .. 0.001
0.000 .. 0.00%9

9.32E+07 .. 9.59E+03

18

. 000
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L 000

. 000
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369
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. 000
. 000
L 000
L 000
. 001
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L8086
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.103
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. 000
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. 001
L 000
.001
. 000
.002
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3.58E+03

20

0.000
0.000
0.000
0.000
0.000
-0.091
0.000
0.000
-0.061
0.064
0.000
0.000
-0.992
0.000
0.000
-0.002
-0.001
0.001
0.001
0.000
0.019

2.03E+03

21

0.000
0.000
0.000
0.000
0.000
-0.012
0.000
0.000
-0.005
-0.009
0.000
0.000
-0.018
0.000
0.000
0.000
0.000
0.000
0.000
0.000
-1.000

2.73E+02




Crystal-chemical refinement with TOPAS; Rwp = 9.231, GOF = 1.648

UNPROCESSED normal matrix

Cendition number for matrix of normal equaticns = 0.221E+11 CN =0.221 E+11

Error propagation is likely to spoil 10 trailing decimal digits out of probably 14.

Problem is ill-conditioned for double-precision matrix inversion unless error propagation is well taken care of.
Use eigenvectors for small eigenvalues below to diagnose quasi singularity.

Eigenvectors for chl2.out ranked according to eigenvalues are printed as columns below

Eigenvector #i 1 2 3 4 5 & .. 13 14 15 16 17
dalol 1: 0.000 0.718 -0.213 0.008 -0.810 0.255 .., -0.001 0.000 0.000 0.000 0.000
DeltahlC 2: 0.000 0.433 -0.129 0.014 0.221 -0.840 .. D.002 0.001 0.000 -0.001 0.002
deltahl 3 0.000 0.003 =0.001 0.000 0.008 -0.005 .. -0.161 -0.074 0.500 0.028 0.086
alphaRfl 4: 0.000 0.016 -0.005 0.001 0.024 0.004 .. 0.007 0.017 0.185 0.000 0.051
dBo 5: 0.000 0.537 0.521 0.037 0.557 0.295 .. 0.001 -0.001 0.000 0.000 -0.001
taulBO 6: 0.000 a.006 -0.008%9 0.000 0.016 a.001 .. -0.051 0.003 -0.811 -0.020 -0.185
rhof2 T: 0.000 0.000 0.000 0.000 -0.154 -0.279 .. -0.001 -0.003 -0.002 0.001 -0.004
alphah2 8: 0.000 0.000 0.000 0.000 0.000 =0.001 .. 0.814 0.472 0.046 -0.006 0.010
dAz03 9: 0.000 -0.088 0.816 0.018 =0.480 =0.255 .. -0.001 0.001 -0.00%9 0.000 0.007
phic3n203 10: 0.000 -0.00L1 0.008 0.000 -0.004 -0.003 .. 0.008 -0.003 0.211 -0.017 -0.977
Zero_error 11: 0.000 -0.031 -0.0320 0.558 -0.010 0.003 .. 0.000 0.000 0.000 0.000 0.000
PLlSCALE 12: 1.000 0.000 0.000 0.000 0.000 0.000 .. 0.000 0.000 0.000 0.000 0.000
beghl 13: 0.000 0.000 0.000 0.000 0.001 0.005 .. v.0z21 -0.075 0.066 0.01e 0.015
bagh2 14: 0.000 0.000 0.000 0.000 0.000 0.002 .. 0.150 -0.003 -0.008 0.005 -0.002
beag0 15: 0.000 0.000 0.000 0.000 -0.001 -0.001 .. D.451 -0.878 -0.023 0.00%8 0.001
beqgB 16: 0.000 a.000 0.000 0.000 0.000 -0.003 .. -0.287 -0.001 -0.032 0.002 -0.013
begX 17: 0.000 0.000 0.000 0.000 0.000 -0.001 .. 0.004 0.014 -0.027 0.9895 -0.023

Eigenvalues : 1.87E+12 1.57E+11 1.5%5E+10 6.59E+07 8.98E+06 3.08E+06 .. 2.66E+03 2.12E+03 5.97E+02 2.591E+02 B.47E+01




Numerical stability of Rietveld refinements

J. Appl. Cryst. 39: 458-465

— Practical use of SVD for apatites

In b?th cases, regular crystal-
profile-shape crystallographic chemical
and baCkg round refinement refinement
parameters \ /
needed to be similar
fixed at some condition number
arbitrary values @
similar
numerical stability
SVDdiagnostic :: ) cure of Rietveld LS model

Software program freely distributed at www.tothcanada.com



J. Appl. Cryst. 39: 369-375

Experimental proof of
the greater precision
and accuracy
of crystal-chemical
refinement

CORROBORATION

Observed a
precision increase
by
nearly an order of magnitude
in the

least-squares E.S.D.s.
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Observed a precision
Increase by nearly

an order of magnitude in the

least-squares E.S.D.s.

C-CH
Ca2:0 033
03:2
024
0379
03:6

010

CRYS
Ca2:0 032
033
024
037
03:6

01:0

233557 (57)
233557 (57)
23874 (13)
25069 (13)
25069 (13)
2.6868 (13)

2.3314
2.3314
2.3442
2.5115
2.5115
2.6691

(20)
(20)
(29)
(25)
(25)
(25)

102.584

141.067
85.67
74.889
59.349

149.635

140.70
85.758
74.145
59.568

149.313

C-CH
P:0

CRYS
P:0

102.584
85.670
77.442
74.889

149.635

(65)
(47)
(36)
(37)
(21)

(13)
(61)
(81)
(93)
(55)

85.758
135.87

74.145
149.313

O1:0
03:1
03:0
02:0
Ca2:4 3.0708

(47)
(20)
(36)
(21)

(61)
(11)
(81)
(55)

1.53407 (50)
1.53407 (37)
1.53407 (37)
1.53407 (50)

(14)

02:3 3.16969 (95)

03:1
03:0

1.5364
1.5364
01:0 1.5792
02:0 1.5807
Ca2:4 3.0673
02:3 3.115

(20)
(20)
(39)
(29)
(11)
(32)

C-CH
Cal:0 O1:4
O1:0
013
02:1
022
02:5

CRYS
Cal:0 O1:4
O1:0
01:3
02:1
022
02:5

152.267
135.735
135.735
100.708

(52)
(52)
(56)

77.419
77.419
100.595

(53)

(94)

110.9056 (44)
108.0000 (16)
107.9996 (39)

114.887 (33)

44951 (28)
108.58  (17)
11027 (12)
11062 (16)
116.03  (14)

44558 (71)

239802 (42)
239802 (42)
239802 (42)
244645 (63)
244645 (63)
244645 (63)
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2.3711
2.3711
2.4541
2.4541
2.4541

(24)
(24)
(24)
(29)
(29)
(29)

81.085
77.442 (20)
72247 (32)

(53) 135.87 (11)

72.013 (74)

110.9056 (44)
107.9996 (39)
542046 (69)

69.936 (34)
11027  (12)
10852 (11)

133.350  (86)
7147 (20)

74151 (16)
74151 (16)
154.7555 (48)
75.048 (23)
75.948 (23)

73.65
73.65
154.291
75.71
75.71

(16
(16

(10)
(10)
(92)
(10)
(10)

81.085
72247 ()

72,013 (74)

110.9056 (14)

54.2946 (69) 134.21

68.676 (14)

108.52  (11)
54.590 (86)
177.908  (98)

74.151
123.939
93.026
75.948

73.65
124.684

93.322

75.71

(16)
(10)
(18)
(23)

(10)
(84)
(96)
(10)

93.026
154.7555 (48) 123.94 (10)
123.939 (10)

(18)

93.322  (96)
154.291
124.684  (84)

(92)

93.026 (18) 154.7555 (48)

124.68 (84)
93.322 (96) 154.291

(92)
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54.590 (86)
68.69 (12)

68.69
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UNFROCESSED hormal matrdix

Condition number for matrix of normal equations = 0. 2F9E+11
Error propagation is Tikely to spoil 10 trailing decimal digits out of probably 14.

Application of

Froblem s 17 -conditioned for double-precision matrix inversion unless error propagation s well taken care of. ; ;
Uze eigenvectors for small eigenvalues below to diagnose quasi singularity. SVDdlag’/ZOSth tO

Eigenwvectors for final_fit.out ranked according to eigemalues are printed as colums below

Ca, (VP 0,)6F;

Eigenvectar #& H 1 2 3 13 14 1k 15 1r 15 .
eco—apatltes
dalol 1: 0.0 0. 715 -0.20E . -0.025 0. 004 -0 005 0. 005 0. 001 0,000
Oz tanlo 28 0.0 0.435 -0.12: L. 0.017 -0.003 0. 005 0.001 -0.002 0.000
deltanl EH 0.0 0.3 -0.01 -0 57 -0 51 0022 0. 495 0,025 -0.012
alphaal EH 0.0 01015 -0.005 Q.503 0. 422 0. 332 0.134 -0.01F7 -0.002
'H 0.0 0.537 0.523 =0.002 0.011 -0.005 u] 0.000 .

AU0ED 61 0. 000 0.007  -0.008 -0.004  -0.162 . . @ bond-angle variables
FAGAS T T g T g SR =n =y =ry e Qers 0. 0.
alphanz H (W wn] [n s n ] o.000 7 0. 294 0.739 0.317 0.0k 0.001 0.002

s = Q.00 -0, 085 o.516 o.o0z2 -0.011 0.1005 -0, 0o+ -0.001 I—D.I&F

10 0. 000 -0.001 o005 -0.002 =0, 00 -0, 002 0. 015 0.o1z2 1.000

EEI'IZI_EI"I'I:II" H 1 a: ¥ - Ry Ry ] e L L L [Ny ] [mFy ] ¢O3-AII-O3 and TO-B-O
plsCaLE 1z: 1.000 0.1000 0.0 - - 0. 000 Q.00 0. 000 0. 000 0, 000 0,000

1Ms 13- -0 001 O 000 . - - -0.001 0.0 0. 000 (M u ] 0. 000 O.000

eqal 14: O OO0 O OO0 Oua .. -0 076 0. 203 -0.12% 0. OS50 -0, 001 -0, 001

beqgaz 15: O OO0 O OO0 [a s u u B 0.052 O.127 =0, 030 =0, 01+ 0. O =0 001 .
beqo 16: 0,000 0.000 0.000 .. 0.402  0.016  -0.86F  -0.013  o.004 0002 | Gfe pOOfly determined
beqB 17 O 000 O 000 0,000 -0.137 =0. 40 0. 142 -0.033 0.011 =-0.002

baqx 15: 0.0 0. 000 0. 000 O.021 0. 005 0. 07 0.001 0.999 -0.012

Eigenvalues r O EFIE+1Z O.445E+11 O.6MEE+L0 - 0 O F2E+04 0. 306E+HM 0. 215EHM 0. B60EH13 0. 2F5EH1S 0. 312E+H02

UNPROCESSED 1 tri
T e e _ Acta Cryst. B 63: 37-48
Condition number for matrix of normal equations = 0.319e+10

Error propagation is Tikely to spoil 10 trailing decimal digits out of probably 14.

Stablllt Of Froblem poorly conditioned for double-precision matrix inversion unless error propagation is well taken care of.
y Use eigenvectors for small eigenvalues below to diaghose quasi singularity.

CFYSta|- Eigenvectars for final_fit.out ranked according to eigenvalues are printed as columns below

Chem|Ca| Eigenvector # : 1 2 3 4 5oL 13 14 15 16
|eaSt' dalol

1: 0.000 0.716 -0.208 0.023 -0.416 .. 0.026 0.001 0.004 0.000
Deltaalo 2: 0.000 0.434 -0.126 0.003 -0.147 .. -0.018 0.001 -0.004 0.002
squares deltaal 3: 0.000 0.003 -0.001 0.000 0.008 .. 0.383 0.642 -0.063 -0.034
. alphaal 4; 0.000 0.016 -0.005 0.001 0.014 .. -0.819 0.379 -0.314 0.015
extraction dBo 5: 0.000 0.536 0.524 0.042 0.584 .. 0.002 -0.014 0.007 -0.001
s 0 0000 01000 0000 07006  0lgo .. o113 oleis  -013i6 01007

1 alphaa : . . . . -0. .. -0. -0. -0. -0.
increased by da2o3 8: 0.000 -0.096 0.816 0.024 -0.504 .. -0.001 0.012 -0.006 0.001
. zero_error 9: 0.000 -0.038 -0.036 0.999 -0.003 .. 0.000 0.000 0.000 0.000
by f|X|ng plscaLE 10: 1.000 0.000 0.000 0.000 0.000 .. 0.000 0.000 0.000 0.000
p1Ms 11: -0.001 0.000 0.000 0.010 0.014 .. 0.001 0.000 0.000 0.000
those beqgal 12: 0.000 0.000 0.000 0.000 0.001 .. 0.197 -0.097 0.118 -0.001
begal 13: 0.000 0.000 0.000 0.000 0.003 .. -0.034 -0.111 0.031 -0.008
variables beq0 14: 0.000 0.000 0.000 0.000 -0.002 .. -0.345 0.011 0.876 -0.004
beqs 15: 0.000 0.000 0.000 0.000 -0.002 .. -0.025 0.196 -0.135 -0.010
beqx 16: 0.000 0.000 0.000 0.000 0.000 .. -0.023 -0.016 -0.004 -0.999

Eigenvalues 1 0.BY1E+12 0.44B8e+11 0.611+10 0.241e+08 0.546E+07 .. 0.348e+04 0.292e+04 0.221e+04 0.273E+03
e



mean 03-AT1-03 bond angles (degrees)

mean 0-B-0 band angles. (degrees)

ab-initio-constrained crystal-chemical Rietveld refinement
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Discovery of triclinic apatites structure type

Acta Cryst. B (2007) 63: 251-256

Tetrahedra Along a (%) Along b (°) Along [110] (°)

As-AP 12 11
V-AP 8.5 9.5
Oxy-HAP'“ 14 6
Layy — (GeOy)e05 15 185 135

L) = Ll Lh

References: (a) Alberius-Henning et al, 2001); (b) Leon-Reina et al. (2003).

Ca,;((PO,)sF, and Ca,o(PO,)sF,
predicted to be isostructural
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Monoclinic C2/m Li,MnQO,-type structure

Just like sharing out a cake — make sure everyone can get a piece!

C

4gto 2b =
double
occupancy to
balance total
composition

Li layer

O layer

TM layer

BnnnNiCoLi
0




How to construct the constraints?

* The technique is the same as can be used in
GSAS

— divide each atom occupancy on one site over a number of ‘atoms’

— share each portion with one other site, e.g. for Mn

C4g
prm Mn_1la = ((cMnm/5)*k) - (mn2/2); :0.42623°_0.00479

prm Mn_1b = ((cMnm/40)*k) - (mn3/2); :0.06031"_0.00666
prm Mn_1c = ((cMnm/40)*k) /mn4; :0.06031°_0.00671
prm !sumMnl = Mn_la + Mn/_1b + Mn_1c¢;:0.54684"_0.01

2b
prm mn2 0.11246°_0.00929 min = 0; max = 0.5;

‘4h
prm mn4 0.00000°_0.00671_LIMIT_MIN_O min = 0; max = 0.1;

‘2¢
prm mn3 0.00000°_0.01333_LIMIT_MIN_O min = 0; max = 0.2;

— add a scaling factor to change overall Li:TM ratio whilst keeping
Mn:Ni:Co ratio constant

— still makes for quite a lot of additional variables....



Anisotropic broadening

Anisotropic broadening can be caused by a variety of
reasons

— Disorder (turbostratic, stacking faults, microstrain)
— Short range order
— Crystallite shape

Li, ,Mn, 4Ni, sCo, ;O, has a short range V3a 3a ordering
with some full pattern anisotropy

Full pattern: spherical harmonic Lorentzian convolution
v3a V3a: individual hkls broadened, e.g.

lor_fwhm = If(And(H == 0, K == 2,LL == 0), a4, 0);
For structure refinement what causes the broadening and
how you model it isn’t important — whatever works to

correctly evaluate integrated peak areas of the measured
intensities!



Fit for the 0.65 A dataset

Lack of anisotropic broadening correction affects the distribution of the
metals on the 4g and 2b sites
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Matrix Conditioning - the starting point

UNPROCESSED normal matrix
Condition number for matrix of normal equations = 0.142E+26

Error propagation is likely to spoil ALL digits in some elements of the normal matrix. .

System is singular for double-precision matrix inversion unless error propagation is well taken care of. A b|t more than 1 4 |
Use eigenvectors below to diagnose singularity.

Eigenvectors for combined.out ranked according to eigenvalues are printed as columns below

Eigenvector #: 1 .. 152 153 154 155 156 157 158 159

k 1: -0.001 .. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Mn2 2: 0.000 .. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
P3 19: -0.003 .. -0.001 -0.019 -0.001 0.011 -0.039 -0.001 0.000 0.000
p4 20: 0.000 .. -0.003 -0.022 -0.001 0.012 -0.045 -0.001 0.000 0.000
bkg9920 21: -0.009 .. 0.000 0.000 -0.001 0.001 0.000 0.004 -0.668 0.000
bkg9921 22: -0.003 .. 0.000 0.000 0.004 -0.001 0.000 -0.003 0.401 0.000
bkg9922 23: 0.004 0.000 0.000 0.000 0.001 0.000 0.002 -0.269 0.000
bkg9923 24: 0.001 0.000 0.000 0.000 0.000 0.000 -0.001 0.139 0.000
bkg9924 25: -0.001 0.000 0.000 0.000 0.000 0.000 0.001 -0.077 0.000
bkg9925 26: 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.044 0.000
Eigenvalues: 0.270E+14 .. 0.912E-05 0.350E-05 0.368E-07 0.875E-09 0.777E-09 0.122E-10 0.877E-11 0.190E-11
PRECONDITIONED normal matrix /\ Still needs more
Condition number for matrix of normal equations = 0.383E+18 than dou ble-

Here the preconditioning doesn’t ensure numerical
repeatability in inverting the LS matrix for this model and dataset

precision arithmetic



 There are a lot of variables in this
refinement

« SVDdiagnostic identified a number of
variables that were causing problems,
including the background and parameters
related to the anisotropic broadening



After dealing with the problematic variables both the unprocessed and
preconditioned matrices have satisfactory conditioning numbers

UNPROCESSED normal matrix

Condition number for matrix of normal equations = 0.110E+11

Error propagation is likely to spoil 10 trailing decimal digits out of probably 14.

Problem is ill-conditioned for double-precision matrix inversion unless error propagation is well taken
care of.

Use eigenvectors for small eigenvalues below to diagnose quasi singularity.

Eigenvectors for combined k.out ranked according to eigenvalues are printed as columns below

Eigenvector # : 1 .. 59 60 61 62 63 64 65 66
k 1g =0,001 -, -0.008 0.005 -0.002 0.001 -0.003 0.003 0.006 -0.004
mn2 28 0.000 0.002 -0.032 -0.045 0.000 0.010 0.008 -0.003 -0.010
co2 3¢ 0.000 .. 0.029 0.023 0.035 -0.004 -0.020 0.006 -0.001 -0.007
ni2 4: 0.000 .. -0.035 0.009 0.004 0.004 0.009 -0.008 0.010 0.013
Eigenvalues: 0.271E+14.. 0.485E+05 0.470E+05 0.351E+05 0.277E+05 0.241E+05 0.762E+04 0.521E+04 0.246E+04

PRECONDITIONED normal matrix

Condition number for matrix of normal equations = O - 883E+04
Error propagation is likely to spoil 4 trailing decimal digits out of probably 14.
Problem well conditioned for double-precision matrix inversion.

Eigenvalues: 0.830E+01 .. 0.251E-01 0.201E-01 0.195E-01 0.107E-01 0.625E-02 0.565E-02 0.326E-02 0.940E-03



FI nal refl ned Space group: C2/m (12)

Overall residuals: pr = 9.61%, Rp =7.0%, Durban-yVatson =1.727,
a =4.98268(23), b = 8.56248(80), ¢ = 5.01340(36) A, b = 109.2479(95)°

Stru Ct U re Refined stoichiometry = Li; 1536MNg 402(13)Nio 323(16)C00.109(32)O2

Site Atom X y z Occ Occ Biso

The final (random)
T 4g — M1 Mn 0 0.16597(14) 0 0.5467(105) |  0.4793 0.83(2)
yielded Ni 0.3345(104) | 0.3856
values with Co 0.1152(159) | 0.1305
r nabl
5361;2 able Li 0.0036(217) | 0.0036

: 2b— M2 Mn 0 0.5 0 0.1111(93) 0.2152 0.10(6)
The refined Ni 0.2392094) | 0.1731
bond Co 0.0971(137) | 0.0586
fgnr%tj Li 0.5526(191) | 0.5526
closely with 2¢— Lil Li 0 0 0.5 0.9966(274) | 0.9966 0.96(33)
those Mn 0.0005(133) | 0.0016
feXpe(E)tedd Ni 0.0022(129) | 0.0013

rom bon

valence Co 0.0008(202) | 0.0004
parameters 4h—Li2 Li 0 0.65505(384) 0.5 0.9704(139) | 0.9704 0.19(17)
(low spin Co Mn 0.0000(67) 0.0142
and Ni Ni 0.0296(66) 0.0115
values Co 0.0000(102) | 0.0039
determined 4i -0l 0 0.21918(57) 0 0.22220(64) 1 1 0.23(5)
from ICSD
data) 8j— 02 0 0.24292(53) | 0.32251(20) | 0.22823(39) 1 1 1.00(4)




Institute fi =
o oo Part 4: Conclusions
and Environmental -

Technology

SVD of Rietveld least-squares matrix provides a straightforward, objective
means of assessing the numerical stability and trouble-shooting
ill-conditioned Rietveld refinements.

For a high-quality fluorapatite powder pattern:

-- Crystal-chemical refinement, a new concept, was shown more precise and
more accurate than standard crystallographic refinement, while being as
numerically stable and much less sensitive to noise in experimental data.

For limited-quality powder data on the Ca,,(V,P.,0,)sF, apatite system:

-- Ab initio constrained crystal-chemical refinment was necessary to obtain a
precise and accurate crystallographic description of this system.

-- For the same experimental data ,standard refinements were
of questionable accuracy leading to inconclusive results.

For the standard Rietveld refinement of a battery material, which involved
many refinement parameters, SVDdiagnostics was proven invaluable to sort
out which parameters needed to be fixed in order obtain a reliable and
plausible crystallographic description of this material.




