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Topics for the talk

Background notions

• Rietveld least-squares refinement
• Singular value decomposition of the least-squares matrix

Part 1

Part 2 Rietveld refinement of apatite-type structures
• Crystal-chemical parameterization
• Numerical stability of Rietveld least-squares refinement
• Complementarity of ab initio modeling with 
Rietveld crystal-chemical structure determination

Part 3 Rietveld refinement of battery materials

• Transition-metal site occupancies and anisotropic broadening
in a refinement with a large number of fitted parameters

Part 4 Concluding remarks
• Troubleshooting ill-conditioned refinements with SVDdiagnostics

• Increased precision and accuracy with appropriately 
parameterized Rietveld models



Yc(i) = Yb(i)  +  S  AL(i)  T(i)  Σh mh |Fh|2 P(i,h)  O(h)

Calculation and derivatives of Rietveld profiles

Yo(i) =

background
Chebyshev 
polynomials

scale
factor

Absorption/
Lorentz-

polarization

thermal
correction multiplicity

reflection

For each step i, we compare the counts Yo(i) with a calculated diffraction profile Yc(i)

geometrical
structure

factor

profile
function 

Gauss, 
Lorentz etc.

preferred
orientation
March-Dollase

spherical harmonics

P0 is the collection of parameters in all the terms of the expression of Yc(i).
For each parameter p in P0, we can write:

∂Yc(i)/∂p ≈ (Yc(i, P0+Δp) - Yc(i,P0)) / Δp numerically calculable with small Δp

Yc(i, P=P0+ Δp) ≈ Yc(i,P0) + Δp • ∂Yc(i)/∂p

First two terms of the Taylor series expansion at P0 of Yc(i,P) : 

The • indicates a dot product

easily calculable linear function of Δp

vector



Least-squares Rietveld refinement

For each step i in the Rietveld profile, we have a weighted equation

w(i) [Yo(i) - Yc(i,P)] = w(i) Δ(i) 

We look for the model P that will minimize Σi w(i) [Δ(i)]2 knowing that

Yc(i, P=P0+Δp) ≈ Yc(i,P0) + Δp • ∂Yc(i)/∂p

This gives the linear system of equations:

w(i) (Δp • ∂Yc(i)/∂p) = w(i) [Yo(i) - Yc(i,P0)]

where the unknowns are the changes Δp to bring to the current model P0

that we symbolize as A • X = B, with as many equations as there are steps in the profile.

From this, we create the normal system of equations,
with dimension equal in number to the much smaller number of parameters in the model:

AT • A • X = AT • B

and solve it by e.g. matrix inversion as:

X = [AT • A]-1 • AT • B



Numerical stability of Rietveld refinements

[ATA] = [R] · [D] · [R]T

Singular-value decomposition (SVD)

orthonormal

diagonal

Singular

or not

LS normal

matrix

Trouble-making linear combinations of 

variables are read off columns of [R] 

corresponding to tiny elements of [D]

SVDdiagnostic cure of Rietveld LS model

J. Appl. Cryst. 39: 458-465

Software program freely distributed at www.tothcanada.com



Part 2

Rietveld refinement of apatite-type structures



geochronology 

catalysis 

environmental remediation 

soil treatment

bone replacement

dentistry

MATERIALS APPLICATIONS

“ECO-APATITES”

toxic metal immobilization from incinerator 

ash, industrial or mining refuses, high-level 

radioactive nuclear waste

Teeth and bones made of apatite Ca5(PO4)3(OH,F,Cl)

low solubility

dense structure type

Ca II

Ca I PO4

F

{

AI
4 A

II
6 (BO4)6 X2

A : larger divalent (Ca2+, Sr2+, Pb2+, Cd2+, Zn2+, 
Ba2+, etc.),  monovalent (Cs+, Na+, Li+, etc.), 
and trivalent (La3+, Y3+, Ce3+, Nd3+, Sm3+, 
Dy3+, etc.) cations

B : smaller 3+, 4+, 5+, 6+, and 7+ metals and 
metalloids (P5+, As5+, V5+, Si4+, S6+, etc.)

X : halides (F-, Cl-, Br-, I-), hydroxyl (OH)-, or 
oxygen ions O2-

Space groups: P63/m, P63, P21/m, P1121/b, etc.

most widespread
distortions in subgroups

Crystal Chemistry of Apatite



Crystal-chemical  parameterization of P63/m apatite

Acta Cryst. B 61: 635-655



a =   31/2 { dAI-O1
2 – (1/4)∙[dB-Osin( ‟O-B-O/2) + dAII-O3sin( O3-AII-O3/2)]2 }1/2∙cos[( /6) – AI – AI]

+ 31/2∙{(dAI-O1+ AI-O)2 – (1/4)∙[dB-Osin( ‟O-B-O/2)+dAII-O3sin( O3-AII-O3/2)]2 }1/2∙cos [( /6)–
AI+ AI]

+ 2 (31/2)  dB-O sin ( O-B-O / 2) cos( )

where:
sin( )  =  { { dAI-O1

2 – (1/4)∙[dB-Osin( ‟O-B-O/2)+dAII-O3sin( O3-AII-O3/2)]2 }1/2∙sin [( /6)– AI– AI]
– {(dAI-O1+ AI-O)2–(1/4)∙[dB-Osin( ‟O-B-O/2)+dAII-O3sin( O3-AII-O3/2)]2 }1/2∙sin [( /6)–

AI+ AI] }
/ [2 dB-O sin ( O-B-O / 2)]

c = 2∙[ dB-O sin( ‟O-B-O / 2) + dAII-O3 sin( O3-AII-O3 / 2)] 

cos( AI-O1)   =   [dB-O sin( ‟O-B-O / 2) + dAII-O3 sin( O3-AII-O3 / 2)] / [2∙ dAI-O1]

Four geometric constraints

z(AI) = 0 (i.e., cation-centered AIO6 polyhedra)

Acta Cryst. B 61: 635-655



10 crystal-chemical parameters:

dAI-O1, AI-O, AI, AI, dB-O, O-B-O,

AII or dAII-X, dAII-O3, O3-AII-O3, AII

4 geometric constraints

Geometrical Parameterization

Numerical equivalence to within 14-digit double-precision accuracy

crystal-chemical
refinement

standard
refinement

crystal structure of P63/m apatite

initial

extraction

novel
approach

14 crystallographic parameters:

a, c, 12 atom coordinates

Crystallographic Description



Experimental data used in the study

Literature crystallographic

results for 18 end-member

chemical compositions

single-crystal refn’t with R<4%

single-crystal refn’t with R>4%

Rietveld refn’t of powder data

Ab initio modeling of materials

H Ψ = E Ψ

Forces 

on nuclei

VASP

ABINIT

SIESTA

DFT ab initio software

solve

black-box

time-independent 

Schrödinger’s equation
for triperiodic models

Stresses on 

cell faces

Better crystallographic

description and energy 

for ground state

Car & Parrinello 

(1985) 

Phys. Rev. Lett. 

55, 2471

Rough model

Acta Cryst. B 61: 635-655
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Predictions of a from crystal-chemical parameters

z(AI) = 0z(AI) ≠ 0

open diamonds   =  single-crystal, R ≤ 4.0%
filled circles       =  ab initio coordinate-only optimization

filled squares      =  ab initio cell-and-coordinate optimization
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Acta Cryst. B 61: 635-655

Predictions of c
from crystal-chemical parameters

Reliable ab initio predictions 
for crystal structures of

9 eco-apatites

Good agreement 
(within 0.5-2.0%) 
of ab initio results 
with only the most 

reliable single-
crystal structure 

refinements

Absence of structural refinement 
data for “eco-apatite” compounds 
containing toxic metals (Zn, Hg, 

V, Cr, Pb, Cd, etc.) that are 
known to exist or hypothetical

Analysis shows

c/a axial ratio

z(AI) = 0

z(AI) ≠ 0

z(AI) = 0



crystal-
chemical 
flexibility 
of apatite 

framework

correlations 
among

algebraically
independent

polyhedral 
distortion 

parameters

Acta Cryst. B 61: 635-655



Direct least-squares refinement of 
crystal-chemical parameters for P63/m apatite

Geometrical Parameterization

standard
refinement

novel
approach

Crystallographic Description

crystal-chemical
refinement

Creation of a TOPAS script 
for crystal-chemical refinement

crystal structure of P63/m apatite

Performed both types of refinement
on a top-quality XRD powder pattern:
-- numerical stability
-- addition of random noise 

to experimental data

J. Appl. Cryst. 39: 369-375

J. Appl. Cryst. 39: 458-465



Crystal-chemical refinement with TOPAS;  Rwp = 9.231, GOF = 1.650

CN =0.790E+13



Standard crystallographic refinement with TOPAS;  Rwp = 8.673, GOF = 1.550

CN =0.785E+13



Standard crystallographic refinement with TOPAS;  Rwp = 8.695, GOF = 1.553

CN =0.659E+10



Crystal-chemical refinement with TOPAS;  Rwp = 9.231, GOF = 1.648

CN =0.221E+11



Numerical stability of Rietveld refinements

SVDdiagnostic cure of Rietveld LS model

J. Appl. Cryst. 39: 458-465

regular 

crystallographic 

refinement

crystal-

chemical 

refinement

similar

condition number

similar

numerical stability

Practical use of SVD for apatites

Software program freely distributed at www.tothcanada.com

In both cases,
profile-shape 
and background 
parameters
needed to be 
fixed at some 
arbitrary values



Experimental proof of 
the greater precision 

and accuracy 
of crystal-chemical 

refinement

Observed a 
precision increase 

by 
nearly an order of magnitude

in  the 
least-squares E.S.D.s.

CORROBORATION

J. Appl. Cryst. 39: 369-375



Observed a precision 
increase by nearly 

an order of magnitude in the 
least-squares E.S.D.s.

J. Appl. Cryst. 39: 369-375



Application of 

SVDdiagnostic to 

Ca10(VxP1-xO4)6F2

eco-apatites

bond-angle variables

O3-AII-O3 and O-B-O

are poorly determined

stability of 
crystal-
chemical 
least-
squares 
extraction 
increased by 
by fixing 
those 
variables

Acta Cryst. B 63: 37-48 



standard Rietveld refinementab-initio-constrained crystal-chemical Rietveld refinement

inconclusive results

imposed
relationships

precise extraction of crystal chemistry 
for Ca10(VxP1-xO4)6F2 solid solutions

ab initio optimized 
values for bond-angle 
variables poorly 
determined by least-
squares processing of 
experimental data sets 

Acta Cryst. B (2007) 63: 37-48 



bond valence sums

triclinic

apatites

Acta Cryst. B (2007) 63: 37-48 



Discovery of triclinic apatites structure type

Acta Cryst. B (2007) 63: 251-256 

Ca10(PO4)6F2 and Ca10(PO4)6F2

predicted to be isostructural



Part 3

Rietveld refinement of battery materials



• Just like sharing out a cake – make sure everyone can get a piece!

TM layer

Li layer

O layer

4g 2b

2c
4h

Monoclinic C2/m Li2MnO3-type structure

• 4g to 2b = 
double 
occupancy to 
balance total 
composition



How to construct the constraints?
• The technique is the same as can be used in 

GSAS
– divide each atom occupancy on one site over a number of „atoms‟
– share each portion with one other site, e.g. for Mn

– add a scaling factor to change overall Li:TM ratio whilst keeping 
Mn:Ni:Co ratio constant

– still makes for quite a lot of additional variables….

‘4g
prm Mn_1a = ((cMnm/5)*k) - (mn2/2); :0.42623`_0.00479

prm Mn_1b = ((cMnm/40)*k) - (mn3/2); :0.06031`_0.00666

prm Mn_1c = ((cMnm/40)*k) - mn4; :0.06031`_0.00671

prm !sumMn1 = Mn_1a + Mn_1b + Mn_1c;:0.54684`_0.01060

‘2b
prm mn2  0.11246`_0.00929 min = 0; max = 0.5;

‘2c
prm mn3  0.00000`_0.01333_LIMIT_MIN_0 min = 0; max = 0.2;

‘4h
prm mn4  0.00000`_0.00671_LIMIT_MIN_0 min = 0; max = 0.1;



Anisotropic broadening
• Anisotropic broadening can be caused by a variety of 

reasons
– Disorder (turbostratic, stacking faults, microstrain)
– Short range order
– Crystallite shape

• Li1.2Mn0.4Ni0.3Co0.1O2 has a short range 3a 3a ordering 
with some full pattern anisotropy

• Full pattern:  spherical harmonic Lorentzian convolution
• 3a 3a: individual hkls broadened, e.g.

lor_fwhm = If(And(H == 0,K == 2,L == 0), a4, 0);

• For structure refinement what causes the broadening and 
how you model it isn‟t important – whatever works to 
correctly evaluate integrated peak areas of the measured 
intensities!



Fit for the 0.65 Å dataset 
• Lack of anisotropic broadening correction affects the distribution of the 

metals on the 4g and 2b sites
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Matrix Conditioning - the starting point 
UNPROCESSED normal matrix

Condition number for matrix of normal equations =  0.142E+26
Error propagation is likely to spoil ALL digits in some elements of the normal matrix.
System is singular for double-precision matrix inversion unless error propagation is well taken care of.
Use eigenvectors below to diagnose singularity.
Eigenvectors for combined.out ranked according to eigenvalues are printed as columns below

Eigenvector #:  1 ..        152       153       154       155       156       157       158       159

k          1: -0.001 ..     0.000     0.000     0.000     0.000     0.000     0.000     0.000     0.000

Mn2        2:  0.000 ..     0.000     0.000     0.000     0.000     0.000     0.000     0.000     0.000

…
p3        19: -0.003 ..    -0.001    -0.019    -0.001     0.011    -0.039    -0.001     0.000     0.000

p4        20:  0.000 ..    -0.003    -0.022    -0.001     0.012    -0.045    -0.001     0.000     0.000

bkg9920   21: -0.009 ..     0.000     0.000    -0.001     0.001     0.000     0.004    -0.668     0.000

bkg9921   22: -0.003 ..     0.000     0.000     0.004    -0.001     0.000    -0.003     0.401     0.000

bkg9922   23:  0.004 ..     0.000     0.000     0.000     0.001     0.000     0.002    -0.269     0.000

bkg9923   24:  0.001 ..     0.000     0.000     0.000     0.000     0.000    -0.001     0.139     0.000

bkg9924   25: -0.001 ..     0.000     0.000     0.000     0.000     0.000     0.001    -0.077     0.000

bkg9925   26:  0.000 ..     0.001     0.000     0.000     0.000     0.000     0.000     0.044     0.000

……
Eigenvalues: 0.270E+14 ..  0.912E-05 0.350E-05 0.368E-07 0.875E-09 0.777E-09 0.122E-10 0.877E-11 0.190E-11

PRECONDITIONED normal matrix

Condition number for matrix of normal equations = 0.383E+18
……….

Here the preconditioning doesn’t ensure numerical
repeatability in inverting the LS matrix for this model and dataset 

A bit more than 14!

Still needs more 
than double-
precision arithmetic



• There are a lot of variables in this 
refinement

• SVDdiagnostic identified a number of 
variables that were causing problems, 
including the background and parameters 
related to the anisotropic broadening 



• After dealing with the problematic variables both the unprocessed and 
preconditioned matrices have satisfactory conditioning numbers

• UNPROCESSED normal matrix

• Condition number for matrix of normal equations = 0.110E+11
• Error propagation is likely to spoil 10 trailing decimal digits out of probably 14.

• Problem is ill-conditioned for double-precision matrix inversion unless error propagation is well taken 
care of.

• Use eigenvectors for small eigenvalues below to diagnose quasi singularity.

• Eigenvectors for combined_k.out ranked according to eigenvalues are printed as columns below

• Eigenvector # :  1 .. 59       60        61        62       63 64        65        66

• k      1:    -0.001 ..  -0.008   0.005     -0.002     0.001 -0.003 0.003     0.006    -0.004

• mn2    2:     0.000 ..  0.002  -0.032 -0.045     0.000 0.010 0.008    -0.003    -0.010

• co2    3:     0.000 ..    0.029  0.023    0.035    -0.004   -0.020 0.006    -0.001    -0.007

• ni2    4:     0.000 ..    -0.035  0.009    0.004     0.004   0.009   -0.008     0.010     0.013

• ……..
• Eigenvalues:  0.271E+14..  0.485E+05 0.470E+05 0.351E+05 0.277E+05 0.241E+05 0.762E+04 0.521E+04 0.246E+04

• PRECONDITIONED normal matrix

• Condition number for matrix of normal equations =  0.883E+04
• Error propagation is likely to spoil  4 trailing decimal digits out of probably 14.

• Problem well conditioned for double-precision matrix inversion.

• ………
• Eigenvalues:   0.830E+01 ..  0.251E-01 0.201E-01 0.195E-01 0.107E-01  0.625E-02 0.565E-02 0.326E-02 0.940E-03



Final refined 
structure

• The final 
refinement 
yielded 
values with 
reasonable 
ESDs

• The refined 
bond 
lengths 
agreed 
closely with 
those 
expected 
from bond 
valence 
parameters 
(low spin Co 
and Ni 
values 
determined 
from ICSD 
data)

Space group: C2/m (12) 
Overall residuals: Rwp = 9.61%, Rp = 7.0%, Durban-Watson = 1.727, 
a = 4.98268(23), b = 8.56248(80), c = 5.01340(36) Å, b = 109.2479(95)º
Refined stoichiometry = Li1.165(36)Mn0.402(13)Ni0.323(16)Co0.109(32)O2

Site Atom x y z Occ Occ

(random)

Biso

4g – M1 Mn 0 0.16597(14) 0 0.5467(105) 0.4793 0.83(2)

Ni 0.3345(104) 0.3856

Co 0.1152(159) 0.1305

Li 0.0036(217) 0.0036

2b – M2 Mn 0 0.5 0 0.1111(93) 0.2152 0.10(6)

Ni 0.2392(94) 0.1731

Co 0.0971(137) 0.0586

Li 0.5526(191) 0.5526

2c – Li1 Li 0 0 0.5 0.9966(274) 0.9966 0.96(33)

Mn 0.0005(133) 0.0016

Ni 0.0022(129) 0.0013

Co 0.0008(202) 0.0004

4h – Li2 Li 0 0.65505(384) 0.5 0.9704(139) 0.9704 0.19(17)

Mn 0.0000(67) 0.0142

Ni 0.0296(66) 0.0115

Co 0.0000(102) 0.0039

4i – O1 O 0.21918(57) 0 0.22220(64) 1 1 0.23(5)

8j – O2 O 0.24292(53) 0.32251(20) 0.22823(39) 1 1 1.00(4)



Part 4: Conclusions

SVD of Rietveld least-squares matrix provides a straightforward, objective
means of assessing the numerical stability and trouble-shooting
ill-conditioned Rietveld refinements.

For a high-quality fluorapatite powder pattern:
-- Crystal-chemical refinement, a new concept, was shown more precise and

more accurate than standard crystallographic refinement, while being as
numerically stable and much less sensitive to noise in experimental data.

For limited-quality powder data on the  Ca10(VxP1-xO4)6F2 apatite system:
-- Ab initio constrained crystal-chemical refinment was necessary to obtain a

precise and accurate crystallographic description of this system.
-- For the same experimental data ,standard refinements were 

of questionable accuracy leading to inconclusive results.

For the standard Rietveld refinement of a battery material, which involved 
many refinement parameters, SVDdiagnostics was proven invaluable to sort 
out which parameters needed to be fixed in order obtain a reliable and 
plausible crystallographic description of this material.


