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Un programme d'essais en laboratoire a CtC men6 pour mesurer la dCformation et la 
resistance de la glace de plusieurs anntes des tempkratures de -2, -10 et -20 "C. Le lien 
entre la vitesse de d6formation et la rksistance dansl'intervalle de 10-6 s-1 B 10-2 s-1 a CtC 
Ctabli pour des conditions de charrre uniaxiale. biaxiale et triaxiale. Ces donnks ont CtC 
ajustkis au moyen d'une analyse de-rkgression d une surface de rupture. Le critkre de Tsai- 
Wu s'est r6vClC le plus satisfaisant pour d h k e  cette surface. 

Un mod51e de p€nt!ration bask sur des c e c i e n t s  de contact proposCs par Varsta a dtt  
formult pour d6crire physiquernent k processus de ptnttration. Les coefficients ont kt6 
determints empiriquernent h partir de donnks d'essi 3 deux Cchelles. Le modble de 
ptnk~ation fait le lien enrre la pression moyenne reelle (psv) s'exer~ant sur la surface de 
contact (A) et une pression de la glace nominale (p-) calculee pa* des proprittks de la 
glace et de la g h C m e  de pCnCwtion. La distribution des conrraintes au sein de la glace 
pour k g&xnttric de ptm5tration eat dtttrminCe par une mtthode d'eltrnents finis. 

Un num6ro de contrainte de rCf6rence qui relie l'Ctat de contrainte B 1'Ctat de contrainte de 
rupture permet de determiner la contrainte nominale exercCe sur la surface de contact au 
dCbut de la rupture de la glace. Une relation empirique de Ia forme pav - C (A/ApP pnom 
reprCsente bien la pression moyenne sur la surface de contact pendant la pCnCtranon de la 
structure dans la glace. La valeur de l'exposant n Ctait de -0,41 pour les pCn6tration B 
grande et ti petite khelles. 
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Abstract  

A l a b o r a t o r y  t e s t  p rogram was 
conducted t o  measure t h e  deformation and 
s t r e n g t h  p r o p e r t i e s  of mult i -year  i c e  a t  
temperatures  of -2, -10 and -20°C. The 
s t r a i n  r a t e  dependence of s t r e n g t h  over 
t h e  range lo6 s-l t o  s-I was 
determined f o r  u n i a x i a l ,  b i a x i a l  and 
t r i a x i a l  loading condi t ions .  These d a t a  
were f i t  by means of a  r e g r e s s i o n  
a n a l y s i s  t o  a  f a i l u r e  sur face .  The 
Tsai-Wu c r i t e r i o n  was found t o  be most 
s a t i s f a c t o r y  f o r  d e s c r i b i n g  t h i s  
sur face .  

A p e n e t r a t i o n  model based on c o n t a c t  
c o e f f i c i e n t s  a s  suggested by Vars ta  was 
formulated t o  p h y s i c a l l y  d e s c r i b e  t h e  
p e n e t r a t i o n  process .  The c o e f f i c i e n t s  
were determined e m p i r i c a l l y  from t e s t  

, d a t a  a t  2  s c a l e s .  The p e n e t r a t i o n  model 
r e l a t e s  the  a c t u a l  average p r e s s u r e  (pa,) 
a c t i n g  on the  c o n t a c t  a r e a  (A) t o  a  
nomina l  i c e  p r e s s u r e  ( p n  ,) c a l c u l a t e d  
from i c e  p r o p e r t i e s  and t'ie p e n e t r a t i o n  
geometry. The s t r e s s  d i s t r i b u t i o n  w i t h i n  
t h e  i c e  f o r  t h e  p e n e t r a t i o n  geometry is 
determined with a  f i n i t e  element method. 

This is a reviewed and edited version of a paper presented 
at the Ninth International Conference on Port and Ocean 
Engineering Under Arctic Conditions, Fairbanks. Alaska. 
USA, August 17-22, 1987.0 The Geophysical Institute. 
University of Alaska. 1987. 

A r e f e r e n c e  s t r e s s  number which r e l a t e s  
t h e  s t r e s s  s t a t e  t o  t h e  f a i l u r e  s t r e s s  
s t a t e  is used t o  determine the  nominal 
s t r e s s  on t h e  con tac t  s u r f a c e  f o r  t h e  
o n s e t  of f a i l u r e  of t h e  i c e .  An 
e m p i r i c a l  r e l a t i o n  of t h e  form pav = 
C ( A / A ~ ) "  pnom was found t o  represen t  the  
average pressure  on t h e  con tac t  sur face  
dur ing  s t r u c t u r e  p e n e t r a t i o n  i n t o  ice.  
The va lue  of the  exponent n  was -0.41 f o r  
both l a r g e  and small  s c a l e  pene t ra t ion .  

I n t r o d u c t i o n  

Ice f o r c e s  genera ted  on a  s t r u c t u r e  
a r i s e  from t h e  r e l a t i v e  movement of t h e  
i c e  f e a t u r e  w i t h  r e s p e c t  t o  t h e  
s t r u c t u r e .  I f  t h e  movements a r e  small  o r  
slow they may be accommodated by e l a s t i c  
o r  c reep  deformation w i t h i n  t h e  i c e  
f e a t u r e .  I n  many c a s e s ,  however, the  
s t r u c t u r e  p e n e t r a t e s  i n t o  t h e  i c e  f e a t u r e  
w i t h  an accompanying t o t a l  d i s i n t e g r a t i o n  
of t h e  ice.  This is t h e  loading process  
which w i l l  be addressed i n  t h i s  paper. 

There a r e  two i c e  load p e n e t r a t i o n  
c a s e s  of i n t e r e s t .  The f i r s t  one, t h a t  
of a  s h i p  p e n e t r a t i n g  i n t o  an i n f i n i t e  
i c e  f e a t u r e ,  r e s u l t s  i n  a  c o n t a c t  
geometry such t h a t  t h e  con tac t  a r e a  
i n c r e a s e s  throughout t h e  p e n e t r a t i o n  
process ,  with the  h i g h e s t  load occur r ing  
a t  t h e  e n d  o f  t h e  p e n e t r a t i o n .  



General ly,  t h e  p e n e t r a t i n g  s t r u c t u r e  
( s h i p ' s  bow) is  i n c l i n e d  t o  t h e  d i r e c t i o n  
of movement. This  s c e n a r i o  has l ed  t o  an 
i c e  f o r c e  fo rmula t ion  where t h e  i c e  
p ressure  is ;~ssumed t o  decrease  with 
i ~ i c r e c ~ s i n g  co~lciict a r e a ;  tlie s o  ca.lled 
pressure-area r e l a t i o n  (Sanderson, 1984). 
The o t h e r  c a s e  is  of a n  i c e  s h e e t  
i n d e n t i n g  a  f i x e d  v e r t i c a l - f a c e d  
s t r u c t u r e  ( p i l e )  where  t h e  c o n t a c t  

incorpora ted  i n t o  a  f a i l u r e  c r i t e r i o n  
from which a  nominal c o n t a c t  p ressure  can 
b e  c a l c u l a t e d  f o r  a  p a r t i c u l a r  
p e n e t r a t i o n  geometry. This  nominal i c e  
p r e s s u r e ,  toge ther  with an e m p i r i c a l  
col1tnt:t coof f Lcl e n t  , call be r~uetl t o  
p r e d i c t  average contac t  p ressure  dur ing  
t h e  p e n e t r a t i o n  process .  

~~ - -  

geometry remains c o n s t a n t  throughout t h e  
process. The maximum load occurs  when 
t h e  s t r u c t u r e  is completely enveloped by 
the  ice .  In  t h i s  s c e n a r i o ,  t h e  i c e  f o r c e  
f o r m u l a t i o n  i s  assumed t o  show t h e  
maximum load t o  decrease  with i n c r e a s i n g  
r a t i o  of i c e  t h i c k n e s s  t o  s t r u c t u r e  
w i d t h ;  t h e  s o  c a l l e d  i n d e n t a t i o n  
c o e f f i c i e n t - a s p e c t  r a t i o  e f f e c t  (Afanasev 
e t  a l ,  1971). This  l a t t e r  fo rmula t ion  
was developed by Korzhavin (1971) and 
r e l a t e d  the maximum i c e  p r e s s u r e  t o  a  
form f a c t o r ,  a  c o n t a c t  f a c t o r ,  a n  
i n d e n t a t i o n  c o e f f i c i e n t  and the  u n i a x i a l  
compressive s t r e n g t h  of t h e  i ce .  Maximum 
i c e  f o r c e  was ob ta ined  by m u l t i p l y i n g  t h e  
i c e  p ressure  by t h e  c o n t a c t  a rea .  

The case of a  s t r u c t u r e  p e n e t r a t i n g  
i n t o  an i c e  f e a t u r e  has been s t u d i e d  more 
a s  an i n t e r a c t i o n  process  s i n c e  t h e  
maximum pressure ,  i n d e n t a t i o n  and load 
a r e  a  f u n c t i o n  of the  s i z e  and v e l o c i t y  
of the  v e s s e l  a s  wel l  a s  the  p r o p e r t i e s  
of  the  ice.  Vars ta  (1983) c a r r i e d  out  
l a b o r a t o r y  measurements of i c e  p ressure  

Development of F a i l u r e  C r i t e r i o n  f o r  
I s o t r o p i c  I c e  

The o v e r a l l  approach here was t o  
d e t e r m i n e  s t r e n g t h  p r o p e r t i e s  o f  
i s o t r o p i c  i c e  f o r  d i f f e r e n t  s t r e s s  
combinat ions and load ing  o r i e n t a t i o n s .  
The t e s t i n g  was concent ra ted  i n  t h e  
c o m p r e s s i o n - c o m p r e s s i o n - c o m p r e s s i o n  
o c t a n t  a s  the  intended a p p l i c a t i o n s  were 
i n  t h i s  zone. Because more d a t a  a r e  
a v a i l a b l e  than the  minimum requi red  f o r  
d e s c r i b i n g  t h e  f a i l u r e  c r i t e r i o n ,  a  
r e g r e s s i o n  approach was used t o  o b t a i n  
the  bes t  f i t .  

S t reng th  t e s t s  

The i c e  used f o r  t h e s e  t e s t s  was 
r e c o v e r e d  from t h e  e a s t e r n  Canadian  
A r c t i c .  Block samples were recovered 
from two multi-year f l o e s  f rozen  i n t o  the  
l a n d f a s t  i c e  ad jacen t  t o  t h e  sou th  shore 
of Lancaster  Sound. One was t a b u l a r  i n  
form, about 30 by 50 m i n  s i z e  and 
grounded i n  10 m of water.  The o t h e r  was 

generateti  dur ing  i n c r e a s i n g  c o n t a c t  a rea  an i r r e g u l a r  block about 5 m a c r o s s  and 
p e n e t r a t i o n  witti a  c rush ing  mode of g rounded  a t  t h e  s h o r e  l i n e .  The 
f a i l u r e .  This  l ed  t o  a  fo rmula t ion  of temperature of t h e  i c e  a t  the  time of 
average i c e  p r e s s u r e  based on a  con tac t  s a m p l i n g  was a b o u t  -30°C. A f t e r  
c o e f f i c i e n t  which v a r i e s  d u r i n g  t h e  t r a n s p o r t i n g  t o  the  sou th  i t  was s t o r e d  
p e n e t r a t i o n  process .  i n  a  cold room a t  -10' t o  -20°C. 

Both of t h e  above cases  a r e  based on 
e s s e n t i a l l y  e m p i r i c a l  f a c t o r s  and a r e  
thus  d i f f i c u l t  t o  g e n e r a l i z e .  There is a  
r e a l  need f o r  an i c e  f o r c e  fo rmula t ion  
based on an understanding of t h e  phys ica l  
processes  involved. This  fo rmula t ion  
would take i n t o  account the  geometry of 
t h e  s t r u c t u r e  and t h e  a p p r o p r i a t e  
deformation and s t r e n g t h  p r o p e r t i e s  of 
the i c e .  

The o b j e c t i v e  of t h i s  paper is t o  
i n d i c a t e  how t o  i n c o r p o r a t e  i c e  s t r e n g t h  
i n t o  a n a l y t i c a l  m d e l s  f o r  i c e  p r e s s u r e  
d u r i n g  p e n e t r a t i o n .  M u l t i - y e a r  i c e  
s t r e n g t h  d a t a  w i l l  be p resen ted  and then 

Three d i f f e r e n t  s e r i e s  of t e s t s  were 
c a r r i e d  out .  These included u n i a x i a l  and 
b i a x i a l  (conf ined)  compression t e s t s  a t  
t h e  National  Research Council of Canada 
(NRCC) i n  Ottawa and t r i a x i a l  compression 
t e s t s  per formed ( u n d e r  c o n t r a c t )  by 
Geotech i n  Calgary. Grain s t r u c t u r e  of 
t h e  i c e  was examined by p l a c i n g  t h i n  
s e c t i o n s  of t h e  i c e  between crossed 
p o l a r i z e d  s h e e t s .  The t a b u l a r  f l o e  had a  
v a r i a b l e  g r a i n  s t r u c t u r e  which could be 
d e s c r i b e d  a s  type R, agglomerate (Michel 
and Ramseier,  1971). The o t h e r  f l o e  had 
a  m r e  columnar s t r u c t u r e ,  but was s t i l l  
v a r i a b l e .  It f i t  t h e  d e s c r i p t i o n  of 
"brecc ia"  by Rich te r  and Cox (1984). The 



a v e r a g e  d e n s i t y  of t he  t a b u l a r  i c e  f l o e  behav iour  p r e c e d i n g  p rematu re  f a i l u r e  can 
was 875  kg/m3 and t h e  block 9 0 0  kg/m3. be d e s c r i b e d  a s  l i n e a r l y  e l a s t i c .  F igure  
S a l i n i t y  of t h e  i c e  t e s t e d  a t  NKCC ranged 4 summarizes t h e  r e s u l t s  of t h e  t r i a x i a l  
from 1.2 t o  3.0 " / O O  w h i l e  t h a t  t e s t e d  a t  t e s t i n g  which was c a r r i e d  o u t  under 
G e o t e c h  was 0.1 t o  0 .3  O / O O .  T h i s  lower  p r o p o r t i o n a t e  l o a d i n g .  
v a l u e  may have been due t o  b r i n e  d r a i n a g e  
d u r i n g  t r a n s p o r t a t i o n .  I I 1 

P r i s m o i d a l  specimens  250 mm long  by 
100 mm wide and 100 mm t h i c k  f o r  t h e  
u n i a x i a l  and 70 mm t h i c k  f o r  t h e  b i a x i a l  
t e s t s  were used. For t h e  t r i a x i a l  t e s t s  
c y l i n d e r s  250  mm l o n g  by 9 5  mm i n  
d i a m e t e r  were used.  A l l  t e s t i n g  was 
c a r r i e d  o u t  on s e r v o  h y d r a u l i c  machines 
w i t h  c l o s e d  loop  c o n t r o l  on s t r a i n  r a t e .  
For t h e  u n i a x i a l  and b i a x i a l  tests an 
e x t e n s o m e t e r  was a t t a c h e d  d i r e c t l y  t o  t h e  
specimen t o  p r o v i d e  t h e  c o n t r o l  s i g n a l .  
I n  t h e  c a s e  of  t h e  t r i a x i a l  t e s t s ,  
r e l a t i v e  movement b e t w e e n  t h e  l o a d  
p l a t e n s  was used f o r  c o n t r o l ,  i n  a d d i t i o n  
t o  t h e  c o n f i n i n g  p r e s s u r e  which was 
m a i n t a i n e d  a t  a  c o n s t a n t  r a t i o  t o  t h e  
a x i a l l y  a p p l i e d  s t r e s s .  More d e t a i l s  on 
t h e  t e s t  p r o c e d u r e s  can be found i n  R i ska  
and F rede rk ing  (1987) .  

T e s t i n g  w a s  c a r r i e d  o u t  a t  
t e m p e r a t u r e s  of - Z O ,  -10" and -20°C, and 
a t  s t r a i n  r a t e s  r ang ing  from lo6 S-I t o  

s - l .  For s t r a i n  r a t e s  l e s s  than  
10* s-l t h e  mode of f a i l u r e  was d u c t i l e  
w i t h  an  upper  y i e l d  s t r e n g t h .  For h i g h e r  
r a t e s  t h e  s t r e s s - s t r a i n  cu rve  was l i n e a r  
up t o  an a b r u p t  f a i l u r e .  T h i s  behav iour  
i s  i l l u s t r a t e d  i n  F i g u r e  1  f o r  tests a t  a  
t e m p e r a t u r e  of -lO°C. I t  can be s e e n  
t h a t  a t  a  s t r a i n  r a t e  of s-I t h e  
c u r v e  is l i n e a r  up t o  f a i l u r e ,  but  t h a t  
t h e  s l o p e  of t h e  c u r v e ,  8 .5  GPa is s t i l l  
l e s s  than  t h e  Young's Modulus v a l u e  of 
a b o u t  9.5 GPa. The r e s u l t s  of t h e  
u n i a x i a l  and b i a x i a l  t e s t s  a r e  summarized 
i n  F i g u r e s  2  and 3. These r e s u l t s  show 
an  i n c r e a s e  i n  s t r e n g t h  w i t h  i n c r e a s i n g  
s t r a i n  r a t e  f o r  t h e  d u c t i l e  mode of 
f a i l u r e  s i m i l a r  t o  t h a t  found f o r  f r e s h  
w a t e r  i c e  by Gold and Krausz  (1971) .  For 
s t r a i n  r a t e s  of abou t  s-I and h i g h e r  
t h e  f a i l u r e  behav iour  is b r i t t l e  and 
t h e r e  is no c o n s i s t e n t  dependence of 
s t r e n g t h  on s t r a i n  r a t e .  T h i s  r e g i o n  has  
been termed one of p rematu re  f a i l u r e  
( S i n h a ,  1981) .  The a c t u a l  f a i l u r e  
s t r e n g t h  is most l i k e l y  i n f l u e n c e d  by 
s m a l l  i m p e r f e c t i o n s  i n  t h e  ends  of t h e  
specimens .  While t h e r e  is doubt  about  
t h e  a c t u a l  s t r e n g t h  v a l u e s  t h e  i c e  

F i g u r e  1. S t r e s s  vs  s t r a i n  f o r  c o n s t a n t  
s t r a i n  r a t e  u n i a x i a l  compress ive  s t r e n g t h  
of mul t i -yea r  i c e  a t  -lO°C. 

F i g u r e  2. U n i a x i a l  compress ive  s t r e n g t h  
of  mul t i -yea r  i c e .  T e s t s  i n  which t h e  
i c e  f a i l e d  p r e m a t u r e l y  a r e  c r o s s e d .  



y i e l d  o r  f a i l u r e  c r i t e r i o n .  Both 
c r i t e r i a  d e f i n e  a s t r e s s  region wi th in  
which the m a t e r i a l  does not f a i l .  This  
reg ion  is represen ted  by t h e  f ~ r m u l a  

f ( o )  c 1 ( 1 )  

where f is t h e  y i e l d  o r  f a i l u r e  func t ion  
of t h e  s i x  independent s t r e s s  components 
o .  The s u r f a c e  f ( o )  = 1 i s  c a l l e d  t h e  
f a i l u r e  s u r f a c e  o r  e n v e l o p e .  The 
d i f f e r e n c e  between a f a i l u r e  and a y i e l d  
c r i t e r i o n  is  t h a t  y i e l d  is g e n e r a l l y  
a s s o c i a t e d  wi th  p l a s t i c  behaviour and 
f a i l u r e  w i t h  b r i t t l e  behaviour. The same 
m a t e r i a l  may e x h i b i t  e i t h e r  behaviour 
depending on temperature and s t r a i n  r a t e .  
The d i f f e r e n c e  between t h e  f a i l u r e  and 
y i e l d  s u r f a c e  i s  i l l u s t r a t e d  
schemat ica l ly  i n  F i g u r e  5. 

S T R A I N  R A T E  i ( 1 1 s ) .  

Figure 3. S t r e n g t h  r e s u l t s  from confined 
compression ( b i a x i a l )  t e s t s .  The c rossed  
r e s u l t s  correspond t o  premature f a i l u r e .  
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5 Figure  5. Schematic p r e s e n t a t i o n  of t h e  

i d i f f e r e n c e  between y i e l d  and f a i l u r e  

2 
o s u r f a c e s .  The v e c t o r  from t h e  o r i g i n  

0 - shows t h e  s t r e s s  p a t h  t o  y i e l d  o r  
g J.0- 1 . t- -2% L0.m I/* f a i l u r e .  
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~ X I H M I % I A L  SIRES" W.1 The f a i l u r e  f u n c t i o n  f ( o )  i s  a 
s c a l a r  and c o n s e q u e n t l y  i t  c a n  be 
expressed a s  a f u n c t i o n  of s o l e l y  the  

F i g u r e  4. R e s u l t s  f rom t r i a x i a l  t h r e e  i n v a r i a n t s  of t h e  s t r e s s  t e n s o r  Ii, 
compression t e s t s .  i 3  1, 2, 3, o r  

I ,  1 ,  1 )  < 1 ( 2 )  

Formulation of a f a i l u r e  s u r f a c e  
where the  i n v a r i a n t s  can be i n  terms of 

The onse t  of f a i l u r e  i n  a cont inuous t h e  s t r e s s  components  o i j  o r  p r i n c i p a l  

m a t e r i a l  is u s u a l l y  descr ibed  by e i t h e r  a s t r e s s e s  o i  ( i  = j = 1, 2 ,  3). Equation 
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( 2 )  i s  v a l i d  on ly  i f  the  m a t e r i a l  is 
i s o t r o p i c ;  i . e .  t h e  s t r e s s  components 
a r e  independent  of t h e  o r i e n t a t i o n  of t h e  
c o o r d i n a t e  system. As d i s c u s s e d  e a r l i e r ,  
m u l t i - y e a r  i c e  i s  c o n s i d e r e d  t o  be 
i s o t r o p i c  a t  t h e  s c a l e  o f  t h e  
s t r u c t u r e / i c e  p e n e t r a t i o n  problem. 

There  a r e  two requ i rements  f o r  an 
i s o t r o p i c  f a i l u r e  c r i t e r i o n  of mult i -  
yea r  i c e ;  i )  t h e  a b i l i t y  t o  account  f o r  
d i f f e r e n t  t e n s i l e  and c o m p r e s s i v e  
s t r e n g t h s  and,  i i )  adequa te ly  d e s c r i b e  
t h e  i n c r e a s e d  s t r e n g t h  i n  m u l t i a x i a l  
c o m p r e s s i v e  s t ress  s t a t e s .  A v e r y  
g e n e r a l  c r i t e r i o n  is t h a t  of T s a i  and Wu 
(1971) which has  a  q u a d r a t i c  form 

" i j  " k l  

where Fij and Gi jk l  a r e  second and f o u r t h  

o r d e r  s t r e n g t h  t ensors .  I n  an i s o t r o p i c  
c a s e  p resen ted  w i t h  p r i n c i p a l  s t r e s s e s  
Riska and Frederk ing  (1987) showed t h i s  
c r i t e r i o n  reduces  t o  

w h e r e  J 2  is t h e  s e c o n d  i n v a r i a n t  of t h e  
d e v i a t o r i c  s t r e s s .  Th i s  is e s s e n t i a l l y  a  

t h r e e  parameter  c r i t e r i o n  s i n c e  G1212 = 1 
( G l l l l  - G1122). Recen t ly  a n o t h e r  t h r e g  

p a r a m e t e r  c r i t e r i o n  b a s e d  p a r t l y  on 
p h y s i c a l  r eason ing  has  been proposed by 
Nadreau and Michel (1986). It has t h e  
form 

where a ,  b,  c, and d  a r e  d e r i v e d  from a  
knowledge  of  T  and  C, t e n s i l e  and 
c o m p r e s s i v e  s t r e n g t h s  u n d e r  t h e  
h y d r o s t a t i c  s t r e s s  s t a t e  and 0 i s  a  
f i t t i n g  parameter  r e l a t e d  t o  t h e  stress 
l e v e l  r e q u i r e d  t o  induce  p r e s s u r e  mel t ing  
a t  a  g i v e n  t empera tu re .  

E i t h e r  of  t h e  f a i l u r e  c r i t e r i a  
o b t a i n e d  a r e  macroscopic  ones. They 

p r e d i c t  only t h e  maximum s t r e s s  s t a t e  t h e  
m a t e r i a l  can s u s t a i n  and consequen t ly  t h e  
maximum l o a d  i c e  c a n  e x e r t  on a  
s t r u c t u r e .  They do not  p r e d i c t  t h e  
behav iour  of t h e  m a t e r i a l  once t h e  s t r e s s  
r e a c h e s  t h e  f a i l u r e  s t a t e .  Th i s  is an 
a r e a  where f r a c t u r e  mechanics may be a  
f r u i t f u l  approach. 

F a i l u r e  s u r f a c e  d e t e r m i n a t i o n  f o r  t h e  
t e s t  c a s e s  

The d e t e r m i n a t i o n  of  s t r e n g t h  
c o n s t a n t s  r e q u i r e s  s e l e c t i o n  of t h e s e  
v a l u e s  s o  t h a t  t h e  f a i l u r e  s u r f a c e  best 
f i t s  a set of measured s t r e n g t h  values .  
A number of s e t s  were  o b t a i n e d  f o r  
d i f f e r e n t  i c e  t empera tu res  and s t r a i n  
r a t e s .  For i l l u s t r a t i v e  purposes ,  d a t a  
g roup  I V  f o r  -lO°C and 2  x s-I i s  
p r e s e n t e d  i n  Table  1. Note t h a t  a l l  t h e  
d a t a  i n  Table  1 a r e  f o r  compressive 
s t r e s s e s .  

Where more d a t a  than t h e  minimum 
d a t a  r e q u i r e d  t o  d e t e r m i n e  t h e  
c o e f f i c i e n t s  i n  e q u a t i o n s  (4 )  o r  (5 )  a r e  
a v a i l a b l e  a  r e g r e s s i o n  is performed t o  
o b t a i n  t h e  best f i t .  Th i s  is done by 
minimizing t h e  fo l lowing  f u n c t i o n  over  
t h e  independent  parameters  

w h e r e  A i s  t h e  s t r e n g t h  n u m b e r  
c o r r e s p o n d i n g  t o  t h e  i ' t h  s t r e n g t h  
measurement. The s t r e n g t h  number f o r  t h e  
Tsai-Wu c r i t e r i o n  is  

where 'i 2  

and I and J2 a r e  t h e  stress i n v a r i a n t s  
l i i 

f o r  t h e  i ' t h  measurement. It is  a l s o  



Table I .  S t r e n g t h  t e s t  r e s u l t s  used i n  p o s s i b l e  to  d e r i v e  t h e  s t re 'ng th  number 
de te rmina t ion  of f a i l u r e  s u r f a c e  f o r  t h e  N a d r e a u  c r i t e r i o n .  The  

r e g r e s s i o n  gave a  f l a t  minimum when 
a p p l i e d  t o  e i t h e r  c r i t e r i o n .  Because t h e  
d i f f e r e n t  f a i l u r e  s u r f a c e s  d i f f e r e d  on ly  

a l  [MYal a 2  [MPa] o 3  [MPa] i n  t h e  t e n s i l e  quadrant  i t  was decided 
t h a t  the c a l c u l a t i o n  could be performed 

Data s e t  I; -Z0C, 0.0002 s-l more e a s i l y  by f i x i n g  t h e  t e n s i l e  
s t r e n g t h  S T .  T h i s  a l l o w e d  t h e  
e l i m i n a t i o n  of one independent  parameter  
from the regress ion .  For t h e  Tsai-Wu 

5.2 1.1 0  c r i t e r i o n  I 3.9 2.4 

8.0 I 5.9 I 5.9 I 
2  

4.9 2.4 1 2.4 - G 1 l l l  S~ I 20.4 20.4 20.4 1 5 1  a (8 )  

I : ' 5.0 5 . 0  

2.8 2.8 1 
( 20.7 1 20.7 1 20.7 1 and f o r  t h e  Nadreau c r i t e r i o n  

Data s e t  11; -2*C, 0.002 s-E (C + T) 2  ST 2  

I 
t a n  8 = 2  2  (9) 

4.0 0  0  9 TC ( 1  - asT3 - bST - cST I 4.2 

I 8.8 I 2.0 The v a l u e  of ST, i f  i n  t h e  range 0.5 t o  
1.5 MPa, d id  not  have much i n f l u e n c e  on 

6.0 
t h e  roo t  mean s q u a r e  e r r o r  a t  t h e  minimum 

2.8 2.8 
4.2 I 1.1 I of equa t ion  (7) .  A v a l u e  of ST = 0.9 MPa 

1.1 
5.2 1 1.3 I was chosen. I 1.3 

The r e g r e s s i o n  of e q u a t i o n  ( 7 ) ,  
Data s e t  111; -lO°C, 0.0002 s-I t a k i n g  i n t o  account  e q u a t i o n s  (8) and 

5.0 . O  0  ( 9 ) ,  g ives  t h e  r e s u l t s  p r e s e n t e d  i n  Table  

3.7 1 2. The f i n a l  f a i l u r e  s u r f  a c e s  can be 
I 4.0 v i s u a l i z e d  by drawing t h e  i n t e r s e c t i o n  of 

2.8 t h e  s u r f a c e  wi th  t h e  a l  - a2 plane (a3  = 

8.7 I 4.3 0  I O), Figure 6. The d i f f e r e n c e s  between 

4.8 I 2.4 0  I t h e  Tsai-Wu and Nadreau c r i t e r i a  a r e  

11.8 8.8 1 8.8 s m a l l  and thus ,  i n  subsequent  a n a l y s i s ,  
I 7.7 I 3.8 3.8 t h e  Tsai-Wu c r i t e r i o n  w i l l  be used s o l e l y  

20.4 20.4 20.4 because of i t s  e a s e  of u s e  and s imple 

I 8.7 I 6.5 I 6.5 I e x t e n s i o n  i n t o  a n i s o t r o p i c  cases .  

I 6.5 3.2 I 3.2 I 1 4.6 I 1.1 I 1.1 I The s t r e n g t h  number X used i n  t h e  

3.7 1.1 I 1.1 I r e g r e s s i o n  is a l s o  h e l p f u l  i n  p r a c t i c a l  

I 20.3 1 20.3 1 20.3 I a p p l i c a t i o n s  of t h e  f a i l u r e  c r i t e r i a .  It 
can be thought of a s  a  non-dimensional 

Data s e t  I V ;  -lO°C, 0.002 s-l 
number which d e f i n e s  t h e  r a t i o  of the  
l e n g t h  of a  l i n e  from t h e  o r i g i n  t o  a  
p o i n t  i n  s t r e s s  space t o  t h e  l e n g t h  of a  
l i n e  from t h e  o r i g i n  t o  t h e  f a i l u r e  
s u r f a c e  and pass ing  through the  s t r e s s  
po in t .  I n  t h i s  i n s t a n c e  t h e  f a c t o r s  A 

13.0 1.5 and B a r e  de f ined  i n  terms of the  stress 

I 11.3 p o i n t  a i j  r a t h e r  t h a n  t h e  s t r e s s  
i n v a r i a n t s  a s  above. When t h e  s t r e n g t h  
number is 1  t h e  stress s t a t e  is on the  

10.9 2.5 2.5 f a i l u r e  s u r f a c e  and t h e  m a t e r i a l  f a i l s .  
The a c t u a l  method is t o  assume a  u n i t  
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Table 2. Resu l t s  of f a i l u r e  s u r f a c e  regress ion  

Se t  I Se t  I1 Set  111 Set IV 

I '11 
[ ~ p a - l  ] 0.736 0.885 0.835 0.988 , ! 

iNadreau tg2@ 0.026 0.089 0.043 0.138 
I 1 c r i t e r i o n  

i 
i 

I 2.7 4.4 3.8 8.2 I 

boundary load o r  displacement  and then t o  
c a l c u l a t e  t h e  va lues  of X w i t h i n  t h e  body 
of t h e  mate r ia l .  The u n i t  boundary 
c o n d i t i o n s  can then be l i n e a r l y  s c a l e d ,  
e i t h e r  up o r  down, t o  g ive  a  maximum X of 
1. This  method provides an e f f i c i e n t  
means of i n c o r p o r a t i n g  t h e  f a i l u r e  
c r i t e r i o n  i n t o  c a l c u l a t i o n s  of t h e  s t r e s s  
s t a t e  i n  a  body. I n  a c t u a l  a p p l i c a t i o n s  
o f .  X t h e r e  a r e  some l i m i t a t i o n s .  For 
example, i f  t h e  ex tens ion  of the  l i n e  
through t h e  s t r e s s  po in t  c o n t a c t s  the  
f a i l u r e  s u r f a c e  a t  a  point  where t h e  
s u r f a c e  is f a r  from normal t o  t h e  l i n e ,  
then  smal l  u n c e r t a i n t i e s  i n  d e f i n i n g  the  
s t r e s s e s  o r  f a i l u r e  c o n s t a n t s  could lead 
t o  a  l a r g e  v a r i a t i o n  i n  t h e  s t r e n g t h  
number. 

Modelling I c e  P r e s s u r e  Dur ing  
P e n e t r a t i o n  

F igure  6 .  The f a i l u r e  sur f  ace on a  plane When a  s t r u c t u r e  p e n e t r a t e s  i n t o  i c e  
of p r i n c i p a l  s t r e s s .  The Tsai-Wu and t h e  a v e r a g e  i c e  p r e s s u r e  h a s  been 
Nadreau f  a l l u r e  s u r f  aces a r e  compared. observed t o  decrease  with i n c r e a s i n g  



p e n e t r a t i o n  (Vars ta ,  1983). This  average 
i c e  p ressure  is def ined  a s  t h e  t o t a l  load 
d iv ided  by the  t o t a l  c o n t a c t  a r e a  der ived  
from the geometry of the s t r u c t u r e  and 
t h e  depth of the  p e n e t r a t i o n .  I t  is 
p o s t u l a t e d  t h a t  t h i s  average p r e s s u r e  is 
r e l a t e d  t o  a  c o n t a c t  f u n c t i o n  and a  
nominal i c e  p r e s s u r e  

Pa, = g(A,v, B )  Pnom (10)  

The c o n t a c t  f u n c t i o n ,  g ,  h a s  been  
observed t o  be a  f u n c t i o n  of c o n t a c t  1 2 3 4 5 6 7  WCUm] 
area .  It may be a d d i t i o n a l l y  r e l a t e d  t o  
i n d e n t a t i o n  speed and aspec t  r a t i o ,  but 50 100 150 200 300 A 

not i c e  p r o p e r t i e s .  On t h e  o t h e r  hand, 
t h e  nominal p ressure  is r e l a t e d  t o  t h e  
i c e  p r o p e r t i e s  and t h e  c o n t a c t  geometry. F igure  7. Peak va lues  of i c e  p r e s s u r e  
These i d e a s  a r e  h e r e  incorpora ted  i n t o  an (pa,) a s  a  f u n c t i o n  of p e n e t r a t i o n  depth 
a n a l y t i c a l  model of i c e  p e n e t r a t i o n .  z. 

Formulation 

The nominal i c e  p r e s s u r e  on t h e  fo rmula t ion  ignores  v e l o c i t y  which may 
c o n t a c t  s u r f a c e  between a  s t r u c t u r e  and a l s o  e f f e c t  the  c o n t a c t  func t ion .  
an i c e  f e a t u r e  is der ived  from t h e  i c e  
p r o p e r t i e s  and t h e  g e o m e t r y  of t h e  Ca lcu la t ion  of nominal p r e s s u r e  
con tac t .  It is t h e  minimum uniform 
p r e s s u r e  on the  i c e  requ i red  t o  i n i t i a t e  The a c t u a l  c a l c u l a t i o n  of t h e  
f a i l u r e ;  i . e .  X = 1. This  nominal 
p r e s s u r e  is s c a l e  independent and assumes 
t h a t  t h e  i c e  is i n t a c t .  T h e r e  is  
j u s t i f i c a t i o n  f o r  t h i s  assumption from 
t h e  t e s t  r e s u l t s  of V a r s t a  (1983) which 
showed t h a t  f o r  t h e  i n i t i a l  s t a g e s  of 
p e n e t r a t i o n  of a  45O p lane  i n t o  an i c e  
block,  t h e  p ressure  remained c o n s t a n t  
w i t h  i n c r e a s i n g  c o n t a c t  a r e a  i n  t h e  e a r l y  
p a r t  of the  p e n e t r a t i o n  ( F i g u r e  7) .  

The n e x t  c o n c e p t  i s  t h a t  of  a  
c o n t a c t  funct ion.  This  was i n v e s t i g a t e d  
by V a r s t a  ( 1 9 8 3 )  who p r o p o s e d  t h a t  
p r e s s u r e  was t r a n s m i t t e d  through t h e  
c o n t a c t  l a y e r  by so l id - to -so l id  c o n t a c t  
and a l s o  a  v i scous  layer .  V a r s t a ' s  
r e s u l t s  can be i n t e r p r e t e d  t o  imply t h a t  
t h e  con tac t  f u n c t i o n  v a r i e d  through t h e  
p e n e t r a t i o n  process .  It can be d e s c r i b e d  
by an empi r ica l  r e l a t i o n  of t h e  form 

where z is  dep th  of p e n e t r a t i o n  and C and 
n a r e  c o e f f i c i e n t s .  Depending on t h e  
i n d e n t a t i o n  geometry t h e  c o n t a c t  a r e a  

v a r i e s  d i r e c t l y  w i t h  e o r  z2. T h i s  

nomina l  i c e  p r e s s u r e  c a n  be  b e s t  
demonstrated by an example. Consider t h e  
p e n e t r a t i o n  of a  s h i p ' s  bow i n t o  an i c e  
f e a t u r e .  The c o n f i g u r a t i o n  of t h e  
c o n t a c t  s u r f a c e  is t h a t  of an i n c l i n e d  
wedge a s  shown i n  F igure  8. The s t r e s s e s  
i n  t h e  i c e  f e a t u r e  a r e  c a l c u l a t e d  with 
t h e  f i n i t e  e l e m e n t  m e t h o d  u s i n g  
three-dimensional  s o l i d  elements  and 
i n f i n i t e  elements (Klinge,  1985) f o r  t h e  
f a r  b o u n d a r i e s .  A u n i f o r m  nomina l  
p r e s s u r e  of 1 MPa is assumed f o r  t h e  
c a l c u l a t i o n  and t h e  i c e  behaviour p r i o r  
t o  f a i l u r e  is  t a k e n  t o  be l i n e a r l y  
e l a s t i c .  A p a r t i c u l a r  s e t  of i c e  
p r o p e r t i e s  is s e l e c t e d  and t h e  y i e l d  
c r i t e r i o n  parameters determined,  i n  t h i s  
c a s e  -lO°C and 2 x s'l ( s e t  I V  of  
Table  2) .  Within each element of t h e  
f i n i t e  element model t h e  s t r e n g t h  number 
X is c a l c u l a t e d  from equa t ion  ( 7 )  and B 
and A as def ined  f o r  t h e  s t r e s s  s t a t e  i n  
t h a t  element. From t h e s e  c a l c u l a t i o n s  
con tour  p l o t s  of X can  be obtained.  
F igure  9 shows t h e  con tours  of X on t h e  
c o n t a c t  s u r f a c e  f o r  a  uniform nominal i c e  
p r e s s u r e  of 1 MPa. X v a l u e s  a t  dep th  i n  
t h e  i c e  f e a t u r e  were lower. The maximum 
v a l u e  of X on t h e  c o n t a c t  s u r f a c e  was 



Bow penetrat~ng a  multiyear Ire ridge 

lncl~ned plane crushing an Ice edge 

Figure 8. Test  c o n f i g u r a t i o n  of a  bow 
p e n e t r a t i n g  an i d e a l i z e d  multi-year i c e  
f e a t u r e .  

0.088. For t h e  purposes of c a l c u l a t i n g  
t h e  nomina l  p r e s s u r e ,  however ,  t h e  
average value of A i s  taken t o  be more 
r e p r e s e n t a t i v e  of t h e  c o n d i t i o n  of 
f a i l u r e  on the  c o n t a c t  sur face .  It can 
a l s o  be seen t h a t  t h e  A contours  a r e  
r e l a t i v e l y  uniform so  t h a t  t h i s  is not a  
c r i t i c a l  assumption. I n  t h i s  ins tance  
t h e  average value of the  s t r e n g t h  number 
A is 0.071, which when sca led  up t o  the 
f a i l u r e  c o n d i t i o n  va lue  of 1  g i v e s  a  
u n i f o r m  nominal i c e  p r e s s u r e  pnom = l / X  

o r  1 4 . 2  MPa.  R e s u l t s  o f  p n o m  

c a l c u l a t i o n s  f o r  t h e  f o u r  d a t a  s e t s  
d e s c r i b e d  i n  T a b l e s  1  a n d  2  a r e  
summarized i n  Table 3. It can be seen 
t h a t  h i g h e r  s t r a i n  r a t e s  and lower  
temperatures  l ead  t o  h igher  va lues  of 

Pnom* 

Table 3. Pnom v a l u e s  c a l c u l a t e d  f o r  four  
s e t s  of d a t a  

-- -. 

Set  X I I 111 IV 

1 SECTION I 
'A 

Contact f u n c t i o n  

T --10.0 degC The c o n t a c t  f u n c t i o n ,  g (A,  z ,  
dc/dt - 2.0~10- ]/a v ,  ..), which could be a  func t ion  of a  

number of f a c t o r s  i n c l u d i n g  c o n t a c t  a r e a ,  
A, p e n e t r a t i o n ,  z, v e l o c i t y ,  v ,  e tc .  as  

X m  - 0.088 
discussed  p r e v i o u s l y ,  w i l l  be assumed 
h e r e  t o  be a  f u n c t i o n  of con tac t  a r e a  
on1 y  

Pav 
g(A) = -- (12) 

Pnom 

where pa, and pnom a r e  a s  def ined  above. 
pno, i s  i n d e p e n d e n t  of c o n t a c t  a r e a .  

0.c a , !  n.a n , ~  0.3 0.5 0.1 0.7 n 8  0.m 8.0 1.i I.: 
-D 

pa,, on t h e  o t h e r  hand, has  been found t o  
OC c be a  f u n c t i o n  of c o n t a c t  a r e a ,  A, during 

t h e  p e n e t r a t i o n  process .  C e r t a i n  d a t a  

Figure 9. The s t r e n g t h  number A on the  a r e  a v a i l a b l e  from which e m p i r i c a l  

c o n t a c t  s u r f a c e  f o r  prim = 1 MPa. The r e l a t i o n s  between p r e s s u r e  and contac t  

u n i t s  f o r  t h e  geometry o? the  con tac t  a r e  a r e a  can be determined. The r e s u l t i n g  

such t h a t  the  h o r i z o n t a l  i n d e n t a t i o n  is  
c o n t a c t  Function c a l c u l a t e d  from f u l l  
s c a l e  d a t a  ob ta ined  with the M.V. Arc t ic  

u n i t y  ( d i s t a n c e  OC on Fig. 8 ) .  



i n  a1111ti-year  i c e  (Anon,  1 9 8 5 )  and 
Liihor<~tory c r ~ ~ s h i t i ) :  t e s t s  ( V a r s t a ,  1983) 
a r e  presented i n  Figure 10. Kegression 
equa t ions  of the con tac t  func t ion  g i v e  

f o r  the c r r ~ s h i ~ i g  t e s t s  and 

f o r  f u l l  s c a l e  t e s t s ,  where A, = 1 m2. 
The value of the exponent is  p r a c t i c a l l y  
t h e  same f o r  two t e s t s  of very d i f f e r e n t  
geometr ies .  This  impl ies  a  more g e n e r a l  
v a l i d i t y  of the value of the  exponent 
which c h a r a c t e r i z e s  t h e  a r e a  dependency. 
The va lues  of the  c o n s t a n t ,  0.1 and 0.3, 
a r e  d i f f e r e n t  which may r e f l e c t ,  f o r  
example ,  t h e  d i f f e r e n t  i n d e n t a t i o n  
speeds. 

I TEST CASE 
SHIP BOW INDENT 

0 INCLINED PLANE 

.... 
0.002 0.01 0.1 I 10 

CONTACT AREA [m'l 

Figure  10. The c o n t a c t  f u n c t i o n  g(A) 
p l o t t e d  vs the  con tac t  a r e a  f o r  two t e a t  
cases .  

Conclusions 

func t ion  of two f a c t o r s ,  a  nominal i c e  
p ressure  ;und a  c o n t a c t  func t ion .  

The nominal i c e  p r e s s u r e  can be 
c a l c u l a t e d  e x p l i c i t l y  by apply ing  an 
a n a l y t i c a l  model which  r e q u i r e s  a 
know Lctl):~ o f  tire geolnet r y  of t l ~ c  
p e n e t r a t i o n  and the  f a i l u r e  s u r f a c e  of 
t h e  ice.  The f a i l u r e  s u r f a c e  can be 
determined from s t r e n g t h  measurements 
under u n i a x i a l  and m u l t i a x i a l  compressive 
loading.  Extensive t e s t s  were c a r r i e d  
ou t  on multi-year i c e  and,  f o r  s t r a i n  
r a t e s  corresponding t o  ramming t e s t s  by 
s h i p s ,  behaviour was i n i t i a l l y  e l a s t i c  
f o l l o w e d  by b r i t t l e  f a i l u r e .  I c e  
s t r e n g t h  was found t o  be s e n s i t i v e  t o  
m u l t i a x i a l  s t r e s s  s t a t e s ;  i . e .  a n  
i n c r e a s e  of  s t r e n g t h  o c c u r r e d  i n  
m u l t i a x i a l  t e s t s  compared t o  u n i a x i a l  
t e s t s .  The i c e  f e a t u r e s  from which the  
i c e  was sampled could be descr ibed  a s  
b e i n g  g l o b a l l y  i s o t r o p i c ,  a l t h o u g h  
i n d i v i d u a l  s p e c i m e n s  d i d  s h o w  
anisotropy.  

The Tsai-Wu f a i l u r e  c r i t e r i o n ,  which 
i s  of a  genera l  q u a d r a t i c  form, proved a  
reasonable  f i t  of a  f a i l u r e  s u r f a c e  t o  
t h e  s t r e n g t h  data .  S t a r t i n g  wi th  e l a s t i c  
behaviour of the  i c e ,  a  f i n i t e  element 
c a l c u l a t i o n  of t h e  s t r e s s  s t a t e s  i n  the  
c o n t a c t  zone was incorpora ted  with t h e  
f a i l u r e  c r i t e r i o n  through a  s t r e n g t h  
number X t o  p r e d i c t  a  nomina l  i c e  
p r e s s u r e  on t h e  c o n t a c t  s u r f a c e .  This  is 
t h e  pressure  a t  which i n t a c t  i c e  would 
f a i l .  For  example t h e  n o m i n a l  i c e  
p ressure  a t  -lO°C and 2 x s-I was 
14 MPa. 

To r e l a t e  t h i s  nominal i c e  p r e s s u r e  
t o  t h e  average p r e s s u r e  on t h e  c o n t a c t  
s u r f a c e  during t h e  p e n e t r a t i o n  process  an 
e m p i r i c a l  e x p r e s s i o n  ( t h e  c o n t a c t  
f u n c t i o n )  of the  form C (A/A,)" was found 
t o  provide a  good r e p r e s e n t a t i o n .  For 
both small  and f u l l  s c a l e  t e s t s  t h e  va lue  
of the  exponent was about  -0.41. The 
c o e f f i c i e n t  was 0.1 f o r  smal l  s c a l e  t e s t s  
and 0.3 f o r  f u l l  s c a l e  t e s t s .  There is 
s t i l l  not an adequate unders tand ing  of 
the con tac t  func t ion .  

A method has been developed f o r  A proper phys ica l  unders tand ing  of 
p r e d i c t i n g  the  average i c e  p r e s s u r e  on i c e  behaviour i n  t h e  c o n t a c t  zone is  
t h e  c o n t a c t  s u r f a c e  d u r i n g  t h e  requ i red  before a  r i g o r o u s  a n a l y t i c a l  
p e n e t r a t i o n  of a  s t r u c t u r e  i n t o  an i c e  model can be developed f o r  t h e  c o n t a c t  
f e a t u r e .  This  average pressure  is  a  func t ion .  Some of t h e  approaches which 



might he taken i n c l u d e  t r e a t m e n t  of t he  
c o n t a c t  z o n e  a s  a  d i s c o n t i n u o u s  
s o l i d / v i s c o ~ ~ s  m a t e r i a l ,  a p p l i c a t i o n  of 
ilamagc ~ w c h a ~ ~ i c s  t o  t h e  d i s i n t e g r a t i o n  of 
t h e  i n t a c t  i c e ,  and  a p p l i c a t i o n  of 
non-s imul taneous  f a i l u r e  concep t s .  
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