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Compar i son  of Modes of Operat ion for  Guarded Hot P l a t e  A ~ I  A e n x r s  
Apparatus with Emphas i s  on T r a n s i e n t  C h a r a c t e r i s t i c s  

C. J. Shir t l i f fe  and H. W. O r r  

Division of Building R e s e a r c h  
National R e s e a r c h  Council of Canada 

Ottawa, Canada 

T h e  constant  hea t  flux and constant t e m p e r a t u r e  modes  of operat ion of the  guarded 
hot p la te  appara tus  a r e  compared  and the  exis tence of a n  opt imum hea t  flux boundary 
condition is examined. T h e  s tep  r e s p o n s e  equations f o r  the  different modes  and for  
var ious  preconditioning t e m p e r a t u r e s  a r e  tabulated and presen ted  in g raphica l  f o r m .  
Optimum preconditioning t e m p e r a t u r e s  a r e  de te rmined .  Effects  of d i s tu rbances  and 
p la te  capaci ty a r e  d i scussed  and control  and m e a s u r e m e n t  p r o b l e m s  compared .  
A hybrid mode  of operation is suggested. T h e  extension of the  r e s u l t s  to  the  u s e  of 
hea t  m e t e r s  and t rans ien t  hea t  flow appara tus  is d i scussed .  Constant  t e m p e r a t u r e  
o r  a hybrid mode of operation i s  found t o  b e  the  m o s t  p rac t ica l .  T h e  r e s p o n s e  t i m e s  
can  be  a n  o r d e r  of magnitude l e s s  than constant hea t  flux operat ion.  Use  of t h e  
guarded hot p la te  appara tus  in  t h e  constant  t e m p e r a t u r e  mode  is suggested for  other 
m e a s u r e m e n t s .  

Key Words: Guarded hot plate ,  heat  m e t e r s ,  modes ,  opt imum boundary 
conditions, r e s p o n s e  t i m e ,  t h e r m a l  conductivity, t h e r m a l  diffusivity, 
t rans ien t  e r r o r s ,  t r ans ien t  h e a t  flow. 

1. Introduction 

1 .  His to r ica l ly ,  the  guarded hot p la te  appara tus  (1) i s  a "Standards Lab1' type ins t rument  where  
t h e  emphas i s  is on a c c u r a c y  r a t h e r  than on minimizing t h e  duration of t h e  t es t .  T h e  t rans ien t  hea t  
flow c h a r a c t e r i s t i c s  and control  p r o b l e m s  have  t h e r e f o r e  been neglected.  Other  types  of appara tus  
have  been evolved for  shor t  duration t e s t s  of l e s s e r  accuracy .  

It w a s  bel ieved that  t h e  s tandard  guarded hot p la te  appara tus  w a s  much  m o r e  v e r s a t i l e  than 
a s s u m e d  and that  with t h e  p r o p e r  con t ro l  s y s t e m  and m e a s u r e m e n t  techniques i t s  u s e  could be  
extended t o  r a p i d ,  high a c c u r a c y  test ing.  The  appara tus  w a s  thought t o  offer advantages in  the  
t rans ien t  heat  flow a r e a  and for  u s e  in  conjunction with h e a t  m e t e r s .  Also,  s ince  the  guarded hot 
p la te  appara tus  is being proposed  f o r  t es t ing  "super"  insulat ions with e x t r e m e l y  long r e s p o n s e  t i m e s ,  
i t  was bel ieved that the con t ro l  mode  that  is opt imum in t e r m s  of speed and a c c u r a c y  should b e  
de te rmined  and the  r e s p o n s e  functions tabulated t o  allow est imation of t h e  t i m e  t o  r e a c h  a n  adequate 
s teady  s t a t e  condition. 

T h e  guard ba lance  is a s s u m e d  t o  be  control led automatical ly  in  t h i s  ana lys i s  s o  that  i t  does not 

introduce additional d i s tu rbances  into t h e  sys tem.  T h i s  is bel ieved t o  be  a reasonable  assumpt ion  
a s  m o s t  l a b o r a t o r i e s  have  provided t h i s  type of con t ro l  fo r  t h e i r  appara tus .  The  t e m p e r a t u r e  of 
t h e  cold p la te  is a s s u m e d  t o  b e  constant.  

F i g u r e s  i n  p ~ r e n t h e s e s  indicate  the  l i t e r a t u r e  references a t  the and of t h i s  paper. 



2. Modes of Operation and Trans ien t  Cha rac t e r i s t i c s  

Two modes of control  of the hot plate  in the  guarded hot plate  appara tus  a r e  in genera l  use.  For  
the s imples t  and mos t  widely used the p la te  i s  supplied with constant power,  thereby  producing a 
constant heat  flux a t  the sur face  of the  � late. The  second, l e s s  widely used,  method i s  to  keep the 
t e mpe ra tu r e  of the hot plate  constant by controlling the power with a t empe ra tu r e  control ler .  The  
la t te r  method was used by Sommers  (2) for  "high speedt t  t e s t s ,  but h a s  not been widely used because 
of the ex t r a  equipment involved and the lack of knowledge of the re la t ive  advantages and p rob l ems  of 
th i s  mode compared t o  t he  constant hea t  f lux mode. 

2. 1. Constant Heat  F lux  Operation 

T h e  usual  sequence of events  in per forming  a t e s t  with the guarded hot  plate  appara tus  with 
constant heat  flux f r o m  the  hot plate  i s  a s  follows: 

( i )  The  sample  i s  conditioned t o  the mean  t empe ra tu r e  of the  t e s t  

( i i )  The  cold p la tes  a r e  a t  the requi red  t empe ra tu r e  

(iii) No power i s  being supplied t o  the hot plate  and it i s  not a t  the requi red  t e s t  t empe ra tu r e  

(iv) T h e  t h e r m a l  conductivity and, therefore ,  the power t o  the t e s t  a r e a  a r e  es t imated  

(v)  T h e  sample  i s  placed in the p la tes ,  the power t o  the t e s t  a r e a  increased  for  an unspecified 
period of t ime ,  t o  heat  up the plate  and the sample ,  the"n reduced t o  the esti-ted power.  
T h e  conditions then a r e  allowed t o  reach  steady s t a t e  

(vi)  Additional adjustments  of the  power a r e  usual ly n e c e s s a r y  and d is turbances  mus t  se t t l e  out. 

T h e r e  h a s  been no easy  way t o  es t imate  the t ime  requi red  t o  r e a c h  the  s teady s t a t e  condition 
using this  p rocedure .  

2. 2. Constant Tempera tu r e  Operation 

T h e  usual  sequence of operat ions for u se  with the  hot plate  at a control led t empe ra tu r e  i s  
a s  follows: 

( i )  T h e  sample  i s  conditioned t o  the mean  t empe ra tu r e  of the t e s t  

( i i )  Both the hot and cold p la tes  a r e  at the  requi red  t empe ra tu r e s  

( i i i )  T h e  sample  is placed in the  appara tus  and the t e s t  a r e a  power i nc r ea se s  automatical ly t o  supply 
the r equ i r ed  heat  and then drops t o  the  s teady s t a t e  value. 

It should be noted that no  guessing o r  second adjustments  a r e  requi red .  

2. 3. Optimum Boundary Conditions 

Constant t empe ra tu r e  operat ion i s  e a s i e r  than constant hea t  flux operat ion,  and probably fas te r ,  
but the question r ema ins  a s  t o  whether t h e r e  i s  a boundary condition that will give even fas te r  
response.  

Assuming t h e r e  i s  a be t te r ,  nonconstant, heat  flux boundary condition, F ( t ) ,  where  t is t i m e ,  
and the appropr ia te  unit s tep response  of the s amp le  is V(x, t ) ,  the  su r f ace  t empe ra tu r e  of the  hot 
p la te  can be wri t ten a s  given in ref .  (3). 



where t' i s  the dummy tirne variable, and subscript t indicates the t ime derivative. 

By normal response factor methods, F( t )  can be found for  any desired response. Since the 
answer depends, however on the step response of the sample, V(x, t ) ,  which is  a function of the 
unknown thermal properties,  there i s  no practical  way to  find this optimum condition for thermal  
conductivity apparatus. The most practical  boundary conditions would appear to  be the constant 
temperature boundary condition, since it i s  the only boundary condition that can be specified without 
regard  to sample properties.  

2. 4. Response Times  

The theoretical solutions to  the heat transfer problems corresponding to  the constant temperature 

and constant heat flux modes of operation a r e  given in Appendix I. The solutions have been derived in 
nondimensional form to make them seneral .  The temperature i s  nondimensionalized a s  shown in 
Appendix I to  be zero at the cold plate and 1 a t  the hot plate under steady state conditions. The non- 
dimensional heat flux is a lso  1 under steady conditions. Time zero i s  refer red  to  a s  the t ime at which 
the boundary conditions a r e  applied, that i s ,  the test  i s  started,  and is  nondimensionalized by the 
thermal  diffusivity "a" and the thickness, L, 

The solutions a r e  given in general form and also fo r  specific locations in the sample a t  which 
the measurements a r e  to  be made for determining the thermal  cbnductivity, since it i s  these  values 
that must approach steady s ta te  before the measurements can be made accurately. 

The response t ime of a sample i s  defined he re  to  mean the t ime required for the uncontrolled, or 
unspecified, variable at the hot plate to  reach an adequate steady state so a s  to  give an e r r o r  in the 
measurement of thermal  conductivity of l e s s  than the specified value. A curve of e r r o r  in the 
measurement versus  t ime will result  for each mode. The equations for  e r ro r  a r e  given in Appendix I I. 

Response t imes  for the constant temperature and constant heat flux modes with the initial 
temperature equal to the steady mean temperature,  W = 0. 5, a r e  given in figure 1. The response 
t ime for constant temperature mode i s  seen to  be almost an order of magnitude l e s s  than for the 
constant heat flux mode when the e r r o r s  a r e  small. 

T h e r e s p o n s e t i m e s  for specimensat  various in i t ia l temperatures ,  W ,  a r e s h o w n i n f i g u r e s 2  
and 3, for values of W x 0, the cold plate temperature,  to  W = 1,  the hot plate temperature.  
In each mode there i s  an optimum value of W a t  which the response t ime i s  least .  The e r r o r  
r eve r ses  sign, that i s ,  overshoots, when the initial temperature i s  greater than 0. 5 for the constant 
temperature mode and 0.635 for the constant heat flux mode, and the negative portion of the curve 
can govern the response t ime of a test. The optimum values of the initial temperature,  W ,  a r e  
therefore approximately 0. 52 and 0. 64, respectively, for the two modes. The response t imes  for 
the two modes a t  the optimum W a r e  approximately the same. The response t ime for the constant 
flux mode a t  optimum conditioning i s  an order  of magnitude l e s s  than that for conditioning to &e mean 
temperature;  this  can be useful in cases  where the thermal  conductivity of a specimen i s  being 
checked and the steady state heat flux can be determined beforehand. If the thermal conductivity i s  
not known then the final hot plate temperature and therefore the optimum W cannot be determined. 

The equations and figures do not take into account the heat storage capacity of the plates, the  
three-dimensional nature of the heat flow, or the temperature dependence of the properties.  It should 
therefore be recognized that the equations and figures a r e  only a guide to  the actual response t ime 
and that checks should be made on the applicability of the figures to  any part icular apparatus by 
testing samples of known thermal  diffusivity. 

A teat was made on a foam polystyrene sample, 2. 5 cm thick with a 20- by 20-cm guarded hot 
plate t o  compare the theoretical response t imes  to  the actual values. For  constant heat flux 
operation, the response t ime to 2 per cent e r r o r  was l e s s  than 15 sec,  when the hot plate was 
preheated to the steady s ta te  temperature,  and over 10 h r  when the plate was not preheated. 
In each case  the exact constant heat flux was used to obtain the desired hot plate temperature.  
The theoretical value was approximately 40 sec  for the specimen. In constant temperature mode 
the measured response t ime was approximately 70 sec. The response curves a r e ,  therefore ,  
better estimations of the actual response t imes  for the constant temperature mode than the constant 
heat flux mode. 



2. 5. Measurement  P r o b l e m s  

Each  mode of operat ion h a s  inherent  m e a s u r i n g  prob lems .  T h e  constant hea t  f lux mode of 
operat ion h a s  such long r e s p o n s e  t i m e s  that t h e  t r u e  s teady  s t a t e  value can be  difficult t o  recognize.  
M e a s u r e m e n t s  m u s t  be  m a d e  over an extended per iod  t o  e n s u r e  that  it h a s  been reached .  T h e  
constant  t e m p e r a t u r e  mode  of operat ion r e q u i r e s  that the  t e m p e r a t u r e  of the  hot p la te  be  control led,  
by control l ing the power t o  t h e  hea te r .  T h e  s teady  s t a t e  power to  t h e  h e a t e r  will ,  by definition, v a r y  
a s m a l l  amount with t ime.  It i s  n e c e s s a r y  t o  a v e r a g e  t h e  power over  a sufficient length of t i m e  
to  obtain the  mean  values.  T h e  averag ing  t i m e  will  depend on the con t ro l le r  c h a r a c t e r i s t i c s  and 
the t e m p e r a t u r e  sensor .  T h e  p r o b l e m  of averaging can b e  eased  considerably by using z s t r i p  c h a r t  
r e c o r d e r ,  automatic  data logger ,  or  a s ignal  averag ing  c i rcu i t .  

2. 6. Hybrid Mode 

T h e  bes t  of both methods can b e  obtained by s ta r t ing  the t e s t  in  the constant t e m p e r a t u r e  mode 
and switching l a t e r  to t h e  constant  hea t  f lux mode.  T h i s  hybrid mode  of operat ion r e q u i r e s  a s ignal  
a v e r a g e r  and i s  accomplished by s ta r t ing  in  the  constant  t e m p e r a t u r e  mode,  monitor ing the a v e r a g e  
power supply voltage, and when i t  becomes  sufficiently constant ,  set t ing the  output of the  control ler  
t o  that  value, and switching the con t ro l le r  to  manua l  mode ,  thereby  supplying constant hea t  f lux to  
t h e  hot plate .  Depending on the  s u c c e s s  of t h e  t r a n s f e r  t o  constant  hea t  flux operat ion,  the  m e a s u r e -  
ment  can b e  m a d e  with a shor t  set t l ing t i m e ,  and with n o r m a l  measur ing  ins t ruments .  

2. 7. Dis tu rbances  and Readjus tments  

If the  t e m p e r a t u r e  or  t h e  hea t  flux of the  hot p la te  m u s t  be  read jus ted  s o  a s  t o  conform t o  a 
s tandard  t e s t  condition, o r  if i t  i s  dis turbed,  the t i m e  for  the  t rans ien t  t o  se t t l e  can b e  es t imated  
f r o m  t h e  r e s p o n s e  t i m e  curves.  A change in a p a r a m e t e r  a t  one s u r f a c e  cor responds  t o  the  c a s e  
of a change a t  t h e  s u r f a c e  and z e r o  ini t ia l  t e m p e r a t u r e .  T h e  e r r o r  that the  d i s tu rbance  produces  
in  t h e  s teady  s ta te  value should b e  used in determining the  r e s p o n s e  t ime .  F o r  example,  a 10 p e r  c e n t  
change need only se t t l e  t o  10 p e r  cen t  of i t s  f inal  value t o  produce a 1 p e r  cen t  e r r o r  in  the  m e a s u r e -  
ment. 

2. 8. P l a t e  Capaci tance 

T h e  hot p la te  a s s e m b l y  can have  m o r e  than 100 t i m e s  the  t h e r m a l  capac i tance  of t h e  s a m p l e  and 
can t h e r e f o r e  b e  t h e  m a j o r  factor  in  determining r e s p o n s e  t i m e  ( 3 ) .  F a i l u r e  t o  p rehea t  the hot-plate  
a s s e m b l y  to  the  d e s i r e d  t e m p e r a t u r e  can  grea t ly  extend t h e  t e s t ,  e spec ia l ly  for  the  constant  hea t  f lux 
mode  w h e r e  the  s m a l l  s o u r c e  of hea t  mus t  r a i s e  t h e  t e m p e r a t u r e  of the  l a r g e  t h e r m a l  m a s s .  T h e  
i n c r e a s e  in  r e s p o n s e  t i m e ,  or  lag,  d e c r e a s e s  a s  the  conductance of s a m p l e s  i n c r e a s e s ,  and can  v a r y  
f r o m  a few seconds t o  m a n y  hours .  F o r  constant  t e m p e r a t u r e  operat ion,  the  hot p la te  i s  normal ly  a t  
t h e  r e q u i r e d  t e m p e r a t u r e  and t h e  t h e r m a l  m a s s  can  b e  used t o  advantaf te  t o  supplement  the  h e a t e r  
capac i ty  in  heat ing t h e  specimen.  In t h e  hybrid mode ,  t h e  t h e r m a l  capaci tance i s  helpful during the 
constant  t e m p e r a t u r e  in te rva l  and de t r imenta l  in t h e  constant heat  flux interval .  

2. 9. C h a r a c t e r i s t i c s  of Control  S y s t e m s  for  Hot P l a t e s  

It h a s  been found that t h e  r e s p o n s e  t i m e  for  the n o r m a l  design of hot  p la tes  and n o r m a l  s a m p l e s  
i s  oo grea t  that  r e s e t  i s  requ i red ,  i. e .  in tegra l  act ion with "anti-windup'' f e a t u r e  along with t h e  
propor t iona l  act ion in t h e  con t ro l le r .  T h e  sudden changes in power output requ i red  when high 
capaci tance s a m p l e s  a r e  p laced  in t h e  appara tus  m a k e  i t  des i rab le  t o  have  r a t e ,  i .  e .  der ivat ive 
ac t ion ,as  well. P r o p e r  design of the  hot p la te  and placement  of t h e  t e m p e r a t u r e  s e n s o r  can d e c r e a s e  
t h e  l a g s  i n  t h e  con t ro l  s y s t e m  and e a s e  t h e s e  requ i rements .  

2.10. F u r t h e r  Refinement  

If the s h o r t e s t  poss ib le  t e s t  t i m e  i s  r e q u i r e d ,  t h e r e  i s  no r e a s o n  why the  s a m p l e s  cannot b e  
precondit ioned t o  t h e  p r o p e r  t e m p e r a t u r e  gradient  in a l a r g e ,  s implif ied p a i r  of t e m p e r a t u r e  



controlled plates .  The  samples  could then be  tested rapidly in an appara tus  operated in the  confitant 

t e mpe ra tu r e  mode. 

3 .  Application to Heat Meter  Apparatus 

The  guarded hot p la te  appara tus ,  when operated in the  constant t empe ra tu r e  mode,  f o r m s  the 
basic  configuration requi red  for  measur ing  t he rma l  conductivity with a heat m e t e r ;  the advantage 
of this  heat  me t e r  method i s  the s implici ty of the measu remen t s .  

The solutions in Appendtx I can be applied t o  the heat m e t e r  appara tus  a s  well,  a s  long a s  the 
heat  me t e r  i s  thin and h a s  a low thermal  capacitance. Equations ( 5 ) ,  ( 6 ) ,  and (7) of Appendix I show 
that t he r e  a r e  t h r ee  locations in a s amp le  whe re  optimum re sponse  without overshoot can be attained. 
The locations and relevant  conditions a r e  l is ted below. 

Tes t  Conditions 

(i)  the  sample  i s  conditioned to a uniform t empe ra tu r e  

( i i )  t he  t empe ra tu r e  of the hot and cold p la tes  a r e  controlled. 

Locations and Initial Tempe ra tu r e s  

(i) a t  the  hot su r f ace  - sample  a t  the mean t empe ra tu r e  

(ii) a t  the  cold su r f ace  - sample  a t  t he  mean  t empe ra tu r e  

( i i i )  at the center  of the s amp le  - any uniform tempera ture .  

The  th i rd  locat ion,  a t  the center  of the sample ,  i s  not only ideal  in t e r m s  of response  but a l so  
provides some  isolation f rom any  s m a l l  independent dis turbances a t  t he  p la tes  and, ideally, does not 
r e q u i r e  the  sample  t o  be  conditioned t o  any specific t empera ture .  The  initial t empe ra tu r e  mus t  b e  
un i form or  a t  l eas t  symmet r i c  about the  center  point. If t h e r e  i s  the possibi l i ty  that t h e r m a l  
conductivity i s  a function of t empe ra tu r e ,  the center  position affords the  proper  location t o  indicate 
if t he  t e mpe ra tu r e  h a s  deviated f rom the  mean  value. The  center  position r equ i r e s  two identical 
samples .  Lang (4)  h a s  developed an appara tus  with the heat m e t e r  in th i s  location but i t  is not c l e a r  
if a l l  t h e  advantages we re  recognized.  Nor r i s  and F i t z roy  (5)  gave the theoret ical  justification for 
the method. 

4. Extension t o  Trans ien t  Measurement  Conditions 

Beck (6)  ha s  determined the  optimum configuration for  t rans ien t  heat  flow appara tus  for  s imu l -  
taneous determinat ion of t h e r m a l  conductivity and specif ic  heat .  When the t h e r m a l  conductivity i s  low, 
t he  opt imum configuration i s  a l a rge  t he rma l  m a s s  ' 'cold plate ,  " preconditioned but not continuously 
cooled, and a constant t empe ra tu r e  w a r m  s ide  with heat flux me te r ed .  The cold plate  i s  insulated on 
a l l  but t he  act ive surface.  The  t h e r m a l  p rope r t i e s  a r e  in fe r red  f r o m  the cold p la te  t empe ra tu r e  and 
the hot s ide  heat  flux, using a "nonlinear est imation" procedure.  The  guarded hot plate  appara tus  
with t empe ra tu r e  controlled hot  p la te  can be  modified t o  at tain the  requi red  configuration; th i s  allows 
the extension of t he  appara tus  t o  measu remen t  of both t h e r m a l  conductivity and specific heat .  

With s amp le s  of high t h e r m a l  conductivity, the  opt imum configuration at the  cold plate  r ema ins  
t he  s a m e  while that  of the  hot s ide  condition i s  z e r o  hea t  f1u.x. T h e r m a l  p rope r t i e s  a r e  i n f e r r ed  f r o m  
t e mpe ra tu r e s  measu red  on the  two s i de s  by the  s a m e  procedure.  By removing the hot p la te  f r o m  the  
guarded hot p la te  appara tus ,  th i s  condition can be accomplished.  

Fu r the r  work should be considered on the  adaptation of t he  gua rdedho t  p la te  appara tus  t o  t h i s  type 
of measurement ,  and a study of t he  s o u r c e s  of e r r o r .  Modification in design of the  hot and cold p la tes  
might b e  requi red  to make  t hem "universal ,  " or  interchangeable p la tes  might be considered.  



5. Conclusion 

The  constant t empe ra tu r e  and hybrid modes  of operation have been shown to  be  t he  mos t  p r ac t i c a l  
for the guarded hot plate  apparatus.  The  r e sponse  t i m e s  can be  a n  order  of magnitude bet ter  than for  
constant heat  flux operation. The  f igures  presen ted  can be  used  a s  a guide to es t imate  t he  t ime  
requi red  t o  r e a c h  an  adequate s teady state .  

Guarded hot plate  appara tus  with tempera ture-cont ro l led  p la tes  can be  used  for  rap id  m e a s u r e -  
ments ,  e i ther  alone o r  in conjunction with a hea t  me t e r .  The  appara tus  a l s o  might be  used for  the  

s imultaneous determinat ion of t he rma l  conductivity and t he rma l  diffusivity. 

Th i s  r epo r t  is a contribution f r o m  the  Division of Building Resea r ch ,  National Resea r ch  Council 
of Canada,  and i s  published with the  approval  of the Di rec tor  of the  Division. 
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Appendix I 

Response  T i m e s  for  an Infinite Slab 

1. Bas i c  Equation 

T h e  nondimensionalized hea t  equation for an  inf ini te  s l ab  with un i form boundary conditions is 

where  0 = [T (x.f) - T ( o , ~ ) ]  / [T ( b m )  - T (0 ,  J] 
X = X/L, T a a t /L2,  L .: the  thickness of the s lab,  x = t h e  space  variable,  
running f r o m  0 t o  L ,  t = t ime ,  a = the  t h e r m a l  diffusivity. 

The  ncx-~dimensionalized hea t  flux is wr i t ten  a s  

where  q = hea t  flux, ql = the  s teady  s t a t e  hea t  flux ( - A  T ( L ,  m) - T(O, m)] /L), 
X m t h e  t h e r m a l  conductivity, - = indicates  the 
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1.1. Boundary Conditions (B. C. ) 2  

Constant t empe ra tu r e  a t  X = 0 

Two sepa ra t e  boundary conditions a t  X = 1 will be considered:  

( i )  Constant t empera ture :  0(1, T) = 1,  and 

( i i )  Constant heat  flux: 

In each c a s e  the  s teady s t a t e  t empe ra tu r e  difference and steady s t a t e  heat  flux a r e  equal to  unity. 

1. 2. Initial Conditions 

The  following uniform initial condition i s  assumed:  

e ( x ,  0) = W 

where  W i s  a finite constant. 

1. 3. Solutions to  Bas i c  P rob l em 

Solutions have been determined using bas ic  solutions and the "Superposition Pr inc ip le"  
a s  given by Churchil l  (3). 

The  solutions a r e  given in t e r m s  of the var iab le  not specified a t  X r 1 ,  that i s ,  in t e r m s  of 
heat  flux for constant t empe ra tu r e  boundary condition, and in t e r m s  of t empe ra tu r e  for the constant 
heat  flux boundary condition. The  solutions a r e  f i r s t  given in genera l  form,  then for  spec ia l  c a s e s  
with X, o r  both X and W, specified. Tables  of the functions m a y  be obtained by writing the au thors  
directly. 

(1) Genera l  F o r m  of Solutions 

(a )  Constant Tempera tu r e  B. C. 

m 
a e - r 

ax X .  , n n 7) (1) 
= 1 t 2 L (-1). . cos  (AnX) . exp (-A 4 t 4W e cos  (BnX) . exp ( -B 

n= l  n= l  

whe re  An P nn,  Bn = (2n-1) n ,  exp ( ) i s  the exponential function, e ( 1 

(b) 'Constant Heat F lux  B. C. 

e(X, T) = X - 8 [(-l)"-'/~:] . s in  (B n X /2) . exp (-B:T/~) 
n= l  

4W e ( I / B ~ )  . sin (BnX/2) . exp (-B:T/~) 
n= l  

Boundary conditions will be  abbreviated a s  B. C. 



(2) Special Cases 

(a) Constant Temperature B. C. , with X = I 

m " 2 T 2 
ax X ,  T n= 1 n= 1 

= 1 t 2 f exp ( -A T) - 4W exp ( -Bnr) 
n 

(b) Constant Heat F l u  B. C. ,  with = 

(c) Constant Temperature B. C. , with X = 0. 5, W finite 

(d) Constant Temperature B.C. , with X = 1, W 0. 5 

" ) 
ax = right -hand side of eq (5) 

0. 5,T 

(e)  Constant Temperature B. C . ,  with X = 0 ,  W = 0. 5 

a e j  - r right-hand side of eq (5) 

ax lo ,  T 

(f) Constant Temperature,  with X = 1 ,  W = 1 

2. Calculation of E r r o r s  

E r r o r s  in determination of thermal  conductivity, if measurements a r e  made before steady state 
conditions a r e  attained, a r e  derived below. 

2.1. Constant Tempera ture  B. C. 

E r r o r  at t ime T and position X. 

since 
q(x,m) ax L B T , a n d  S) ax X, = 1 



2. 2. Constant Heat F l u x  B. C. 

E r r o r  at t ime  T and at  position X  

E r r o r  = L o ( x , ~ )  - 8 ( o B r n ) J  - 
[ e x  r - N o .  T I ]  

1  = - - 1  at  X = l  
0 ( 1 , r )  

s ince 0 ( 0 , ~ )  = 0 ,  all T ,  and 0(X,w)  = X. 



Figure 1 Reaponse T i m e s  for Measuring Thermal  Conductivity 
- Error at Time T After Start of T e s t  
- Constant Temp. and Constant Heat Flux Modes 
- Initial T e m p . ,  W = 0. 5 



C O N S T A N T  H E A T  F L U X  M O D E  
I N I T I A L  T E M P E R A T U R E  = W 

O P T I M U M  W h . 6 3 5  

Figure 2 Response Times for Measuring Thermal Conductivity 
- Error at Time 7 After Start of Test 
- Constant Heat Flux Mode 
- InitialTemp., W = 0 to 1 . 0  



T =  a t / P  
Figure 3 Response Times  for Measuring Thermal Conductivity 

- Error at Time T After Start of Test  
- Constant Temp. Mode 
- Initial Temp. ,  W 6 0 to 1 .0  


